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JENSEN - OSTROWSKI INEQUALITIES AND INTEGRATION SCHEMES
VIA THE DARBOUX EXPANSION

HEPIBHOCTI JUKEHCEHA - OCTPOBCHKOI'O TA CXEMM IHTET'PYBAHHS
YEPE3 PO3KJIAJL JAPBY

By using the Darboux formula obtained as a generalization of the Taylor formula, we deduce some Jensen — Ostrowski-type
inequalities. The applications to quadrature rules and f-divergence measures (specifically, for higher-order x-divergence)
are also given.

3a momnomoroto dopmyinu Japby, 1o € y3aranpHeHHAM (opmynu Teilopa, BUBeneHO mesiki HepiBHOCTI Tumy JlkeHce-
Ha— OcTpoBcbkoro. HaBemeHO TakoX 3acTOCYBaHHS 10 KBaJpaTypHHUX TPaBWII Ta f-IUBEpreHTHHX Mip (30Kpema, IUist
X -IMBEPreHIIi] BUCOKOTO MOPSKY).

1. Introduction. In 1938, Ostrowski proved the following inequality [14]: Let f: [a,b] — R be
continuous on [a, b] and differentiable on (a,b) such that f’: (a,b) — R is bounded on (a,b), i

Hf,Hoo = SUD¢e(a,b) |f'(t)| < co. Then

b
f@) - 5 [ rdr] < [} (W)]HH\

for all = € [a,b] and the constant 1/4 is the best possible. In particular, when = = (a + b)/2, this
b

inequality gives an error estimate to the midpoint rule: / f@)dt = (b—a)f((a+b)/2).

The midpoint rule is the simplest form of quadratur(é rules. Derivative-based quadrature rules
are of interest due to the larger number of parameters which increases the precision and order of
accuracy (cf. Burg [2]). Wiersma [18] introduced a derivative-based quadrature rule that is similar to
the Euler— Maclaurin formula.

In Wang and Guo [17], the Euler —Maclaurin formula, or simply Euler’s formula, is derived from
Darboux’s formula.

Proposition 1 (Darboux’s formula). Let f(z) be an analytic function along the straight line from
a point a to the point z, and p(t) be an arbitrary polynomial of degree n. Then
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1124 P. CERONE, S. S. DRAGOMIR, E. KIKIANTY

Taylor’s formula is a special case with ¢(t) = (t — 1)™ [17].
In [5], some inequalities are derived by utilising Taylor’s formula (with integral remainder)

x

n
(x —a)k 1
f @) = fla)+ 3T W @)+ [ @ - d.
k=1 s
These inequalities both generalise Ostrowski’s and Jensen’s inequalities for general integrals (and
are referred to as Jensen — Ostrowski-type inequalities). In particular, an Ostrowski-type inequality in

[5, p. 68] gives the following quadrature rule:

/ i _ Ok (g — kL
/f(t)dt%(b—a)f(g)+2f(k)(o(b 9) (k+i)! Q)

k=1

for ¢ € [a,b] and the error estimate is given by

(€= 2+ (b )2
a,b],00 (n+2)!
For further reading on this type of inequalities, we refer the readers to [3-5, 8—10].

LF D

In this paper, we provide further, wider, and fuller treatment of our earlier work in [5] by
considering Darboux’s formula in place of Taylor’s formula. The work also develops broader and
more general application in areas such as derivative-based quadrature rules and divergence measures
(specifically for the higher-order y-divergence) as demonstrated in Sections 4 and 5, respectively.

2. Preliminaries. 2.1. Euler’s formula. This subsection serves as a reference point for the
facts concerning Euler’s formula. The explicit expression for the Bernoulli polynomial is

on(z) =) (Z) e ",
where pg = 1, and
n—1 1
— =0 > 2.
> Kn— k7= =
k=0

The Bernoulli numbers are given by

1 _
wo =1, Y1="35 por = (1)1 By, and Yory1 =0, k>2.

The first five Bernoulli numbers and polynomials are given in the following:

1 67 2 307 3 427 4 307 5 66’
1 1
wo(x) =1, gol(m):a:—§, pa(w) :x2_$+6’
p3(z) :903—%332-1—13: pa() =x4—2x3+m2—i.
2 277 30

Choosing the Bernoulli polynomial ¢, (¢) in place of ¢(¢) and replacing n with 2n and the
polynomial ¢, with 9, in Darboux’s formula (1) gives Euler’s formula
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JENSEN -OSTROWSKI INEQUALITIES AND INTEGRATION SCHEMES VIA THE DARBOUX EXPANSION 1125

z—a - 2k
1)~ @) = 25016 + @)+ S0 E GO B - r @] +
k=1
<‘(2n);,+1 / oD (1 = a+ ) dr @
0

2.2. Identities. Throughout the paper, let (2,4, 1) be a measurable space with / dp =1,
Q
consisting of a set €0, a o-algebra A of subsets of €2, and a countably additive and positive measure

w on A with values in the set of extended real numbers. Throughout this subsection, let / be an
interval in R.

Lemma 1. Let f: I — C be such that ™) is absolutely continuous on I and a € I. Let o(t)
be an arbitrary polynomial of degree exactly n. If g: Q — I is Lebesgue p-measurable on €, fog,
(g—a)™, (g —a)™(f™ og) € L(Q, pu) for all m € {1,...,n+ 1}, then we have

/fogdu £(@) = Paspla, ) + Ragp(a, ) ®
for all X € C, where P, ,(a,\) = Py (a,\; f,g) is defined by

PaplaX) = o D7 (-1 x

e (0) =
p(m=m) / ™ og)dp— " m)(O)f(m)(a)/(g )™ dp g +
4 4

@(n (S 0/1 o (t) dt / — )™ dy )

and By ,(a,\) = Ry ,(a, \; f,g) is defined by

Rn,¢<a,»>:;;}gg) [-ar /1 o(t) [ {11~ t)a+tg] — N] dt | du =

4 d

- ;(;}gg) O/ (1) Q/ (g~ ay =t ([0~ +tg] — ] du) . )

Proof. Since f(™ is absolutely continuous on I, f("*1) exists almost everywhere on I and is
Lebesgue integrable on I. By Proposition 1, we have

n

1 m— m n—m m
f(Z)—f(a)ZmZ(—l) 'z = a)™ " () M (2) -

m=1

—1)"(z — a)™ 1
—w(”_m)(O)f(m)(a)} + A 12@(&)(0) )"t /cp(t) di+
0
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1126 P. CERONE, S. S. DRAGOMIR, E. KIKIANTY

1)z — g™ 1
+( 1)™( )(0)) " /(p(t) [f(n+1)[(1_t)a+tz] —/\}dt.

0

By replacing z with g(¢) and integrating on (2, we obtain

/fogdu— fla) = 1 Z(_l)m—lx
Q m=

X {«P("m)(l) /(g —a)"(f"™ o g)du— ""™(0) / du} +
Q Q
1
(O/)\/cp dt/ a)" ™ du+
0

vty fors (oot e e

0

The last equality in (5) follows by Fubini’s theorem.

Lemma 2. Let f: I — C be such that f*™ is absolutely continuous on I and a € I. Let
wan(t) be the Bernoulli polynomials. If g: Q@ — I is Lebesgue pi-measurable on ), fog, (g—a)™,
(g—a)™(f"™ og) € L(Q, p) forall m € {1,...,2n + 1}, then we have

/f o gdp — f(a) = Pa(a,\) + Ru(a, \)
Q

Jor all X € C, where P,(a,\) = P,(a,\; f,g) is defined by

Po(a,\) = / 9= (a) + f o g] dut

2
Q
N Nk _ )2k
# [ 3 T e )
Q k=1
1
—a 2n+1
o [ entyan [ Wdu (©)
0 Q

and Ry (a,\) = Ry(a, \; f, g) is defined by

1

—a 2n+1

Ra(an = [ W { [ O = )0 +19) - N e d =
Q 0

1

—a 2n+1

Z/sazn(zt)/(g(zn))!+ [f<2"+1>((1—t)a+tg) —A}dudt.
0 Q
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JENSEN -OSTROWSKI INEQUALITIES AND INTEGRATION SCHEMES VIA THE DARBOUX EXPANSION 1127

The proof follows by the Euler’s formula (2) and similar arguments to those in the proof of
Lemma 1.

1
Remark 1. Recall that By = 1/6, @o(t) = t? —t + 1/6, and note that / @2(t) dt = 0. Taking
0

n =1 in Lemma 2, we get

[ egdn-sia)-
Q

:/g_a [/'(a) + f' o g] du—% (9= a)’[f" o g = f"(a)] dp+
Q Q

1

+/W9;aﬁ /(ﬂ—t+é)ﬁ®«1—ﬂa+w)—ﬂdtdw
Q 0

3. Main results: Jensen—Ostrowski inequalities. In this section we derive some inequalities
of Jensen — Ostrowski type using the lemmas obtain in Subsection 2.2. We use the notation

1/p
/Mﬁwwmw L p>1 ke L)
Koy =4 \J
ess sup k(1) p=co, ke Lo ),
teQ
and
1/p

1
/u@ww L p>1 feLy(0.1)
Flowp =4 \/

esssup|f(s)|, p =00, f € L([0,1]).
s€[0,1]

We also denote by ¢, the identity function on [0, 1], namely ¢(¢) = ¢, for t € [0, 1].
Throughout this section, let I be an interval in R. We note that / is not necessarily a finite
interval and therefore we make the following assumptions for functions f and ¢ for a fixed n € N:

(A1) Let f: I — C be such that f(™) is locally absolutely continuous on I, i.e., it is locally
absolutely continuous on each closed subinterval [a,b] on I, and a € I.

(Az) Let g: Q — I be Lebesgue pi-measurable on  and fog, (g—a)™, (g—a)™(f(™ og) €
€ L(Q,p) forallme {1,...,n+1}.

(A3) We assume that Hf(”+1)[(1 —la+Lg] — /\“[0,1]’00 < oo forallt € and A € C.
Furthermore, the following cases are considered for a given n € N:

(€ [[lg = al™* g o, < 00 and |[| FEFI[1 = D)a+ £g] - )\H[O,l],ooHﬂl < o0}
€ [lg - al™*|,, < co and HHf(”“)[(l — 0)a+tg] = Ay,

with 1/p+1/q = 1;
(Cy) H|g — a|”+1HQ’1 < 0o and HHf(”“)[(l —l)a + Lg] — )\H[

}OOHQ < 00, where p > 1
’ ?q

O71LOOHQ 0 < 00
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1128 P. CERONE, S. S. DRAGOMIR, E. KIKIANTY

Theorem 1. Let f and g be functions that satisfy (A1)—(A3), and ¢(t) be an arbitrary polyno-
mial of degree n. Then

/fogdu F(a) — Pupla, )| <

1

t n
</ el g, 19—l o N oy | <
0 Q

(0]
Il = @l g, |1 rra@ Ml e[ - (€ ot
/ LB )l =l o [Msrof VMg, 7 (€ o
g =™l [Ifusro@ Nl e, - 7 (Co) hotds,

for any \ € C, where foyi1.4(a,\) = fOHD[(1—0)a+Lg] — \. Here Py, ,(a, \) is as defined in (4).

Proof. Taking the modulus in (3) for any A € C, we have
/fogdu fla) = Popla, )| <

% /|g gt ’f(n+1)[(1 —t)a + tg] — )\’ dp | dt <

/ el dt(/ P AT M).

We obtain the desired result by applying Holder inequality.

Corollary 1. Under the assumptions of Theorem 1, if || f" V|| oo < 00, then

/fogdu £(a) = Paola,0)| <

1
|(,D(t)| (n+1) —ql®
< (0/ |¢(n)(0)‘ dt) 1f +1 17,00 (Q/ g | +1 dﬂ)‘

Here P, ,(a, \) is as defined in (4).
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JENSEN -OSTROWSKI INEQUALITIES AND INTEGRATION SCHEMES VIA THE DARBOUX EXPANSION 1129

Proof. Let A =0 in (3), and take the modulus to obtain

/fogdu £(a) = Papla,0)| <

/w t( it /|g o |~ at bl dn . )

[0,1],00

For any ¢ € Q and almost every s € [0, 1], we have
[F (1= s)a+sg(t) ] < esssup\f D @) = D p o
uel

Therefore, we get

|7+ @ = ta st < e 1700 (- o+ o) <
y1[,00 sE S

< LA oo (8)

The desired inequality follows from (7) and (8).
Utilising (2) and applying similar arguments to those in Theorem 1 and Corollary 1, we have the

following results.
Theorem 2. Let f and g be functions that satisfy (A1)—(A3) for 2n instead of n, and pay,(t)
be the Bernoulli polynomials. Then

/fogdp ~ f(a) = Pon(a, )| <

|S02n n
lg — ‘2 1 Han—&-l,g(a )‘)H[o 1],00 IS

1 H‘g _ a’2n+1HQ,°° HHan—‘,—Lg(aq )\)H[OJLOOHQ X if (Cy) holds for 2n,

n(t n ]
< | [l ) o - ol o, [Wonirsla Mligu |, (€ hotdsfor 2.

(2n)!
llg - aP™*ly, H||f2n+1,g(a,A)||[0,1]7OOHQOO, if (C3) holds for 2n,

0

for any X € C, where foni14(a,\) = D (1 —0)a+Lg) — \. Here P,(a,)\) is as defined
in (6).
Corollary 2. Under the assumptions of Theorem 2, if || f*" V|| o < 00, then

/f 0 gdpi— f(a) — Pan(a,0)| <
Q

1
ERGIPATE [la-ape
I& L g~ aP" dy
0 Q

Here P, (a,\) is as defined in (6).
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1130 P. CERONE, S. S. DRAGOMIR, E. KIKIANTY

Remark 2. Setting n = 1 in Corollary 2, we have

/fogdu—f(a)—/g;a[f( )+ f og] du+% (9—a)?[f"og— f"(a)]du| <
Q Q

e .
< e /\g af* dp. ©)

The following terminology introduced in [8] will be required for alternate Jensen— Ostrowski
inequality results. For «,I" € C and [a, b] an interval of real numbers, define the sets of complex-
valued functions [8]

Uiay(,T) = {h; la,b] — C ’ Re [(r — h(®)(A(E) — 7)] >0 forae. t€ a, b]}

and

gl

1
Ay (7, 1) = {h: [a,b] - C ’ ‘h(t) ~ 3 < 3 II' —~| forae. t€ [a, b]}
We recall some results in [8] concerning the above sets.

Proposition 2. For any v,1" € C and v # T, we have:

@ Uy, 1) = Ay (v, 1);

(i) Upp(.T) = {h: [a,b] = C | (Re(T') — Re(h(t)))(Re(h(t)) — Re(y)) + (Im(T") —
—Im(h(t))) (Im(h(t)) — Im(v)) >0 forae. t€ [a, b]}

We refer to [8] for the proofs of these results. In a nutshell, they are consequences of the identity

2
1p_7,2_’2_7+2r —Re[(T—2)(—7)] forall z€C.

n

We have the following Jensen — Ostrowski inequality for functions with bounded higher (n+ 1)th
derivatives.

Theorem 3. Let f and g be functions that satisfy (A1) and (Aj) and ¢(t) be an arbitrary
polynomial of degree n. For some v,T' € C, v # T, assume that ") Ulap)(7,T) = Ay (7, ).

Then
/fogdﬂ f()_ n<p< V;F)S

1
w/m |n+1du/| 0Ly,

Here P, ,(a, \) is as defined in (4).
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JENSEN -OSTROWSKI INEQUALITIES AND INTEGRATION SCHEMES VIA THE DARBOUX EXPANSION 1131

Proof. Let A= (v +T)/2 in (3), we have

/fogdu—f(a) —Pn,<p(a, ’Y—;F) =

Since f("t1) Apgp)(7,T), we obtain

T 1
7 (=) aktg) - T E < i -al (10)

for almost every ¢ € [0,1] and any s € 2. Multiply (10) with |¢(¢)| > 0 and integrate over [0, 1],
we get

n +
/!so I‘f(“ (1~ tyattg) - LT o< r - w/rso ) dt

for any s € 2. Now, we have

/fogdu_f(a)_Pn,cp<aaﬁy—;F> <

n n y+T
/\g ot /SD |‘f(“) ~tat gl - 5 ) du <

1

\F—vl/ +1 o ()]
< —— [lg—al"dp [ s dt.
2 |o(m)(0)]

Theorem 3 is proved.
Similarly, we have the following via Euler’s formula (2) and Lemma 2. We omit the proof.

Theorem 4. Let f and g be functions that satisfy (A1) and (Ay) for 2n instead of n, and pay, (1)
be the Bernoulli polynomials. For some v, T € C, v # I, assume that f3"+1) ¢ Uap) (7, T) =

= Ag (7, T). Then
/fogdﬂ— fla) = Pan <a, T) <
Q

1
T =l / 2n+1 /
< — .
Q 0

Here P,(a,\) is as defined in (6).
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1132 P. CERONE, S. S. DRAGOMIR, E. KIKIANTY

4. Applications: quadrature rules. In this section we present quadrature rules based on the
inequalities presented in Section 3. The associated composite rules may be stated in the usual manner
by partitioning the interval [a, b] into a number of subintervals, applying the quadrature rule for each
subinterval, then adding up the results. The precise statements for these composite rules are omitted.

Let g: [a,b] — [a,b] defined by ¢(t) =t and u(t) = t/(b — a) in Corollary 1. We have the
following quadrature rule:

a m=1
(n—m) b (n m)( ’
m (m _ I‘ —
/ - L / (¢ =)™ dt
=(b—a)f(x)+ Y (—1)" "%
m=1
b
(P(nim)(l) m ¢(m) (p(nfm) (0) (m) (b — x)erl — (a — x)m+1
Ao [ - £ o) L )

a

(note that we also replace a in Corollary 1 by x) with the following error estimate:

t n n
()] i /rt 2™t ) £ oo

S lp™)
1
_ [ el (@) (b2 N gy
2 (0)] n+2 la,b],c0

for x € [a,b)].
Similarly, Corollary 2 gives us
b
5 [ fOdt = b= f@ - 3 [b- 270 - (@~ 2)(@] -

a

_f@)
1

/ Z kB’“ t D500 () _ ) ()] | <

[(b — l‘)2 — (a— $)2] —

| pan ()] (2n+1) (x — a)2n+2 + (b— x)2n+2
/ ooy dt |17 a1, 2n + 2

for all x € [a, b], thus we have the following quadrature rule:
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JENSEN -OSTROWSKI INEQUALITIES AND INTEGRATION SCHEMES VIA THE DARBOUX EXPANSION 1133

[0t~ 30— 5@ + 5 106-00) - - 2)5@)+
—|—f/é$) [(b—2)*— (a—2)%] +

/Z ]- Bk t - $) [f(Qk)(t) o f(2k)(l’)] dt

a

for « € [a, b] with the following error estimate:

1
2 |p2n (1)] ont1 (z —a)*"*? 4 (b — x)"*?
9 ( 27 dt Hf( * )H[a,b],oo :

2n+ 2

When n = 1, we obtain

w| ot

b
[0t = - a)f@) - 6= 2)70) - (@ 0)f@)] -

_f@) [(b—2)* = (a—2)*] + L [(b—2)*f'(b) = (a — 2)*f'(a)] -

4 12
()
~E -2~ (a-2)¥)| <
< 721\/§||f"'ma,b],oo [(z - a)* + (b — 2)"]

for x € [a, b], thus we get the following quadrature rule:

5)
1 ! !/
— 55l =) = (a =) f(a))+
L3@) 1"(z)
2 [b- 2 — (@ — 2] + L2 b - 2)* — (a2

for x € [a, b] with the following error estimate:

1" lfa,61,00 (& = @) + (b — 2)7].

120\/

5. Applications for f-divergence. Assume that a set {2 and the o-finite measure p are given.
Consider the set of all probability densities on p to be

P {p(p: QR p(t) >0, /p(t)du(t) _ 1}.

Q

We recall the definition of some divergence measures, which we use in this text.
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1134 P. CERONE, S. S. DRAGOMIR, E. KIKIANTY

Definition 1. Let p,q € P and k > 2.
1. The Kullback— Leibler divergence [12]:

Dkr, (p,q) 1:/ (t) log [pég] du(t), p,q € P.
Q

2. The x*-divergence:

2
D,z (p,q) == /p(t) [(q“)> - 1] du(t), p,qeP. (1

Q

3. Higher order x-divergence [1]:

R AU
-—/ P dmw-}!(p@ 1) plt) du) (12)

Diye (g /‘q = )t dﬂ(t)_/'(l(g—l
Q

Furthermore, (12) and (13) can be generalised as follows [13]:

— ap(t))F k
mmmm:/@@$ﬁﬁﬂmw=/0@—ﬁp@w@,
Q

Dixgpal /” *w mwzjmg_a
Q

4. Csiszar f-divergence [6]:

p(t) du(d). (13)

S

q(t)

It(p,q) := Q/p(?f)f [p(t)] du(t), p.q€P,

where f is convex on (0,00). It is assumed that f(u) is zero and strictly convex at u = 1.
Remark 3. (1) We note that when k = 2, (12) coincides with (11).
(2) The Kullback - Leibler divergence and the x?-divergence are particular instances of Csiszar
f-divergence. For the basic properties of Csiszar f-divergence, we refer the readers to [6, 7, 16].
Example 1. (i) Let f: (0,00) — R be defined by f(t) = tlog(t). We have

It (pg) = Q/p(t)iglog {Q(t)] du(t) = JQ(t) log [q(t)] du(t) = Dk 1(g; p)-

p(t) p(t)

(if) Let g: (0,00) — R be defined by g(¢) = —log(t). We get

@mwz—!mwm{§Mdmw=!<>m{§ﬂdm> Dicr(p,9).
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JENSEN -OSTROWSKI INEQUALITIES AND INTEGRATION SCHEMES VIA THE DARBOUX EXPANSION 1135

We obtain the next three results by choosing ¢(t) = ¢(¢)/p(t) in Corollaries 1 and 2, and (9).
We also note that / p(t)du = 1. The proofs are straightforward and therefore we omit the details.

Q
Proposition 3. Let f: (0,00) — R be a convex function with the property that f(1) = 0.
Let o(t) be an arbitrary polynomial of degree n. Assume that p,q € P and there exists constants
0 <r<1< R < oo such that

(t)
(t)

Ifac|r,R] and f (") s absolutely continuous on [r, R], then we have the inequalities

1 n
0) 2. (-

m=1

QO 1 @)Dy o) = 1) [T o (400 g <
Q

[~

r < <R, forp-ae te.

3

I(p,q) — f(a) +

“1(t) p(t)
M (n+1)
0/ ™ (0)] dt |1 Ny, 7,00 D10 (P, @)-

Proposition 4. Let f: (0,00) — R be a convex function with the property that f(1) = 0. Let
pan(t) be the Bernoulli polynomials. Assume that p,q € P and there exists constants 0 < r < 1 <

< R < 0o such that

t
SQSR for p-ae te

p(t)

If a € [r,R] and f®™) is absolutely continuous on [r, R], then we have the inequalities

i) - 10 L5000 = 5 [lao o) (45 ) du -
Q

n

S (CDEBy | [ a® = ap) ok (4N en)
k=1 (2F)! / p*R=L(t) / (p(t))du (@) D,k o(pyq) || <

Corollary 3. Let f: (0,00) — R be a convex function with the property that f(1) = 0. Assume
t
that p,q € P and there exist constants 0 < r < 1 < R < oo such that r < alt)

= p(t)

t€ Q. Ifa€[r,R] and [" is absolutely continuous on [r, R|, then we have the inequalities

[r R],ooD‘X|2"+17a(p’ Q)-

< R, for p-a.e.

i) - 10 - L5200 = 4 [0 - antoly (45 ) du+
Q
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1 [ (qg(t) —ap(t)* ., ((a(t) f"(a)
+12/ p(t) f < > dp — DXQ,a(pv Q)
Q

) 12 =

1
< m ||f”/H [T,R],OOD|X|3,a(p7 q)'

Example 2. We consider the convex function f: (0,00) — R, f(t) = tlog(t). We obtain
Ft)=logt)+1 and  fRO@) = (1)t F Dk —2) for k>2.
Thus, Hf(k)H[nR} = r~ (k=D (% — 2)!. Recall from Example 1 Part (i) that 1;(p, q) = Dxr(q,p). We

also get
(q(t) —ap(t)™ .(my ((a(t) _
Q/ iy (5 ) o

1
n—1)! t
< ( n ) (/ Sli()()(lﬂ dt) Dyyjrt1,a(P, 9)-
0

In particular, when a = 1, we have

n (n—m)
‘DKL(q,p) - > (m—2) {WDX’"(Z% Q) +

m=1

<
©™(0) B

1
n—1)!
< ( - ) (/ ’;fl()t()(l” dt) D|X|n+1(p, q).
0

_|_(_1)m*1 L’”)(I)Dw (q7p)}

We also obtain
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Q/ 01 (%9 aute) - Q/ (108 (255 + 4(0)) ) =

e ]
_Q/q(t)l g<p(t)) du(t) +1= Dgr(q,p) +1

and

Q/ s (25) du= Q/ p(0) row | 20| 1] aute) =

t
= - /p(t) log [thﬂ du(t) + 1= —Dgr(p,q) + 1.
Q
Therefore, Proposition 4 gives us
log(a) + 1 1 1 aD ,
Dicsla.p) ~ alog(a) - DT o) Ipyqp) - L DL

n

5> D B o), g, {/ (a() — ap())* dp(t) — W] _

£ (2k)! 2R 1(t) a2k—1

Q

Dici(a:p) ~ 3 log(@)(a-+ 1)+ (a— 1) — S(Drs(ap) +aDicr (v, ) -

~ (—1)* By D, ar o(p: q)

2k )
—Z 1k2 — ok [CL szk%(%p) - o 2h—1 :| <
k=1

1
(2n —1)! |pan(t)]
S T‘2n (277,)' dt D\x\2"+1,a(p7 q) =
0

1
_ ( [o2nt) dt) Dy a(p:0)
0

T2n

n 1 k
Drr(q,p) — Drr(p,q) — (Zkg)_ . [Dy2r(q,p) — Dyar(p, )] | <
k=1
/ Dy (p,a)
n ren
0

‘We note that
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= aQsz (g,p) + (1 - a)Q'
Note the use of (14). Thus, Corollary 3 gives us

5 (Dri(a,p) +aDicr(p,q)) +

1 1
5 @D + (10 = LDu,ma)| <

< D\x|3,a(p) Q)
18v/3r2

Dici(a:p) ~ 3 log(@)(a-+ 1)+ (a 1)

In particular, when a = 1, we have

9+/3r2

Example 3. We consider the convex function g —log(t). We have

0 (0,00) = R, g(t)

g®(t) = (=) Rk —1)! for k>1.
Thus, Hg(k)H[nm = 7%, From Example 1 Part (ii), we have I,(p,q) = Dk (p,q). Proposition 3
gives us

Dist(p.) +lo(a) - —5 o om0

("=™)(0)

p(t)
T Dyma (n=m)(1 <
o (p,q) — / ( t> p(t)du p| <
Q

1

n! | o(2)]
< D n .
=yl / (™) (0)] At | Dixr.o(p: 9)

0

X

In particular, when a = 1, we obtain

1 n

Dkr(p,q) — (p(n)(o)mzz:l(m -1l
x 2 "™ (0) Dy (p, q) — w("m)(l)/ (1 - Zég>mp(t> =
0

(1)
= 74n4—1 / o) (0) dt Dy (s q)-

ISSN 1027-3190.  Ykp. mam. scypn., 2017, m. 69, Ne 8



JENSEN -OSTROWSKI INEQUALITIES AND INTEGRATION SCHEMES VIA THE DARBOUX EXPANSION 1139
q(t) p(t)
q(t)d <) dp = —/Q(t) ( dp=—1
Q/ p(t) J q(t)

Q/p(t)g’ <§8> dp = —/ Z;((tt)) du(t) = —[Dy2(q,p) + 1] -

Note the use of the following identity:

2 2
D,2(q,p) = /Q(t) [(222) - 1] du(t) = /Z((tt)) du(t) — 1.
Q

Q

We get

and

Proposition 4 gives us

1
Dy j2nt1 4(p, q)
/\SOQn(t)’dt ‘XTTJ:

In particular, when a = 1, we have

1
Drr(p,a) = 5Dy2(a:p) —

N DB Q/< —p(t)>2kp(t)du—DX2k(paQ) <

1
Dy, 2n+1(p, q)
[x |27\
/SOQH(t)’dt X‘T.Qn-i-l :

Corollary 3 gives us

1 1 a
Dk r(p,q) + log(a) + %(1 —a)+ 3~ §(sz(q,p) +1) +

1 p(t) 1
J— <
2/( t > p(t) dﬂ 12a2DX2,a(paQ) =

< Dixa(pr4)
VAT
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In particular, when a = 1, we obtain

Dy 3(p,q)

9V3r3

2
Drr(p,q) — %sz(q,p) + % -1 +/ (28) p(t)du — Dy2(p,q) | | <
Q

We note the use of

Q/ <1 - %)QP(t) dp :Q/ p(t) — 2(79(1(8))2 + <]q98)2p(t) dp =

=1-2(Dy2(q,p) +1) +

Q
— 19D PO ) g
1-2D,2(q,p) + Q/ ( )p(t)du

VR
'Q"U
- | =
S— | —
N—
[N}
=
~~
Nt
=
=
Il

)
~
~—
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