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BOUNDEDNESS FOR RIESZ-TYPE POTENTIAL OPERATORS
ON VARIABLE EXPONENT HERZ-MORREY SPACES *

OBMEXEHICTDb HIOTEHIIAJIBHUX OIIEPATOPIB THUITY PICA
HA ITPOCTOPAX XEPIIA - MOPPEA 31 3SMIHHUM ITOKA3ZHUKOM

We show the boundedness of the Riesz-type potential operator of variable order S(x) from the variable exponent Herz -

Morrey spaces MK;‘('()I’A“(R") into the weighted space MK;‘(';’?)(R",w), where a(x) € L*(R") is log-Holder
1% 2772

continuous both at the origin and at infinity, w = (1 + |z|)~7® with some v(z) > 0, and 1/q, () — 1/q,(x) = B(z)/n
when g, () is not necessarily constant at infinity. It is assumed that the exponent ¢, (x) satisfies the logarithmic continuity
condition both locally and at infinity and 1 < (¢1)e0 < q1(z) < (q1)+ < 00, z € R™.

BcraHoBneHO 0OMEKEHICTh MOTEHIIAMBHOTO omeparopa Tuiy Pica 3minHoro mopsiaky (3(x), mwo aie 3 npoctopis Xepua—

Moppest 3i 3MiHHEM TTOKa3HHKOM MKS(')q’AH(R") y 3BOKEHHH MPOCTIp MK;‘(';’/\M(R’I,UJ), ne a(x) € L>=(R") €
1,4y 292

log-Terbep HemepepBHIM SIK Ha TIOYATKY KOOPIMHAT, TaK i Ha Heckimgennocti, w = (14 |z|) ™7 3 gesxum v(z) > 0 Ta
1/q,(x)—1/q,(z) = B(x)/n, xomu g, (x) He 06OB’SI3KOBO € CTAIOI0 HA HECKIHYEHHOCTI. BBaXkaemo, 110 mokasHuk ¢, ()
3aJJOBOJIBHSE YMOBY JIOTapH(pMiUHOI HEMIEPEPBHOCTI AK JIOKAIBHO, Tak i Ha HeckindeHHOCTI Ta 1 < (g1)oo < q1(z) <
<(q1)+ < oo, z € R™.

1. Introduction. Last decade, there is an evident increase of investigations related to both the theory
of the variable exponent function spaces and the operator theory in these spaces. This is caused with
keen interest not in real analysis but also in partial differential equations and in applied mathematics,
because they are applicable to the modeling for electrorheological fluids, mechanics of the continuum
medium and image restoration (see, for example, [1—7] and references therein) etc.

The theory of function spaces with variable exponent has rapidly made progress in the past twenty
years since some elementary properties were established by Kovacik and Rakosnik [8]. One of the
main problems on the theory is the boundedness of the Hardy - Littlewood maximal operator on
variable Lebesgue spaces.

In 2012, Almeida and Drihem [9] discuss the boundedness of a wide class of sublinear operators
on Herz spaces K :;((.')) P(R") and K ;l(("))’p (R™) with variable exponent «(-) and ¢(-). Meanwhile,
they also established Hardy — Littlewood — Sobolev theorems for fractional integrals on variable Herz
spaces. In 2013, Samko [10, 11] introduced a new Herz type function spaces with variable exponent,
where all the three parameters are variable, and proved the boundedness of some sublinear operators.
And in 2015, Rafeiro and Samko [12] considered the validity of Sobolev type theorem for the
Riesz potential operator in continual variable exponents Herz spaces. In recently, Wu [13, 14] also
considers the boundedness for fractional Hardy-type operator and Riesz-type potential operator on
Herz-Morrey spaces M K;g()))‘ (R™) with variable exponent ¢(-) but fixed a € R and p € (0, 00).

Motivated by the above results, and based on some facts in [9, 15], the author will investigate
mapping properties of the operator 3.y within the framework of the variable exponent Herz—Morrey

spaces M K;‘S]'()_S/\(R"), where the Riesz-type potential operator of variable order
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1188 J.-L. WU

Iy (f)(@) = /M_J;(Vy@)—ﬂ(w)dy’ 0 < B(z) < n.

Rn

2. Preliminaries. In this section, we define some function spaces with variable exponent, and
give basic properties and useful lemmas. Throughout this paper we will use the following notation:

denote by |S| the Lebesgue measure and by x o the characteristic function for a measurable set
S C R™;

1
fs denotes the mean value of f on measurable set S, namely fg := m / f(z)dx;
S

B(z,r) is the ball cenetered at x and of radius r; By = B(0,1);

C denotes a constant that is independent of the main parameters involved but whose value may
differ from line to line;

for any exponent 1 < ¢(z) < oo, we denote by ¢/(z) its conjugate exponent, namely, 1/¢(z) +
+1/q(x) =1.

2.1. Function spaces with variable exponent. Let () be a measurable set in R” with |Q| > 0.
We first define Lebesgue spaces with variable exponent.

Definition 2.1. Let q(-): Q — (1, 00) be a measurable function.

(i) The variable Lebesgue spaces L1)(Q) is defined by

L1(Q) = { f is measurable function: Fy(f/n) < oo for some constant n > 0},

where Fy(f) = / |f(2)|9®)da. The Lebesgue space L1V (Q) is a Banach space when equipped
Q

with the norm

der <1

(z)
HfHL‘I(‘)(Q) =inf<n >0: Fq(f/n) :/<|f(771‘)|)q
Q

(ii) The space qu(')(Q) is defined by

ocC

LQ(')(Q) = {f is measurable function: f € LI(Q0) for all compact subsets Qg C QY.

loc

(i) The weighted Lebesgue space LZ)(')(Q) is defined by as the set of all measurable functions
for which
1Al a0 0y = ™90 £]] Ly () < 0.

Next we define some classes of variable exponent functions. Given a function f € L} (R"), the
Hardy - Littlewood maximal operator M is defined by

Mf(x) = sugr*" / |f(y)|dy ¥z eR"™,
r>
B(z,r)

where and what follows B(x,r) = {y € R": |[x —y| < r}.
Definition 2.2. Given a measurable function q(-) defined on R™, we write

q— = essinf ¢(x), q+ = esssup q(z).

ISSN 1027-3190.  Ykp. mam. scypn., 2017, m. 69, Ne 9



BOUNDEDNESS FOR RIESZ-TYPE POTENTIAL OPERATORS ON VARIABLE EXPONENT ... 1189

() ¢ = essinf(a) = P o = esssupe' () = .

(ii) Denote by P(R"™) the set of all measurable functions q(-) : R™ — (0,00) such that 0 <
<g¢- < q(z) < g4 < o0

(iii) Denote by & (R™) the set of all measurable functions q(-): R" — (1,00) such that 1 <
<q-<q( )<q+<oo

(iv) B(Q) = {q(-) € P(R"): the maximal operator M is bounded on Lq(')(Q)}.

Definition 2.3. Let q(-): R™ — R be a real-valued function.

(1) Denote by Cfllscg(R”) the set of all local log-Holder continuous functions q(-) which satisfies

—C

qy) Si? |$—y|§1/2, $7y€Rn'
W= 1z =

lq(x) —

(2) Denote by %éog(R") the set of all log-Holder continuous functions q(-) at origin satisfies

C
@)~ a0)) € — <, wER o
ln< >

e+ —
||

(3) Denote by Cﬁégg(R”) the set of all log-Holder continuous functions q(-) at infinity satisfies

(&
x| = ) 6 an 2.2
lq(z) — goo| < e o)~ (2.2)
where oo = lim|g|_o0 q().
(4) Denote by €'°8(R") := cgngCg (R™) N e (R™) the set of all global log-Hélder continuous
Sfunctions q(-).

Remark 2.1. The %égg(R”) condition is equivalent to the uniform continuity condition

C

lq(x) —q(y)| < (e 1 J2])’

lyl = |a], 2,y e R™

The €228 (R™) condition was originally defined in this form in [16].

Now, we define variable exponent Herz—Morrey spaces MK (()) (R™). Let By, = {z € R™:

lz| < 2%}, Ay = By \ Bg_1 and x, = X4, for k€ Z.

Definition 2.4. Suppose that 0 < A < 0o, 0 <p < 00, ¢(-) € Z(R") and o(-) : R" — R with

a(-) € L*(R™). The variable exponent Herz— Morrey space M K o () ))‘ (R™) is definded by

(), rpn n
MESNR = {1 € L @NOD: 11y 003 ey < 0},
where

1/p
_ —koA ka(-)
1l ey = 00 277 < Z 12 kaHquRn) :

k=—o0
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Compare the variable Herz—Morrey space M K;;'()_’)/\(R") with the variable Herz space [9]

K;((f))’p (R™), where

K;S“%R”):{fe%c (R™\{0}): Z 12590 £ o ey <oo}

k=—o00

Obviously, MK*VO®R") = KP(R™). When af-) is constant, we have MK (())( n) =

p.a(*) q()
= MK;“’;E.)(R”) (see [13]). If both a(-) and ¢(-) are constants, and A = 0, then MK (()))‘( ") =

= K{"P(R") are classical Herz spaces.

2.2. Recent results for Riesz-type potential Ig(.y. In this subsection we recall some recent
results for Riesz-type potential operator Ig(.). The order 3(x) of the potential is not assumed to be
continuous. We assume that it is a measurable function on {2 satisfying the following assumptions:

Bo 1= e;g&fﬁ(m) >0

esssup p(x)f(x) < n, (2.3)
TER™

€ss SuUp Poo () < n.
z€eR™

The open problem, the boundedness of the Riesz-type potential operator Ig.) from the variable

1
exponent space LP()(R") into the space L?)(R") with the limiting Sobolev exponent —— =

q(x)
= p(lx) — BS:) was first solved in the case of bounded domains 2 C R"(see [17]). After Diening
[18] proved the boundedness of the maximal operator over bounded domains, the validity of the
Sobolev theorem for bounded domains became an unconditional statement.

In 2008, in the case of bounded sets, Almeida, Hasanov and Samko [19] proved the boundedness
of the maximal operator in variable exponent Morrey spaces, and in 2009, Hésto [20] used his new
“local-to-global” approach to extend the result of [19] about the maximal operator to the whole
space R™. In 2010, in the case of bounded sets, Guliyev, Hasanov and Samko [21] considered the
boundedness of the Riesz-type potential operator /gy on the generalized variable exponent Morrey
type spaces.

For the whole space R", under the condition that the exponent p(z) is constant outside some ball
of large radius, the Sobolev theorem was proved by Diening [22].

Another version of the Sobolev theorem for the space R™ was proved in [23] for the exponents
p(z) not necessarily constant in a neigbourhood of infinity, but with some extra power weight fixed
to infinity and under the assumption that p(x) takes its minimal value at infinity.

Theorem A. Let 3(x) meet conditions (2.3) which q,(-) instead of p(-). Suppose that q,(-) €
€ ¢'°8(R") N 2 (R™) and

1 <(q1) < q1(x) < (q1)4 < o0 (2.4)
Then the following weighted Sobolev-type estimate is valid for the operator Ig.):
(1 + |=)~ (D oz @y < CllFlLarer @nys
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BOUNDEDNESS FOR RIESZ-TYPE POTENTIAL OPERATORS ON VARIABLE EXPONENT ... 1191

where qa(x) is defined by

1 _ 1 _ﬁ(:c) 2.5)

() q(z) n

and
o) = Cotlo)(1- 27 < e, 26)

C being the Dini— Lipschitz constant from (2.2) which q(-) is replaced by q, (+).

In 2013, in the case of unbounded sets, Guliyev and Samko [24] considered the boundedness
of the Riesz-type potential operator Ig(.) on the generalized variable exponent Morrey type spaces.
And recently, the author [14] obtain the similar results of Theorem A on the variable exponent
Herz - Morrey space MK;"’;E')(R").

Remark 2.2. The fractional maximal operator is defined as

1
Mgy (f)(x) = Sli% WB(/) |f(y)| dy. (2.7)

The pointwise estimate for (2.7) is also valid which yields Theorem A.

2.3. Auxiliary propositions and lemmas. In this subsection we state some auxiliary propositions
and lemmas which will be needed for proving our main theorems. And we only describe partial
results we need.

Proposition 2.1. Let q(-) € Z(R"™).

() If q(-) € €'°8(R™), then we have q(-) € B(R™).

(i) q() € BR™) if and only if /() € BR™).

The first part in Proposition 2.1 is independently due to Cruz—Uribe et al. [16] and to Nekvinda
[25] respectively. The second of Proposition 2.1 belongs to Diening [26] (see Theorem 8.1 or
Theorem 1.2 in [27]).

Remark 2.3. Since
la(@) — a(y)|

(g-—1)% °
it follows at once that if ¢(-) € %'°8(R"), then so does ¢/(-), i.., if the condition hold, then
M is bounded on LIC)(R") and L7 ()(R™). Furthermore, Diening has proved general results on
Musielak — Orlicz spaces.

The next proposition is the generalization of variable exponents Herz spaces in [9], and it was
proved in [15].

Proposition 2.2. Let ¢(-) € Z(R"), p € (0,00), and X € [0,00). If real-valued function
a(-) € L®(R™) N 6,5 (R™) N GaE(R™), then

1/p
. koA ka(- ~
11y oy = 500 27 (Z 2 kaqum(Rn) ~

ko€Z k= —o0
1/p

~ max { sup 27F0A Z QkQ(O)prXkH

ko <0

L‘Z( ) (R"
ko€Z k=—o0

ISSN 1027-3190.  Ykp. mam. scypn., 2017, m. 69, Ne 9
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];2 1/p
2—k0>\ 2]4:04(0)]) P
sup > 1o gy |+
koEZ k=—oc0
];3 1/p
—koA kaoso
4927 ko 22 o prXkHiq<'>(Rn) )
k=0

where ];51 = ko, %2 = —1, ];‘3 = k‘o.
The next lemma is known as the generalized Holder’s inequality on Lebesgue spaces with variable
exponent, and the proof can be found in [§].

Lemma 2.1 (generalized Holder’s inequality). Suppose that q(-) € P (R"), then, for any f €
e LYO(R™) and any g € LY (R™), we have

J17@g@de < oo 9]0 oy
RTL

where Cy =1+ 1/q- —1/q5.

The following lemma can be found in [28].

Lemma 2.2. () Let q(-) € B(R™). Then there exist positive constants 6 € (0,1) and C > 0
such that

5
X8l La) <C <|S|>
IXBll Lae) @y B

for all balls B in R™ and all measurable subsets S C B.
(I) Let q(-) € B(R™). Then there exists a positive constant C > 0 such that

_ 1
c'< EHXBHL%)(R")”XBHLq'(')(]R”) <C

for all balls B in R".
Remark 2.4. (i) If ¢,(), ¢,(-) € €'°8(R") N 2(R"), then we see that ¢/ (-), ¢,(-) € B(R™).
Hence we can take positive constants 0 < 01 < 1/(¢})4, 0 < d2 < 1/(g,)4 such that

x5 a5 ) g o ) (Re %
LI O (Rr) < C<\S]> 7 XSl Lozt Ry SC(!S]) 2.8)
el o - \IB Bl o - C \IB]

hold for all balls B in R™ and all measurable subsets S C B (see [28, 29]).

(if) On the other hand, Kopaliani [30] has proved the conclusion: If the exponent ¢(-) € Z(R")
equals to a constant outside some large ball, then ¢(-) € ZA(R") if and only if ¢(-) satisfies the
Muckenhoupt type condition

1
Sup  —=7lIX ) (rn) || X /0. < 00.
Q : cube |Q‘ H QHLq (R )H QHLq ) (Rn)

ISSN 1027-3190.  Ykp. mam. scypn., 2017, m. 69, Ne 9
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3. Main result and its proof. Our main result can be stated as follows.
Theorem 3.1. Suppose that q,(-) € €'°8(R") N P(R") and B(x) meet conditions (2.3) which
q,(+) instead of p(-). Define the variable exponent q,(-) by (2.5). Let q,(-), q,(-) satisfies condi-
tion (2.4), and 0 < p, < p, < oo, A\ >0, and o) € L>®(R") be log-Hélder continuous both at
the origin and at infinity, with X — nd2 < a(0) < as < X+ ndy, where 61 € (0,1/(¢})+) and

d2 € (0,1/(q2)+) are the constants appearing in (2.8). Then
L+ Ja) " Ly (f <1y, k2O

&())\

HMK NCD NLO¥

2C
where y(x) is defined as in (2.6), and the Dini— Lipschitz constant is max {C’oo, 00)2}
1

((‘h)f -
when the q(-) in (2.2) is replaced by q,(-).

Remark 3.1. (i) Under the assumptions of Theorem 3.1, the similar result of Theorem 3.1 is
also valid for the fractional maximal operator Mg.)(f) defined by (2.7) (partly detail ref. [14]).

(if) If a(-) be constant exponent, then the above result can be founded in [14].
(iii) When X\ = 0, the above result is also valid.

Proof. Forany f € MK;Z(;;;)E,)(R"), if we denote f; := fx; = fxa, for each j € Z, then we

= > flx@ =Y fi@

j=—00 Jj=—00

can write

Because of 0 < p, /p, < 1, applying inequality

0o P1/Py oo
<Z \ai|> < Y laiP /P, (3.1

1=—00 1=—00

and Proposition 2.2, we obtain

H(l + |x‘)_7(w)lﬁ()(f)HMKa( ) A (Rn) ~
Doy (4

ko Py /Py
~ max { sup 270N < > 29 OR| (L 4 [2) T g (), qz”(m)) ,

ko<0

ko€Z k=—o00

1 p1/p2
2,]90)\1, 2ka(0)p 1 *’Y(fE)I
sup ! (Z 211+ =) 80 (DX ™ 1120 gy +

ko€EZ k=—o0

. pl/pQ
n ZQkameH(1+’x|)_7(‘”)I ( )XkH 1920 =
2 (R")

ko<0
ko€Z

ko
< max { sup 27F0W, ( > 25O+ Jal) T O (£)x, q2<>(Rn>>’

k=—o0
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-1
sup 2~ koA [( Z ke (Opy||(1 4 Ix!)_”(””)fﬁ(-)(f)xkHzlqw(Rn)) +

kg >0
ko €Z k=—o00

<Z2’“"°°p1 1L+ 1) 77 Tay (£, q2<>(Rn)>] =: max{FEy, Fy + F3},

where

ko
Ey = sup 2—k0)\p1 ( Z 2ka Py H 1 + ‘.%'D ﬁ() )XkH};lqg(') )7

ko<O R™
ko ez k=—00 "

~1
Ey = sup 2—k0)\p1 ( Z 2ka le 1—|— ‘.%'D ﬁ() )XkH];qu(') )7

ko >0 (R™)
kg €7 k=—o0

ko
E3 = sup 2 Fop (ngamplu (14 [2) 77 Ia( )XkHilqw(Rn))'

roZz k=0
It is not difficult to found that the estimate of F; is analogous to that of FEs, therefore, the
estimates for £7 and E3 will be considered here.
To E1, we have

Py
By < C sup 2750, Z ghe(0) Z |+ 1) @10 (x| o +
k<0 L2 (R™)
ko€Z k=—co
ko k+1 Py
C 2—ko)\p1 2ka(0)p1 H 1 —'y(m)I ' ) ‘
+C sup > AZ (L 2 )™ a0 ()X | oy g +
ko€Z k=—o00 j=k—1
ko P1
+Csup 270N | B 28O Z H (1 1) L0 (5 | =
k<0 L2/ (R™)
kog€EZ k=—00
=: C(E1n + Ei2 + E13).
First we estimate E15. Using Theorem A and Proposition 2.2, we get
ko k+1 Py
Eiz < Csup 2790 [ %7 25Ol N i a0 gy <
kg <0 )
ko €L k=—o00 j=k—1

< C sup 2~ koAp, ( Z oka(0 lekaHqu() .. > < CHprl KON (Ray’

k<0
P »q
ko€EZ k=—co v

For Eii. Note that when © € Ay, j < k—2, and y € Aj, then |z — y| « |z], 2Jy| < |z|.
Therefore, using the generalized Holder’s inequality, we obtain
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BOUNDEDNESS FOR RIESZ-TYPE POTENTIAL OPERATORS ON VARIABLE EXPONENT ... 1195
1f(y)]
}IB(J (fj)(x)Xk (fﬁ)‘ < / Wdyxk (r) <
A;

kn T
15500y g I 1 a0 2P, (). (3.2)

®R™)IIL (R
Notice that the fact

Ty (X ) (®) > Ta0) (X5, ) (@)X, () = Cla|*@x, (). (3.3)

Using Theorem A, Lemma 2.2, (2.8), (3.2) and (3.3), we have

1+ 12D 7 L) ()X O] 20 gy <

<

<C-27"|fl) 110 g HX I 9 120 gy =

)H(l + 1)) I (x5,)

—kn —k)nd
< C 27 I, |y g 10 g I, s < €207 )

. 34
(R™) L= (Rm) G4

On the other hand, note the following fact:
Casel (k; <0, i =1,2,3):

1/p,
155l L0 @) < 97200 (Z 210 lesz ) <

1=—00

Py ql()

1/p,
< /00 =i ( > 11208 Rn)> < C- OS] parr guy (35)

1=—00

Case 11 (k; >0, i =1,2,3):

1/p,
15l 10 gy < 2770 <Z2”‘°°p1|!fz|! O g )> <

< C - 2O f|| eaen

P4y (-

s (3.6)

Definition 2.4, Proposition 2.2 and the condition of «(-) are used in above facts.
Thus, combining (3.4) and (3.5), and using a(0) < as < A + ndy, it follows that

Py

ko
By < Csup 9—koAp, Z oka(0)p, Z 9(i— kn§1|’f]H ql() - <
kgég k=—o00 j=—00
<C|fIP* o0 sup 27 k0P ok ) < | £IIP:
<O 202 kZ SOy
=—00

kOEZ

Now, let us turn to estimate for 3. Note that when x € Ay, j > k+ 2, and y € A;, then
|z — y| « |y|, 2|xz| < |y|. Therefore, using the generalized Holder’s inequality, we have
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1+ 1e1) L () ), o) < (15 1oy [Ty, o) <
A.

<0 [ @I+ DO g @) <
™ @) 18@) ()|
155000 g L DT P, O] 0, ) 6.7
Similar to (3.3), we get
Ig(y (xi,) (@) = Lg0) (X, ) (@)X, (2) = Cla|* @y (). (3.8)
Using Theorem A, Lemma 2.2, (2.8), (3.7) and (3.8), we obtain
1+ 12D L) ()X [ 20 gy <
—jn (k—j)né
<C-27 I, HLqé Hf]H 110 g HXBk HL“?“( =02 ’ QHfjHqu(-)(Rn)- (3.9)

Therefore, combining (3.5) and (3.9), and using A — ndy < @(0) < ax, it follows that

ko P1
7 (k—j)né
Ey3 < C sup 27 FoAn Z 2k (0) Z 27 5 L1 gy <
hocz h=—c0 j=k+2

(&™)

ko
SO irn o sup 2 H( 5 2%) <CIFIP

P-4 ()(R ) 0<0 Plaql(')

k()EZ k=—o00

Combining the estimates for F1;, Fh2 and Fp3 yields

E, < CHfH};\;Ka(-),A

P1,qy (~)(Rn)

For FE5, similar to the estimate of Fj, using Theorem A, Proposition 2.2, (2.8), (3.1)-(3.4),
(3.6)-(3.9), we have
Ea < C p1
< M o ey

Joint the estimate for 'y, Fs and Ej3 yields

11+ )™ g (f

”MKO‘( ) A(

< ol .
R™) — C||f||MKp1(})q'1/\(,)(R")
Theorem 3.1 is proved.
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