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POINTS OF UPPER AND LOWER SEMICONTINUITY
OF MULTIVALUED FUNCTIONS *

TOYKHU BEPXHbOI TA HUKHbOI HAINIBHENTEPEPBHOCTI
JIJISI BATATO3HAYHUX ®YHKIIN

We investigate joint upper and lower semicontinuity of two-variable set-valued functions. More precisely. among other
results, we show that, under certain conditions, a two-variable lower horizontally quasicontinuous mapping F': X x Y —
— K(Z) is jointly upper semicontinuous on sets of the from D x {yo}, where D is a dense G subset of X and yo € Y.
A similar result is obtained for the joint lower semicontinuity of upper horizontally quasicontinuous mappings. These
results improve some known results on the joint continuity of single-valued functions.

BuB4aeThCs CHiJIbHA BEPXHS Ta HIDKHS HAIiBHETICPEPBHICTH IS OaraTto3HauHMX (yHKLIl JBOX 3MiHHMX. Bimbmn TodHo,
cepesl IHIINX pe3yabTaTiB MOKa3aHo, M0 33 AEIKUX YMOB HIDKHBO TOPH30HTAIBLHO KBa3iHENEPEPBHE BiOOpaXeHH BiJ JBOX
sminnux F: X X Y — K(Z) € cnineHO BEpXHBO HAMiBHENIEPEPBHUM HA MHOXKHHAX 3 D X {yo}, ne D — wminbHa G
nigvMaokuHa X Ta Yo € Y. [oxmiOHMiA pe3yasTaT OTPUMAHO TaKOX JUISA CIUIBHOI HIDKHBOI HAlliBHENIEPEPBHOCTI BEPXHBO
TOPU3OHTAJBHUX KBa3iHENepepBHUX BimoOpaxeHb. Lli pe3ynbraTd MOKpaIlyIOTh JesiKi BiOMi pe3ysbTaTH IPO CHIIbHY
HETIePEePBHICTh OHO3HAYHHUX (PYHKIIIH.

1. Introduction and preliminaries. Throughout the paper, we will assume that all topological spaces
are T7. For a topological space Z, we denote by P(Z), C(Z) and K(Z) the set of all nonempty
subsets, the set of all nonempty closed subsets and the set of all nonempty compact subsets of Z
respectively. If F': X — P(Z) is a set-valued function. For a subset G of Z, we define F'*(G) and
F~(G) as follows:

FH(G)={ze X: F(z) C G}, F7(G)={re X: F(x)NG # &}.

The function F' is called:

(a) upper (resp. lower) semicontinuous if for every open subset G of Z, F(G) (resp. F~(G))
is an open subset of X.

(b) upper (resp. lower) quasicontinuous at xo € X if for any open set G, with xy € F1(G)
(resp. 9 € F~(G)) and any neighborhood U of x, there exists a nonempty open set V' C U such
that V C F*(G) (resp. V C F~(Q)).

(c) categorically upper (resp. lower) quasicontinuous at xg € X, if for each neighborhood U of
xo and neighborhood G containing F'(z), there exists a set A C U of the second category such that
F(a) C G (resp. F(a) NG # @) forall a € A.

Let Z be a topological space and {G, } be a sequence of open covers of Z. For every z € Z and
n €N, let St(z,G,) =U{G € G, : z € G, }. The sequence {G,} is called:

(a) A development, if for every z € Z, the sequence {St(z,G,)} is a base at z. A space with
a developable space is called a developable space. A regular developable space is called a Moore
space.
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(b) 4 weak k-development if for every compact subset K C Z and {H,} such that for every
n, Hn C Gn, Hy is finite, K N H # & for every H € H,, and K C |JH,, we have that the
sequence { Ni<n (U HZ)} is a base at K. A space with a weak k-development is called a weakly
k-developable Epace.

We refer the reader to [1] for more information about k-developable topological spaces.

The aim of this paper is to obtain points of joint upper and lower semicontinuity of two variable
set-valued functions. One of the first results in this direction is the following.

Theorem 1.1 [4]. Let X be a Baire space, Y a second countable space, Z be a metrizable
space and F: X xY — K(Z) be a compact-valued mapping which is lower semicontinuous with
respect to the first variable and upper semicontinuous with respect to the second variable. Then there

exists a dense in X Gg-set A C X such that F is jointly upper semicontinuous at every point of the
set A xY.

Let X and Y be topological spaces and let f: X — Y be a function. The function f is called
quasicontinuous if for each z € X and neighborhoods U of x and V' of f(y), there is a nonempty
open subset U’ of U such that f(U") C V.

The notion of quasicontinuity turned out to be a useful tool in some mathematical problems (see,
e.g., [2,3,10, 12, 13, 17, 18, 20, 21]).

In 1975, V. Popa [22] generalized the notion of quasicontinuity for set-valued functions. Since
then, some authors investigated various types of continuity of set-valued functions [5-9].

A function f: X x Y — Z is said to be horizontally quasicontinuous at (z,y) € X x Y if
for any neighborhoods U, V and W of z, y and f(z,y) respectively, there is a nonempty open
subset U’ C of X and y € V such that f(U’' x {y'}) € W. In [14-16] some properties of
horizontally quasicontinuous functions are investigated. In Section 2, we will define upper and
lower horizontal quasicontinuity for two-variable set-valued functions. We will show that if F' is
a lower horizontally quasicontinuous function, F,: Y — K(Z) is upper semicontinuous and FY :
X — K(Z) is categorically upper quasicontinuous for each (z,y) € X x Y. Then there is a dense
Gs subset D of X such that F' is jointly upper semicontinuous on D x {yp} provided that X is
Baire, yp € Y has a countable base and Z is a normal weakly k-developable space.

Finally, in Section 3, we will investigate lower semicontinuity of a two variable set-valued
function F': X x Y — C(Z). In fact, by using a different method from what we used in Section 2,
we will prove a similar result for upper horizontally quasicontinuous functions. In fact, we will
show that if F': X x Y — C(Z) is an upper horizontally quasicontinuous function such that F :
Y — C(Z) is lower semicontinuous and FY: X — C(Z) is categorically lower quasicontinuous for
each (z,y) € X x Y. Then F is symmetrically lower quasicontinuous at each point of X x {yo}
provided that X is Baire, yy € Y has a countable base and Z is regular. Our results can be considered
as generalizations of corresponding results in [5, 11, 15, 16].

2. Upper semicontinuity of two variable set-valued functions. In this section, we will show
that under some circumstances, a two-variable function set-valued function F': X x Y — K(Z), for
each yp €Y, is jointly upper-semicontinuous on a set of the form D x {yo}, where D is a dense G
subset of X.

We begin with the following definitions.
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1226 A. K. MIRMOSTAFAEE

Definition 2.1. Let F': X XY — P(Z) be a function and (xo,yo) € X x Y. The function F' is
called:

(a) symmetrically upper (resp. lower) quasicontinuous at (xo,yo) with respect to the second
variable if for each nonempty open subset W of Z with (xo,yo) € FT (W) (resp. (xo,v0) € F~(W))
and a neighborhood U of xq, there are a nonempty open subset U’ of U and a neighborhood V' of
yo such that U' x V.C FH(W) (resp. U' x V. C F~(W));

(b) upper (resp. lower) horizontally quasicontinuous at (xo,yo) if whenever U, V and W are
open subsets X, Y and Z respectively with (xq,yo) € UXV and (zo,y0) € FT (W) (resp. (zo,y0) €
€ F~(W)), there are a nonempty open subset U' of U and y' € V such that (z,y') € Ft(W)
(resp. (z,y') € F~(W)) for each x € U'.

Now, we are ready to state one of the main results of this section.

Theorem 2.1. Let X be a Baire space, Y a space and Z a space with a weakly k-development.
Let F: X XY — K(Z) be symmetrically upper quasicontinuous with respect to the second variable
at each point of X x {yo} for some yy € Y. Then there is a dense G5 subset D of X such that F' is
Jjointly upper semicontinuous at each point of D x {yo}.

Proof. Let {G,,: n € N} be a k-weak development for Z. For each natural number n, let D,
be the set of all € X such that for some finite subset 4 of G,, and neighborhoods U of z, V of
yo respectively, we have U x V C Ft(|UH) and F(t,yo) N H # @ for each H € H and ¢ € U.

By the definition, each D,, is open in X. We will show that each D,, is dense in X. Let n be a
fixed natural number and U be a nonempty open subset of X.

We say that the property p(k), k& € N, holds if the following statement is true.

If there is a nonempty open subset U’ of U such that F/(U’,yo) C |JH, where H C G,, with
|H| < k, then D,, contains a nonempty open subset of U.

Let U’ be a nonempty open subset of U such that F(U’,yo) C H for some H € G,. By upper
symmetrical quasicontinuity of F' on U’ x {yo}, we can find a nonempty open subset U” of U’ and
a neighborhood V' of g such that F(x,y) C H for each (x,y) € U” x V. Therefore U” C D,,.
Thus p(1) is true.

Let p(k) hold for some k& and U’ be a nonempty open subset of U such that F(U’,yo) C |JH
for some subset H of G,, with |H| = k + 1. If for some x¢ € U’, there is a proper subset of H,
say H’, such that F(zg,y0) C |JH', then |H'| < k and by symmetrically upper quasicontinuity of
F, we can find a nonempty open subset U” of U’ such that F'(U”,yo) C |JH'. Therefore, by our
hypothesis, D,, contains a nonempty open subset of U. So that we may assume that  has exactly
k + 1 elements say Hy, ..., Hxy1 and F(z,yo) N H; # @ foreach z € U’ and 1 < i < k+ 1. By
symmetrical upper quasicontinuity of F on U’ x {yo}, we can find a nonempty open subset U” of
U’ and a neighborhoods V' of yo such that F(U”,V) C |JH. Then

FU"xV)C|JH, Flryp)nH#2 YeeU"

Therefore U” C D,,. Hence p(k) holds for all k£ € N.

Now, if z € U and F(x,yp) C |JH, where # is a finite subset of G,,. By symmetrically upper
quasicontinuity of F' at (z,%), there is a nonempty open subset U’ of U and a neighborhood V
of yo such that F(U’' x V) C |JH. According to p(k), where k = |H|, the set D,, contains a
nonempty subset of U. This shows that D,, is dense in X. Let D = (2, D,,. Let z € D and W
be an open subset of Z with F'(x,y9) C W. By the definition of the sets D,,, for each n, there are
neighborhoods U,, of = and V,, of yo and a finite subset H,, of G,, such that U,, x V;, C F* (| Hy)
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and F(z,yo) N H # @ for each H € H,. Since Z is weakly k-developable, {(;.,,(UH.)}
is a base at F'(z,y0). Hence there is some ng € N such that ﬂiSnO(U Hi) € W. Therefore
(Ni<ng Ui) % (Ni<ny Vi) S FT(W). This proves upper semicontinuity of F at each point of
D x {yo}-

In order to obtain an application for Theorem 2.1, we need to the following axillary result.

Lemma 2.1. Let F': X XY — P(Z) be a lower horizontally quasicontinuous function. If U
and V are open subsets of X and Y respectively such that U C A for some subset A of X. Then
FUxV)CFAxYV).

Proof. Suppose that z is an arbitrary element of F'(U x V') and W is a neighborhood of z. Take
some a € U and b € V such that z € F'(a,b). By lower horizontal quasicontinuity of F, we can find
some (a1,b1) € U x V and a neighborhood U; of a such that Uy C U and F(z,b;) N W # & for
all x € Uy. Since Uy C U C A, we have U; N A # @. Let ag be an element of U; N A, then

@#F(CLQ,I)QOWQF(AXV)QW

This means that z € F'(A x V).

The following result gives a sufficient condition for symmetrically upper quasicontinuity of a
lower horizontally quasicontinuous function.

Theorem 2.2. Let X be a Baire space, Y a space with a countable base at yo € Y and Z a
normal space. Let F': X XY — C(Z) is a lower horizontally quasicontinuous function such that F :
Y — C(Z) is upper semicontinuous for each x € X and F¥ : X — C(Z) is categorically upper
quasicontinuous. Then F' is symmetrically upper quasicontinuous with respect to the second variable
at each point of X X {yo}.

Proof. Let x € X and G be a neighborhood of z. Let F'(x,y9) C W for some open subset W
of Z. By normality of Z, there is an open subset W’ of W such that

F(x,y0) CW CW/ CW.

Since F¥ : X — C(Z) is categorically upper quasicontinuous at x, there is a subset A of G such
that A is of the second category in X and F(a,yo) C W’ for all a € A.
Let {V,,} be a base of neighborhoods of y,. Define

A, ={a€A: F,(V,) CW'}, nel.

It follows from upper semicontinuity of Fy:Y — C(Z) for each a € A that A = |J;2, 4,.
Since A is of the second category in X, there is some m € N such that U,, = (4,,)° # @. Let
U=GnUy,, V=V, and Ay = A,, NU. Since U,, C A, NU,,, we have A,, NU,, # @. The
relation

d#+AnNU, CGNU, =U

implies that U is a nonempty open subset of G. Since U C U N A4,, C Ag, by Lemma 2.1,
FUXV)CF(AyxV)CW CW.

This proves that F' is symmetrically upper quasicontinuous at (x, y).
The following result follows immediately from Theorems 2.1 and 2.2.
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Theorem 2.3. Let X be a Baire space, Y a space with countable base at yo € Y and Z a
normal weakly k-developable space. Let F': X XY — K(Z) is a lower horizontally quasicontinuous
function such that F,,: Y — K(Z) is upper semicontinuous for each x € X and FY°: X — C(Z) is
categorically upper quasicontinuous. Then there is a dense G5 subset D of X such that F' is jointly
upper semicontinuous at each point of D X {yo}.

The following example shows that lower horizontal quasicontinuity of F' in Theorem 2.3 is
necessary.

Example 2.1 ([19], Example 1). Let E = {(pn,qs): n € N} be a countable dense subset of R?
such that if (p,,q,) and (pm, ¢n) are two distinct elements of FE, then p,, # p, and ¢, # ¢m.
Define F': R? — K(R) by

{0},  (zy) ¢ E,
[O’n]’ (wvy) = (pn7Qn) e F.

F('x:y) = {

It is easy to see that all selection F, and F'Y are upper semicontinuous but F' has no point of joint
upper semicontinuity.

3. Lower semicontinuity of two variable set-valued functions. In this section, we discuss
about conditions which imply joint lower semicontinuity of a set-valued function F': X XY — C(Z)
on aset D x {yo}, where D dense subset of X and yp € Y.

Theorem 3.1. Let X be a Baire space, Y a space and Z be second countable. Let F':
X XY — P(Z) is symmetrically lower quasicontinuous with respect to the second variable at each
point of X x {yo} for some yy € Y. Then there is a dense G5 subset D of X such that F is lower
semicontinuous at each point of D x {yo}.

Proof. Let W = {W,,: n € N} be a countable base for Z. Define

Ay ={zeX: (z,y0) € F-(Wp)\ (F~(W,))°}, meN.

Let D, = X \ A4, for each n and D = o~y Dy. Since each D, is an open subset of X, D is
a (G5 subset of X. We will show that D,, is dense in X for each n € N. Take some fixed n € N
and a nonempty open subset U of X with A, NU # @. Let x € A,, N U. By symmetrical lower
quasicontinuity of F at (z,yg), there is a nonempty open subset U’ of U and a neighborhood V'
of yo such that U’ x V. C F~(W,,). Since U’ is open A, NU' = @. Hence U' CUND,, # @.
Clearly F is jointly lower semicontinuous at each point of D x {yo}. Let x € D and W be an open
subset of Z with F'(z,yo) "W # @. Then there is some natural number ng such that W,, C W and
F(z,y0) N Wy, # @. Since z ¢ A,,, we have (z,y0) € (F~(W,))" C (F~(W))°. This proves
lower semicontinuity of F' on D x {yo}.

It is natural to ask when a set-valued two variable function is symmetrically lower semicontinuous?
The following result gives a partial answer to this question.

Theorem 3.2. Let X be a Baire space, Y be a space with a countable base at yy € Y and
let Z be a regular space. Let F: X xY — C(Z) is an upper horizontally quasicontinuous
Sunction such that Fy:Y — C(Z) is lower semicontinuous at yo for each x € X and FY:
X — C(Z) is categorically lower quasicontinuous. Then F' is symmetrically lower quasicontinuous
with respect to the second variable at each point of X x {yo}.

Proof. Let for some x¢g € X, F' is not symmetrically lower quasicontinuous with respect to
the second variable at (g, yo). Then there are open sets U C X, V C Y and W C Z such that
F(z0,y0) N W # & but for every nonempty open subset U’ C U and neighborhood V' C V' of vy,
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there is some (2/,y’) € U’ x V' such that F(2/,y/) "W = &. Let z € F(x0,y0) N W. Using the
regularity of Z, we can choose some open subset W’ of W such that

zeW CW/ CW.

Since FY° is lower categorically quasicontinuous at x(, there is a subset A of U of the second
category such that
Fla,yo)NW' # @, ac€ A.

Let {V,,: n € N} be a countable base at o, define
A,={a€A:V,CF (W)}, neN.

Since for every = € X, the function F), is lower quasicontinuous at yo € Y, we have A = |J;2 | A,.

We will get into a contradiction by showing that each A, has empty interior. Let n be a
fixed positive integer and G be an arbitrary nonempty open subset of X. By our assumption,
F(z1,y1) "W = @ for some (z1,y1) € G X V,,. Therefore F(x1,41) € Z\ W’. Since FY! is upper
horizontally quasicontinuous, there is some nonempty open subset G’ of G and y» € V,, such that
F(G' x {y2}) € Z \ W'. 1t follows that G' N 4,, = @.

The following result follows immediately from Theorems 3.1 and 3.2.

Theorem 3.3. Let X be a Baire space, Y a space with countable base at yo € Y and Z a
second countable regular space. Let F': X xY — C(Z) is an upper horizontally quasicontinuous
Sunction such that Fp:Y — C(Z) is lower semicontinuous and FY: X — C(Z) is categorically
lower quasicontinuous for each (x,y) € X x Y. Then there is a dense G subset D of X such that
F is jointly lower semicontinuous at each point of D x {yo}.

Example 3.1 ([19], Example 2). Let E be the set that was defined in Example 2.1. Define F':
R? — C(R) by

{n}7 (x,y) = (pny%z) €FE,
0,00),  (z,9) ¢ E.

One can easily check that all selection F, and FY are lower semicontinuous but F' has no point of
joint lower semicontinuity. Therefore the assumption of upper horizontal quasicontinuity of F' in
Theorem 3.3 is necessary.

F(xay) =

Theorem 3.4. Let X be a Baire space, Y a topological space, yo € Y and Z a developable
space. Let F: X xY — K(Z) be symmetrically lower quasicontinuous with respect to the second
variable and FY° be upper quasicontinuous. Then there is a dense G5 subset D of X such that F
is jointly lower semicontinuous at each point of D X {yo}.

Proof. Let {G,} be a development for Z. For each n € N, let A, be the set of all z € X
such that for some H,, C G, F(z,y0) € UHn and (z,y0) € (F~(W))° for each W € H,, with
(z,y0) € F~(W).

We will show that D,, = (A,)° is dense in X for each n € N. Take some n € N and let
U be an arbitrary nonempty open subset of X. Let x € U and H,, be a finite subset of G,, with
F(x,y0) € |JHy. Since F¥ is upper quasicontinuous at z, there is a nonempty open subset U’ of U
such that F'(t,yo) C |JH, foreach t € U'. Let Hy, = {Wh,..., Wi} U x {yo}NF~(W1) =2
put Uy = U’ and V; =Y. Otherwise, by symmetrical lower semicontinuity of F' on U’ x {y}, we can
choose a nonempty open subset Uy of U’ and a neighborhood V; of yy such that Uy x V4 C F—(W).
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By applying this method k-times, we can find a nonempty open subsets U; of U and a neighborhood
V; of yo such that either U; x {yo} N F~(W;) = & or U; x V; C F~(W;), where U; C U;_; and
V; CV;—q foreach 1 < i < k. Thus U, C A,. Since Uy, is open, U, C D,,. Therefore, each D,, is
dense in X. Let D = ﬂflozl D,,. Since X is a Baire space, D is dense in X. We will show that F’
is lower semicontinuous at each point of D x {yo}.

Let x € D and W be an open subset of Z with F'(x,y0) NW # &. Take some z € F(x,yo) NW.
It follows from the definition that for each n € N, there is some W,, € H, C G, such that
F(z,y0) € UH, and z € W,. Since {IV;} is a base at z, there is some ny € N such that
Wy € W. Therefore

(.)€ (P~ (Way))° € (F-(W)°.

Hence F' is jointly lower semicontinuous at (x,yp).

Corollary 3.1. Let X be a Baire space, Y a space with countable base at yo € Y and let Z be
a metric space. Let

(@) F: X XY — K(Z) is upper and lower horizontally quasicontinuous function,

(b) F,:Y — K(Z) is upper and lower semicontinuous and

(c) FY: X — K(Z) is categorically upper and lower quasicontinuous for each (x,y) € X x Y.
Then there is a dense G subset D of X such that F is jointly upper and lower semicontinuous at
each point of D x {yo}.

Proof. According to Theorems 2.1 and 3.4, there are dense G5 subsets D1 and Dy of X such
that F'[p, « {4, is jointly lower semicontinuous and F'|p, {4, is jointly upper semicontinuous. Since
X is Baire, D = D; N Dy is a dense G subset of X and F]DX{yO} is jointly upper and lower
semicontinuous.

The following result follows immediately from Theorem 3.4.

Corollary 3.2 ([21], Theorem 2). Let X be a Baire space, Y a topological space and Z a
developable space. If f: X XY — Z is symmetrically quasicontinuous with respect to the second
variable, then, for each yg € Y, there is a dense G5 subset D of X such that f is jointly continuous
at each point of D x {yo}.

Corollary 3.3 ([15], Theorem 2). Let X be a Baire space, Y a topological space and Z a Moore
space. If' Y has a countable base in yo € Y and f: X XY — Z is a horizontally quasicontinuous
function such that f¥% is categorically quasicontinuous and f, is continuous for each x € X, then
there is a dense G5 subset D of X such that f is jointly continuous at each point of D x {yo}.

Proof. By Theorem 3.2, f is symmetrically quasicontinuous with respect to the second variable
at each point of X x {0}. So that the result follows from Corollary 3.2.
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