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ON g-CONGRUENCES INVOLVING HARMONIC NUMBERS *
PO ¢-KOHT'PYEHIIII, IO BKJIIOYAIOTH TAPMOHIYHI YHUCJA

We give some congruences involving g-harmonic numbers and alternating g-harmonic numbers of order m. Some of them
are g-analogues of several known congruences.

HaBeneHo nesiki KOHrpyeHLi, 110 BKJIIOYAIOTh ¢-TAPMOHIYHI YHCIIa Ta 3HAKO3MIHHI ¢-TapMOHIYHI YHCIA 1M-TO TOPSIKY.
Jlesiki 3 IUX KOHTPYEHIIH € g-aHAIOraMH KiJTbKOX BIIOMHX KOHIPYCHIIIH.

1. Introduction. For arbitrary positive integer n, the g-integer can be defined by
1—q"
i
It is easy to see that lim,_,1[n], = n. Supposing that a = b (mod p), we have

C1l—q" 1"+ —¢") _1-¢"
[a]q_l—q_ 1—¢q —1_q—[b]q (mod [plg).

Here and in what follows, each congruence is considered over the polynomial ring Z[q| in the variable
q with integral coefficients.
Form=1,2,3,...and n =0,1,2,..., we define

n
1
™ =0, HM™ :ZTM for n>1
j=1
and call it a harmonic number of order m. Those H,, = Hél) are usually called the classical harmonic
numbers. Similarly, the alternating harmonic numbers of order m are given by

n

" (1)
™ =o, I<m>:z<7l) for n>1.

=
In this paper, we define

Hy,(q) = W H,(q) = [L’

=1 j=1 W

1 ~ "¢
= Z 72 Hq(f) (q) = W’

=1 7lg =1 Wlq

1 ~ ——

3 3 _

H7(z ) Z 7]37 H7(1 )(Q) = W
j=1 “1a j=1 %1
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and
e (1
In(Q)—j:1 T
=3
! = Ul
where

Ho(q) = Holg) = H () = H (@) = HY (@) = HY (a) = Io(q) = 157 (a) = 0.

They are g-analogues of harmonic numbers of order m. So we call them g-harmonic numbers and
alternating ¢-harmonic numbers of order m.

In view of the g-analogue of Glaishers congruence, Andrews [1] (Theorem 4) showed that

1

——(1—q) (mod [p])

Hy,1(q) = B

and
- p—1

Hy 1(q) = T(q —1) (mod [p]y).

L. L. Shi and H. Pan obtained (see [6], Theorem 1)

-1 p?—1

=)+ (1= a)Ply (mod [p]g) (1.1)

Hy 1(q) =

for each p > 5, which is equivalent to

2

24

By =520 -0+

L1 - %), (mod [p)?).

Pan established (see [5], Theorem 1.1) that for each odd prime p, there holds

22 +2Qp (2,9) — Qp(2,9)*[ply =

- Q)2> [ply (mod [p]2), (1.2)
where Qp (2, 4) = <—qq[;]—1

of g-harmonic numbers, see, for example, [3]. Some other g-congruences were obtained by different
authors, see, for example [2, 4, 9].

and (z;q), = H: 0(1 xq"). For some material on congruences

Our aim of this paper is to give some congruences involving g-harmonic numbers and alternating
g-harmonic numbers of order m which are g-analogues of several known identities.
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Theorem 1.1. Let p > 5 be a prime. Then

p—1
S AP @ = 00 - PR 0 med b 0
p_lk~(2) _p-1._ _p2—1 N2 2
S H (@) =5 (1)~ (1= 0’y (mod [p]}), (1:4)
k=1
p—1
St = TP g2 (wmod ) (1.9
k=1
- PP -1
S P (@) =51 -9 (mod [ply). (1.6)
k=1

When ¢ — 1, the first two g¢-congruences in Theorem 1.1 reduce to the following result [7]
(Lemma 2.1):

Theorem 1.2. Let p > 5 be a prime. Then

La(g) = —2Q,2.0) - 21—+

2
p -
+ (@202 + Q00 -9+ P50 il (mod 1) )
and
2@ = 520 -0 20,201 - ) (mod [p,) (1)

It is clear that (1.7) and (1.8) are respectively g-analogues of

Iy1 = —2¢p(2) + ¢(2)°p  (mod p?)

and
1152—)1 =0 (mod p)
2r—t —1
(see [8], Lemma 2.1), where ¢,(2) = ————.
p
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Theorem 1.3. Let p > 5 be a prime. Then

qu = (“20,e0- "3 00 )i+

2

; (@p<2,q>2 Q@0 -g+ Pt q>2> PP (mod [pf2),

p—1
-1
g qk[]g?)(q) = 2@1)(27(]) + p?(l _ Q) _

(7T+p)p—1)
12

- (Qp@, 02+ 3Qu(2.0)(1 —g) + (1- q>2) Pl (mod [p]2).

When ¢ — 1, the two g-congruences in Theorem 1.3 reduce respectively to the following two
congruences:

p—1
> I =—2¢,(2)p + (2% (mod p?),
k=1

fof = 2,(2) — ¢p(2)°p (mod p?).

Theorem 1.4. Let p > 5 be a prime. Then

p—1 (_l)k 2

L(0) = 2Q22.0) + (- DA )+ 2221~ ¢)* (mod [p),).

12

The congruence in Theorem 1.4 is a g-analogue of

> (=)™ _ 2¢;(2) (mod p).

N 17
1<i<j<p-1

Our method of proving Theorems 1.1—-1.4 is to write the finite sums involving (alternating) g-
harmonic numbers into a linear combination of at most two (alternating) g-harmonic sums. We will

provide one lemma in the next section. Section 3 is devoted to our proof of Theorems 1.1-1.4.
2. Auxiliary result. To prove Theorems 1.1-1.4, we need the following auxiliary result.
Lemma 2.1. For any prime p > 5, there hold

1 _ -De-5
2 Gp = S (1=)* (mod [ply), 2.1)
p—l 2
=== 0 (mod ), (.2)
j=1 Va
o5t .
5 =g (1= 0~ Q21— q) (mod 5] @3
j=1
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Proof. See [6] (Lemma 2) for the proof of (2.1) and (2.2).
We now prove (2.3). It is obvious that

1 = _ 14 mo
-2l kgl O Pl e

Then by (2.2) and (2.4), we get

2 p—1 o, =5 -2
pr—1 0 ¢ q” ¢
T O ST L o
j=1 q j=1 q 1 q
p—1
L (mod [y
=2 mod |[p
212 q)»
= 1213
namely,
p—1
2 25 2_q
q p
j=1"a
By (1.2), we have
I 1
j=1 "
Hence, with the help of
L -
. = Ta10 —q )
2717 (240 [21]q
(2.5) and (2.6), we obtain
q” L
Z Z[ ERESL DI T
J=1 =1 27l j=1 [l

zfp%l(l—q) ~Q2.a)(1— ) (mod [pl,)

Lemma 2.1 is proved.
3. Proofs of Theorems 1.1-1.4. Proof of Theorem 1.1. We first prove (1.3) and (1.4). Observe

that

p—1 p—1 p—1 p—1 .
k(2 1 k 1 ¢ —¢°
ZqH()(Q): W q = Wl—q =

_pzl 1 <1—qp 1—qJ>
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In view of (1.1) and (2.1), we obtain

quﬂ P—g - P g2, (mod (o).

This proves (1.3).
By [3] (Theorem 1.2),

2

S Ha) =1 p+ P (= @)y + P (- 0 (mod [pf)

which implies that
— i _ p—1 2
D dHi(@)=1—p+=——(1-q)ply (mod [p]). (3-1)
k=1

Then (1.4) follows from (1.3), (3.1) and the fact H,?)(q) — fllgz) (¢q) = (1 —q)Hi(q).
We now show (1.5) and (1.6). Similarly, we can arrive at

p—1
S Y (0) = Dl (@) — HY (q) =

We use the above and (2.1) to get

quﬂm )= LD g (mod )

which proves (1.5). Then (1.6) follows from (1.5) and the fact H,gg) (q) — H,gg) (q) =(1— q)H,E,Z)(q).
Theorem 1.1 is proved.
Proof of Theorem 1.2. We first prove (1.7). Notice that

p—l p—1 1
I, 1(q) = W
k=1 klq k=114
p—1
2 p—1 1
=2 L
k:l klq k=1 [Klq
By (1.1) and (1.2), we obtain
p—1
Ip-1(q) = —2Q(2,q) — T(l —q)+

2

# (@20 + Q-+ E - 02l (mod ).
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We now show (1.8). Note that

| (-DF 41 1l

2
k=1 [k q k=1 [k]‘l
, &1 P
= 2 —_— 72.
k=1 [Qk]q k=1 [k]q

Theorem 1.2 is proved.
Proof of Theorem 1.3. Observe that

5 k S (=1 = k — (—1) ¢/ — ¢
> " Iilg) = ¢ = : _
k=1 Jj=1 [j]q k=j j=1 [J]q —q
p—1 '
(=1 (1—qp 1_qJ>
N : - = [Plolp-
— [jlg \1-q¢ 1-g¢ [plgLp-1(q)
]_
and
P Rp@) () S e Y U
k (Q) - 5 q" = - _
[J] 2 1—¢
= g=1 k=) =1 Wla
_N Y (oo i)
Jj=1 UE I—gq 1—g¢q

By (1.7) and (1.8), we arrive at

>0 = (200200~ 5 0 - 0)

2

+ (Qp(l 02+ Qp(2,9)(1—q) + 7 1; Y- Q)2) [pl2  (mod [p]?)

and

p—1 .
> 1P (0) = 20,(2.0) + (1 - )

T+p)(p—1
- (@02 + 30200 -0+ TN )5, mod 1),
which completes the proof of Theorem 1.3.
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Proof of Theorem 1.4. Note that

-1 -1
«— (-1* e ) (DR
2 i, Ir(q) = ; Gl 2 W,
p—1 i /p—1 k J L
(=) ()" ¢ E=DF ) (=Y
T2l \& 25, T,
Hence,
—1 -1
3 (*1)k1 =_ |2 L 3.2
2 Th, k(q) p—1(a) +j:1 mE (3.2)
By (1.7), we have .
I1(4) = ~2Qp(2,0) = P~ (1—q) (mod [pl,),
which implies that
2i@=1@a+20-001-0+ T 002 moapl). 63
With the help of (2.1), (3.2) and (3.3), we obtain
(D P -
2T, Ie(q) = 2Q5(2,9) + (P = 1)(1 = q) + =51 —q)* (mod [p]),

which completes the proof of Theorem 1.4.
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