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GENERALIZED DERIVATIONS AND COMMUTING ADDITIVE MAPS
ON MULTILINEAR POLYNOMIALS IN PRIME RINGS

Y3ATAJIBHEHI NOXIJTHI TA KOMYTYIOYI AAUTUBHI BITOBPAKEHHS
HA MYJIbTUJITHIMHUAX MOJIHOMAX Y MPOCTUX KLJIBISAX

Let R be a prime ring with characteristic different from 2, U be its right Utumi quotient ring, C' be its extended centroid,

F and G be additive maps on R, f(x1,...,2») be a multilinear polynomial over C, and I be a nonzero right ideal of R.

We obtain information about the structure of R and describe the form of F' and G in the following cases:

D) [(F2+G)(f(r1,.--srn)), f(r1,...,m)] =0forallr1,...,r, € R, where I and G are generalized derivations

of R;
Q) [(F2+G)(f(r1,...,rn)), f(r1,...,mn)] =O0forall r1,... ,r, € I, where F and G are derivations of R.

Hexait R — nmpocTe Kijiblie 3 XapaKTepHCTHKOIO, 110 BigMiHHA Bix 2, U — #oro mpase ¢akrop-kinbie, C' — foro po3mmpeHnit
uentpoin, F' ta G — agutuBHi Binobpaxenus Ha R, f(x1,...,2n) — MynsTaiiHiiHMIA moninoM Han C, a I — HEHyIIbOBHI
npasuii inean s R. OTpuMaHo iHGOpMaLiio Mpo cTPYKTypy Kinbipt R Ta onucaHo ¢popmy F' i Gy Takux BHHagKax:

D) [(F?2+ ) (f(ri,--osrn)), f(r1,...,7m)] = 0 ans Beix r1,...,7, € R, ne F ta G — ysaranbaeni noxinmi
Big R;

Q) [(F2+G)(f(r1,...,rn)), f(r1,...,7n)] = 0 ona Beix 71,..., 7, € I, ne F 1a G — noxinmi Bix R.

1. Introduction. Throughout this paper, R always denotes a prime ring with center Z(R) and
extended centroid C U its right Utumi quotient ring. By a derivation on R, we mean an additive map
G: R — R such that G(zy) = G(z)y + 2G(y) holds for all z,y € R. A generalized derivation on
R is an additive map G : R — R such that G(zy) = G(z)y + xd(y) holds for all z,y € R, where
d is a derivation of R. We denote [a, b] = ab — ba, the simple commutator of the elements a,b € R
and [a, b]; = [[a, blk—1, b}, for k > 1, the kth commutator of a,b. Let T C R. An additive map F':
R — R is said to be commuting in 7" (resp. centralizing in T') if [F'(z),z] = 0 for all z € T (resp.
[F(z),z] € Z(R) forall x € T).

Several authors have studied derivations and generalized derivations which are centralizing and
commuting in some subsets of prime and semiprime rings (see [12, 17, 19, 21] for references). In this
view, a well-known result proved by Posner [24] states that a prime ring R must be commutative, if
it admits a non-zero centralizing derivation. In [16], Lee studied derivations with Engel conditions
on polynomials f(x1,...,xz,) in non-zero one-sided ideals of R. More precisely, he proved that if
[d(f(rl, .. .,rn)),f(rl, e ,rn)]k =0 forall r1,...,r, € L, a non-zero left ideal of R, and k > 1
a fixed integer, then there exists an idempotent element e in the socle of RC' such that CL = RCe
and one of the following holds: (i) f(z1,...,x,) is central valued in eRCe unless C is finite or
0 < char(R) < k+1; (ii) in case char(R) = p > 0, then f(z1,...,2,)? is central valued in eRCe
for some s > 0, unless char(R) = 2 and eRCl satisfies the identity s4.

Recently in [6], the first author of the present paper studied the case when the Engel condition is
satisfied by a generalized derivation on evaluations of multilinear polynomials. More precisely, he
proved that if G is a non-zero generalized derivation of R, f(z1,...,z,) a multilinear polynomial
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over C and I a non-zero right ideal of R such that G is commuting in f(I), the set of all evaluations
of f(x1,...,xzy) over I, then either G(z) = ax with (a — )] = 0 and a suitable v € C or there
exists an idempotent element e € soc(RC') such that /C' = eRC and one of the following holds:

(1) f(x1,...,zy) is central valued in eRCl;

(2) G(z) = cx + xb, where (c —b+ a)e =0 for « € C and f(x1,...,7,)? is central valued in
eRCe;

(3) char(R) = 2 and sy4(z1, z2, 3, x4) is an identity for eRCe.

Simultaneously in [1], Ali and Shah showed that if the generalized derivation G is centralizing in a
one-sided ideal of the prime ring R, then R is commutative.

The main object of the present paper is to investigate the situation when the additive map F% 4+ G
is commuting in f(I), the set of all evaluations of f(x1,...,xz,) over I, where f(z1,...,2,) is a
multilinear polynomial over C, I is a suitable subset of R and F, G two derivations or generalized
derivations of R.

In [14] (Theorem 2.1), Lee et al. proved that if F' and GG are derivations of a n!-torsion free
semiprime ring such that [( F24G)(z),z"] = 0 forall z € R, then F and G are both commuting in R.

Recently in [8], the first author of the present paper and Rehman extended the above result of [14]
to generalized derivations. More precisely, in [8] (Theorem 3.1), it is proved that if R is a n!-torsion
free semiprime ring, F' and G two generalized derivations of R associated with non-zero derivations
f and g respectively, such that [(F 24 G)(x),x”] = 0 for all x € R, then either R contains a
non-zero central ideal, or f = 0, g(R) C Z(R) and there exist a,b € U such that F(z) = axz,
G(x) = bx + g(x) for all z € R, with a®> + b € C.

Recently in [9], the second author and Sharma studied the case when F' is a derivation of R,
f(z1,...,x,) is a multilinear polynomial over C' and I is a right ideal of R.

They proved that if [FQ(f(rl, e ,rn)),f(rl,...,rn)] = 0 for all ry,...,r, € I, then either
[f(z1,..., %), Tng1]@no is satisfied by I, or there exists b € U such that F(z) = [b,z] for all
x € R, with b2 = 0 and bI = (0).

Being inspired by the above cited results, we shall prove the following theorem.

Theorem 1.1. Let R be a prime ring of characteristic different from 2, U its right Utumi

quotient ring, C' its extended centroid, F' and G two generalized derivations of R and f(x1,...,zy)
a multilinear polynomial over C. If [(F*+G)(f(r1,...,m)), f(r1,...,m)] = 0forallry,...,ry €
€ R, then either f(x1,...,xy,) is central valued on R or one of the following holds:

(1) there exist c,p € U such that F(x) = zc, G(z) = xp for all x € R, with ¢® +p € C;

(2) there exist c¢,p € U and o € C such that F(x) = cx, G(x) = pz for all x € R, with
+pecC;

(3) f(x1,...,2n)? is central valued on R and there exist c,p,q € U such that F(x) = xc,
G(z) = px + xzq for all z € R, with 2+ q—p € C;

4) f(x1,...,2n)? is central valued on R and there exist c,p,q € U such that F(x) = cu,
G(x) = pr + xq forall x € R, with ¢> +p —q € C.
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Theorem 1.2. Let R be a prime ring of characteristic different from 2, U its right Utumi quotient
ring, C its extended centroid, F and G two derivations of R, f(x1,...,xy) a multilinear polynomial
over C and I a non-zero right ideal of R. If [(F* + G)(f(r1,....,m0)), f(r1,...,rn)] = 0 for all
r1,...,7mn € I, then one of the following holds:

(1) there exists an idempotent element e € soc(RC') such that IC = eRC, moreover f(z1,...,Ty)
is central valued on eRCle;

(2) there exist c,p € U and «, 8 € C such that F(x) = [c, x|, G(z) = [p, x] for all x € R, with
(c—a) = (p—B)I =(0)and (c— a)* = (p— B).

To prove our theorems, we shall use frequently the theory of generalized polynomial identities
and differential identities (see [2, 4, 13, 20, 23]). In particular, we recall that if R is prime and [ a
non-zero right ideal of R, then I, IR and IU satisfy the same generalized polynomial identities [4].

In [17], Lee extended the definition of a generalized derivation as follows: by a generalized
derivation we mean an additive mapping ¢g: [ — U such that g(xy) = g(z)y + zd(y) for all
x,y € I, where [ is a dense right ideal of R and d is a derivation from [ into U.

Moreover, Lee also proved that every generalized derivation can be uniquely extended to a
generalized derivation of U and thus all generalized derivations of R will be implicitly assumed to
be defined on the whole U.

More details about generalized derivations can be found in [11, 17, 21].
2. The case: pair of generalized derivations on multilinear polynomials in prime rings. In

this section we will prove Theorem 1.1. We begin with the following lemma, which will be also used
in the next section for the proof of Theorem 1.2.

Lemma 2.1. Let R be a prime ring, F(xr) = ax + xb and G(x) = px + xq, for a,b,p,q €
€ U, be two inner generalized derivations of R. Let I be a right ideal of R such that [(F2 +
+G)(f(r1,...,mn)), f(r1,...,mn)] =0 forall r1,... 1 € I. Then R satisfies a nontrivial gene-
ralized polynomial identity, unless one of the following holds:

(1) there exist o, 3 € C such that (a*> +p — a)I = (0), (a — B)I = (0) and b* + q + 28b € C;

(2) b,q € C and there exists o € C such that (a* + p + 2ab — a)I = (0).

Proof. Let B be a basis of U over C. Then any element of 7" = U ¢ C{z1,...,z,} can
be written in the form g = ZZ a;m;. In this decomposition the coefficients o; are in C' and the
elements m; are B-monomials, that is m; = qoy1 ... ynqn, With ¢; € B and y; € {z1,...,2,}.
In [4], it is shown that a generalized polynomial g = Zz a;m; is the zero element of T if and
only if all o; are zeros. As a consequence, let ai,...,a;r € U be linearly independent over C' and
a191(x1, .-, Tn) + ... + aggr(z1,...,2,) = 0 € T, for some g1,...,9x € T.

If, for any i, g;(x1,...,zy,) = le xjhj(z1,...,2,) and hj(x1,...,2,) € T, then g1 (z1, ...
ces @), ov s gr(x1, ..., 2y) are the ;ero elements of T. The same conclusion holds if g;(z1, ...
cesxp)ar + ..o+ ge(z, . xn)ar = 0 € T and gi(xq, ..., 2p) = 2?21 hj(xi,...,an)x; for
some hj(z1,...,2n) €T.

In all that follows we assume that R does not satisfy any nontrivial generalized polynomial
identity with coefficients in U. Therefore by our hypothesis, for any 0 # y € I,
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D(z1,...,2,) = [(a2 +p)f(yxy1, ... ,yzn) + 2af(yz1, ..., yx,)b+

+f(yw1, .. yzn) (02 + q), f(yx, . .. ,yxn)]
is a trivial generalized polynomial identity for k. We rewrite it as

O(x1,...,2n) = (a2 +p)f(yx1,... ,yacn)2 +2af(yz1,...,yzn)bf (yx1,. .., yz,)+
e,y (00 4 Q) f (Yms, . yan) — fym, . yan) (@ 4 p) f(ym, . o yan)—

—2f(yzx1,...,yzn)af (yx1, ..., yxn)b — f(yx1,... 7yuvn)z(b2 +q). (2.1)

If b? + ¢ € C, then by applying previous argument to (2.1), we have b € C. Analogously if b € C,
it follows b?> 4+ ¢ € C. Hence b € C if and only if b> + ¢ € C. On the other hand, by applying
the same argument to (2.1), {(a? + p)y, y} is linearly C-dependent if and only if {ay,y} is linearly
C-dependent. Now we divide the proof into three cases:

Case 1. Suppose that b*> + ¢, b € C. Then by (2.1), it follows that {(a? + p + 2ab)y,y} is
linearly C-dependent. Thus there exists o € C such that (a® + p + 2ab — a)I = (0), which is our
conclusion (2).

Case 2. Suppose that for any y € I, {(a2 + p)y,y} as well as {ay,y} are two linearly C-
dependent sets. In this case standard argument shows that there exist a, A € C' such that (a? + p —
—a)l = (0) and (a — A\)I = (0). Then (2.1) reduces to

[fyz1, ... yza) (A0 + 0% + q), fyz1, ..., yz,)]

which is a trivial generalized polynomial identity for R, implying 2\b+b?+¢q € C. Thus conclusion (1)
is obtained.

Case 3. We denote u = a? + p and v = b? + ¢. Finally, suppose that b ¢ C, b*> + q ¢ C and
there exists yo € I such that {uyp,yo} is linearly C-independent as well as {ayo,yo} is linearly
C-independent. Since R does not satisfy any nontrivial generalized polynomial identity, by (2.1) we
have both the cases:

{b,v, 1} is linearly C' dependent, so that there exist 81, 2 € C such that b = 51v + 2. Moreover
B1 # 0, since b ¢ C;

{uyo, ayo, yo} is linearly C-dependent, so that there exist oy, g € C such that uyy = ajayp +
+ anyp. Moreover oy # 0, since uyy # ayo-

Hence by (2.1), R satisfies

(a1a + a2) f(yox1, - - -, Yon)? + 2af (Yox1, - - -, Yorn) (Brv + Bo) f(YoT1, - - -, YoTn)+
+f(y0x17 e 7y0xn)vf(y0$17 ey yoxn)_
_f(yﬂxh ce. ,?/Oﬂfn)(ala + a2)f(yox1, ... 7y0$n)_

—2f(yox1, - - -, Yorn)af (Yor1, - - -, Yon) (Brv + B2) — F(yox1, . - -, Yorn)?v

which implies that {$1v + (2,v,1} is linearly C-dependent. Since we assume v ¢ C), it follows
B1v + B2 = 0 and so 51 = 0, a contradiction.
Lemma 2.1 is proved.
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An easy consequence of the previous result is the following lemma.
Lemma 2.2. Let R be a prime ring and F(x) = ax + zb, G(x) = px + xq, for a,b,p,q € U be
two inner generalized derivations of R such that

[(F?+G)(f(r1,...,mn)), f(r1,...,m)] =0

forall ri,...,r, € R. Then R satisfies a nontrivial generalized polynomial identity, unless one of
the following holds:

() a>+peC,aecCandb®+q+2abe C;

(2) b,q € C and a® 4+ p + 2ab € C.

Fact 2.1 (Theorem 1 in [6]). Let R be a prime ring, a,b € R and f(x1,...,2z,) a noncen-
tral multilinear polynomial over C. If [af(r1,...,rn) — f(r1,...,m)b, f(r1,...,m0)] = 0 for all
r1,...,Tn € R, then one of the following conclusions holds:

(1) a,b € Z(R);

() f(x1,...,2n)? is central valued on R and a + b € C;

(3) char(R) = 2 and R satisfies the standard identity sy.

Lemma 2.3. Let R be a prime ring with char (R) # 2 and f(x1,...,zy) a noncentral mul-
tilinear polynomial over C. Assume that F(x) = xb and G(z) = px + zq, for a,b,p,q € U. If
[(F2 + G)(f(rl,...,rn)),f(rl,...,rn)} =0 for all r1,...,m, € R, then one of the following
holds:

() pe Cand b?> +q € C;

() f(x1,...,2n)? is central valued on R and b* + q —p € C.

Proof. In this case we have that R satisfies the generalized identity

pf(z1,...,2n) + f(z1,...,2,) (b +q), f(@1,...,30)].

Hence the required result follows from Fact 2.1.

Lemma 2.4. Let R be a prime ring with char (R) # 2 and f(x1,...,zy) a noncentral mul-
tilinear polynomial over C. Assume that F(x) = ax and G(x) = px + xq, for a,b,p,q € U. If
[(F2 + G)(f(rl,...,rn)),f(rl, e ,rn)} =0 for all r1,...,r, € R, then one of the following
holds:

(1) g€ Canda®+p e C;

() f(x1,...,2n)? is central valued on R and a® +p —q € C.

Proof. In this case R satisfies the generalized identity

[(a2 +p)f(x1, ..., x0) + f(a:l,...,mn)q,f(ml,...,xn)]

and as above we get the required conclusion by applying again Fact 2.1.
Lemma 2.5 (Lemma 1 in [7]). Let C be an infinite field and m > 2. If Ay,..., A, are not
scalar matrices in M,,(C), then there exists some invertible matrix P € My,(C) such that any

matrix PA1P~1, ..., PAL,P~" has all non-zero entries.
Proposition 2.1. Let R = M,,(C) be the ring of all (m x m)-matrices over the infinite field
C and f(x1,...,zyn) a noncentral multilinear polynomial over C. Assume that F(x) = azx + xb

and G(.%') = px + xq, fOI” aabvpvq € R. If [(F2 + G)(f(rlv" . 7rn))>f(rla"' >Tn)] = OfOV all
r1,...,mn € R, then one of the following holds:
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(1) a,pe C-Iyand (a+b)?+qcC-Iy;
() b€ C I, and (a+b)?+peC-Iy;
(3) f(x1,...,2n)? is central valued on R, a € C - I, and (a +b)? +q—p € C - Iy;
@) f(x1,...,2n)? is central valued on R, b € C - I;, and (a +b)> +p—q € C - Ipy,.

Proof. By our assumption R satisfies the generalized identity

[(a2 + ) f (21, xn) + 2af (21, .. x0)b+ f(x1, ..., 2,) (02 + q), flz, ... ,Tp)]. (2.2)

If either a € Z(R) or b € Z(R), then the conclusions follow by Lemmas 2.3 and 2.4 respectively.
Therefore we assume that a ¢ Z(R) and b ¢ Z(R). Now we shall show that this case leads a
contradiction.

Since a ¢ Z(R) and b ¢ Z(R), by Lemma 2.5 there exists an C-automorphism ¢ of M,,(C)
such that a’ = ¢(a), b’ = ¢(b) have all non-zero entries. Clearly o', V', p’ = ¢(p) and ¢’ = ¢(q)
must satisfy the condition (2.2). Without loss of generality we may replace a, b, p, ¢ with a’, V', p’, ¢/
respectively.

Here ey, denotes the usual matrix unit with 1 in (k, )-entry and zero elsewhere. Since f(z1,..., %)
is not central, by [20] (see also [22]), there exist u1,...,u, € My, (C) and v € C — {0} such that
fu,...,up) = veg, with k # [. Moreover, since the set {f(r1,...,7n): r1,...,mn € Mp,(C)}
is invariant under the action of all C-automorphisms of M, (C), then for any ¢ # j there exist
T1,...,Tn € My (C) such that f(r1,...,r,) = e;;. Hence by (2.2) we have

[(CLQ —|—p)€ij + Qaeijb + eij (52 + q), eij] =0

and then right multiplying by e;;, it follows 2e;;ae;;be;; = 0, which is a contradiction, since a and b
have all non-zero entries.

Proposition 2.1 is proved.

Proposition 2.2. Let R = M,,(C) be the ring of all matrices over the field C with char (R) # 2
and f(xi1,...,xy,) a noncentral multilinear polynomial over C. Assume that F(x) = ax + xb
and G(z) = px + xq for a,b,p,q € R.If [(F? + G)(f(r1,...,m)), f(r1,...,m)] = 0, for all
r1,...,"n € R, then one of the following holds:

(1) a,peC - Iyand (a+b)?+q€C-ILy;

(@) b,qe C Iy and (a+b)?+pecC-Iy;

(3) f(x1,...,2n)? is central valued on R, a € C - I, and (a +b)? +q—p € C - Iy;

@) f(z1,...,2,)?% is central valued on R, b € C - I,,, and (a +b)?> +p—q € C - I,.

Proof. 1f one assumes that C' is infinite, then the conclusions follow by Proposition 2.1.

Now let C be finite and K be an infinite field which is an extension of the field C. Let R =

= M, (K) = R®c K. Notice that the multilinear polynomial f(z1,...,z,) is central-valued on R
if and only if it is central-valued on R. Consider the generalized polynomial

P(xy,...,xpn) =
= [(a® +p)f(a1,....xn) +2af (21, .., 20)b+ f(@1, .. 20) (B2 + @), f21, -, 20)]
which is a generalized polynomial identity for R.
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Moreover, it is a multihomogeneous of multidegree (2,...,2) in the indeterminates x1, ..., Zy,.
Hence the complete linearization of P(zy,...,x,) is a multilinear generalized polynomial
O(z1,...,&n,Y1,...,Yn) in 2n indeterminates, moreover

O(z1, .. Ty, @1y .oy xy) = 2"P(21,. .., Tp).

Clearly the multilinear polynomial ©(x1,...,Zp, y1,-..,Yn) is a generalized polynomial identity for
R and R too. Since char(C) # 2 we obtain P(ry,...,r,) = 0 for all r1,...,r, € R and then
conclusion follows from Proposition 2.1.

Proposition 2.2 is proved.

Fact 2.2 (Reduced version of Theorem 3.1 in [8]). Let R be a prime ring, F' and G two genera-

lized derivations of R such that [(F? + G)(z),z] = 0 for all x € R. Then one of the following
holds:

(1) R is commutative;
(2) there exist a,b € U such that F(x) = ax and G(x) = bz for all x € R, with a®> + b € C;
(3) there exist a,b € U such that F(x) = xa and G(z) = zb for all v € R, with a®> + b € C.

Proposition 2.3. Let R be a prime ring of characteristic different from 2 and f(xy,..., )
a noncentral multilinear polynomial over C. Assume that F(x) = ax + xb and G(z) = pzr + zq
fora,b,p,q € U If[(F?2+G)(f(r1,-..,7)), f(r1,...,m)] =0 forall r1,...,7, € R, then one of
the following holds:

(1) a,p€ Cand (a+b)?+q € C;
(2) b,q € Cand (a+b)*+p e C;
(3) fl(x1,...,zn)? is central valued on R, a € C and (a +b)> +q—p € C;
4) f(x1,...,2n)? is central valued on R, b € C and (a +b)> +p —q € C.

Proof. By Lemma 2.2, we may assume that R satisfies the nontrivial generalized polynomial
identity

= [(@®+p)f(@1,...,20) + 2af(T1, ..., 2p)b+ f(21,. . 20) (V7 + @), f(21,. .., 20)]

By a theorem due to Beidar (Theorem 2 in [3]) this generalized polynomial identity is also satisfied
by U. In case C is infinite, we have P(ry,...,r,) =0 forall r1,...,7, € U@ C, where C is the
algebraic closure of C. Since both U and U @)~ C are centrally closed [10] ( Theorems 2.5 and 3.5),
we may replace R by U or U @), C according as C is finite or infinite. Thus we may assume that R
is centrally closed over C' which is either finite or algebraically closed. By Martindale’s theorem [23],
R is a primitive ring having a non-zero socle H with C' as the associated division ring and eHe is a
simple central algebra finite dimensional over C, for any minimal idempotent element e € H.

In light of Jacobson’s theorem [12, p. 75], R is isomorphic to a dense ring of linear transformations
on some vector space V over C.

Assume first that V' is finite-dimensional over C. Then the density of R on V implies that
R = My(C), the ring of all (k x k)-matrices over C. Since R is not commutative, we may assume
k > 2. In this case the conclusion follows by Proposition 2.2.
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Assume next that V' is infinite-dimensional over C. As in Lemma 2 in [25], the set f(R) is dense
on R and so from P(ry,...,r,) =0 forall r1,...,7, € R, we have that R satisfies the generalized
identity

[(a® + p)z + 2azb + 2(b* + q),z] =0
that is
[(a® + p)r + 2arb+r(b* + ¢),7] =0

for all 7 € R. In this case, by Fact 2.2, it follows that either b € C, ¢ € C and (a + b)?> + p € C; or
ac€C,peCand(a+b)?+qgeC.

Proposition 2.3 is proved.

Now we extend the previous results to the general case: At first we need to recall the following
notation: if f(x1,...,x,) is a multilinear polynomial over C, then we write

flxr,...,xn) = 2122 ... T + Z QoTo(1) - - - Ta(n)

gESy
for some a, € C. Moreover, if d is a derivation of R, we denote by f¢(zy,...,x,) the poly-
nomial obtained from f(x1,...,x,) by replacing each coefficient o, with d(c,). Thus we write

d(f(rl,...,rn)) = fUry,...orn) + Z,f(rl,...,d(ri),...,rn), for all ri,79,...,7, in R. We
also permit the following: '

Remark 2.1 (Theorem 3 in [17]). Every generalized derivation g on a dense right ideal of R can
be uniquely extended to U and assumes the form g(z) = ax +d(x), for some a € U and a derivation
donU.

Fact 2.3. Let R be a prime K-algebra of characteristic different from 2 and f(x1,...,x,) a

multilinear polynomial over K. If for any i =1,...,n,
[f(rl, ey ZigeeoyTn)y f(1, . .,rn)] € Z(R)
Sforall zi,r1,...,m, € R, then the polynomial f(x1,...,x,) is central-valued on R.

Proof. Let s € R. Then by assumption
[s,f(rl, . ,rn)]Q =

= 1D flra, sl fr ) | € Z(R).
(2
Hence, [s, f(r1,...,m)]3 = [[s, f(r1,..., )2, f(r1,...,7)] = O and the result follows by [15]
(Theorem).
Fact 2.3 is proved.
As a reduction of the result in [6] we get:
Fact 2.4. Let R be a prime ring of characteristic different from 2, G a non-zero generalized

derivation of R and f(x1,...,x,) a multilinear polynomial over C. If

[G(f(xl, . ,:rn)),f(:rl, . ,:L‘n)] =0
Sorall xy,...,x, € R, then either there exists a € C such that G(x) = ax or one of the following
holds:
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(1) f(x1,...,x,) is central valued in R;
(2) G(z) = cx +xbwithc—b € C, and f(x1,...,7,)?% is central valued in R.
In all that follows we denote by d and ¢ the derivations of U such that F'(x) = ax + d(z) and

G(x) = cx + §(z), for some a,c € U and for all x € R. We would like to permit the following
remark.

Remark 2.1. 1If F = 0 in Theorem 1.1, then either f(x1,...,x,) is central valued in R or the
particular cases of conclusions 1,2, 4 in Theorem 1.1 are obtained.

In this case F? + G = G and then by Fact 2.4 either f(z1,...,x,) is central valued in R or one
of the following holds:

(1) there exists « € C such that G(z) = ax for all z € R. Hence, by easy calculations ¢ = «
and 0 = 0 (particular case of conclusions 1 and 2);

(2) there exist p,q € U such that G(x) = px + zq for all x € R with p — ¢ € C. Moreover,
f(x1,...,2,)? is central valued in R (particular case of conclusion 4).

Remark 2.2. 1f d = 0 in Theorem 1.1, then either f(x1,...,z,) is central valued in R or we
obtain particular cases of conclusions 2,4 in Theorem 1.1.

In this case F(z) = ax and (F? + G)(x) = (a® + ¢)z + §(x) for all x € R. Therefore F? + G
is a generalized derivation of R and again by Fact 2.4 either f(x1,...,z,) is central valued in R or
one of the following holds:

(1) there exists o € C such that (F? + G)(x) = ax for all x € R. By calculations, it follows
a’? +c = o and 6 = 0 (particular case of conclusion 2);

(2) there exist p,q € U such that (F? 4+ G)(z) = pr + x2q forall z € R withp — ¢ = v € C.
Moreover, f(x1,...,2,)? is central valued in R. By calculations, it follows G(z) = (¢ — a?)z +
+ x(q + ) (particular case of conclusion 4).

Proof of Theorem 1.1. We denote by d and ¢ the derivations of U such that F'(x) = ax + d(x)
and G(x) = cx + d(x), for some a,c € U and for all z € R. In light of Remarks 2.1 and 2.2, we
may assume in all follows that ' £ 0 and d # 0.

Let f%(21,...,2,), f%(z1,...,x,) be the polynomials obtained from f(z1,...,x,) replacing
each coefficient a,, with d(a,) and 0(d(a)) respectively. Thus we have

A(f(r1,...,m)) = fd(rl,...,rn)+Zf(r1,...,d(ri),...,rn)

and similarly for §(f(r1,...,7,)). Moreover,

P (f(z1,...,zn)) =

2

= P () 423 A, d(@), )+
3 @ @), ) + 3 s dw), (), ).
i i#j
By Remark 2.1, we have that R satisfies the following:

ISSN 1027-3190.  Ykp. mam. scypn., 2016, m. 68, Ne 2



192 V. DE FILIPPIS, B. DHARA, G. SCUDO

a®f(x1,. .. xn) + 2ad(f(z1,...,20)) +d(a)f(z1,...,2,)+

+d2(f(a:1,...,a:n)) +ef(xr,..ymn) F0(f(z1, .. 2n)), f(z1,. .., 2n)

that is

[azf(:cl,...,xn) + 2af4 (w1, ... xn) +
+2a2f(x1,...,d(xi),...,acn) +d(a)f(z1,...,z0)+
P @) + 23 e, (@), @)+

3 F @ B ) + S @ d(w), (), )+
i i#j

+ef(xy, ... ) +f5(a:1,...,xn) + Zf(xl,...,5(mi),...,xn),f(x1,...,a;n) . (2.3)

Suppose first that both d and § are inner derivations of R, that is, there exist b,q € U such
that d(x) = [b,z] and §(z) = [g,z] for all z € R. In this case F(x) = (a + b)x + x(—b) and
G(z) = (¢ + q)x + x(—q) for all z € R. Then by Proposition 2.3, one of the following holds:

(1) a+bc+qeC, a®>+ce€Cand F(x) = xa, G(z) = x¢;

(2) b,ge C,a®>+c€ Cand F(x) = ax, G(z) = cx;

(3) f(x1,...,2,)? is central valued on R, a + b € C and F(x) = xa with a®> — 2¢ — c € C;

4) f(x1,...,2,)? is central valued on R, b € C and F(z) = ax with a® + 2q + ¢ € C;
unless f(x1,...,x,) is central valued on R, as required.

To complete the proof, in all that follows we consider the case when at least one of either F' or G
is not an inner generalized derivation of R, that is, 6 and d are not simultaneously inner derivations
of R. We prove that if f(z1,...,2,) is not central valued on R, then this assumption leads to a
number of contradictions.

Suppose first that § and d are linearly C-independent modulo Dy, (the set of inner derivations
inU).
In case § = 0, by [13], (2.3) gives that R satisfies

{an(azl, )+ 2af (2, )+

+2@Zf(3317-~7?/z‘7~ . 7xn) +d(a)f(f171, . ,xn)—i—

2
+f4 (ml,...,:cn)+2Zfd(m1,...,yi,...,xn)+
i
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—I—Zf(a:l,...,zi,...,acn)—G—Zf(xl,...,yi,...,yj,...,xn)—l—
i i#

+cf(x1,...,xn),f(xl,...jxn)].

On the other hand, if § # 0, again by [13], (2.3) gives that R satisfies

|:Cl2f($1, s 7$TL) + 26Lfd(1,‘1, s 7xn)+

+2aZf(:c1,...,yi,...,:cn)+d(a)f(x1,...,1:n)+
+fd2($1,...,l'n)+2Zfd(x]_,...,yi7...,ﬂfn)+

+Zf(x17°"7zi7"')$n)+Zf(xla'”7yi>°"7yj7"°7xn)+
i i#]

—i—cf(xl,...,a:n)—i—f‘s(xl,...,xn)—|—Zf(:c1,...,ti,...,xn),f(xl,...,xn) .

Notice that in both cases R satisfies the blended component

f(ml,...,zi,...,xn),f(xl,...,xn)}

forall i = 1,...,n. In light of Fact 2.3, this leads to the contradiction that f(zy,...,x,) is central
valued on R.

Suppose next that § and d are linearly C'-dependent modulo Dy, that is, there exist o, 5 € C
and ¢ € U such that ad + 30 = ad(q), the inner derivation induced by ¢ (that is ad(q) = [q, z] for
all x € R). We divide this case into 3 subcases:

Case 1: o = 0. In this case 6(z) = [p,z] for all x € R, with p = 8~ !q. Moreover, d is not an
inner derivation.

Since d # 0, by [13], (2.3) gives that R satisfies

[an(xl,...,xn)+2afd(x1,...,xn)+
—|—2aZf(:U1,...,yl-,...,xn)—i—d(a)f(:vl,...,xn)—i—
+fd2(331,...,:1:n)+2Zfd(a:1,...,yi,...,xn)+
+Zf(ﬂ?1,-~-,2i,~~-,xn)+Zf(zl,...,yi,...,yj,...,mn)-|—

i#]
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+ef(zr,. .. mn) + | ,f(xl,...,xn)],f(xl,...,a:n)}.

In particular R satisfies the component

f(;vl,...,zi,...,:Un),f(xl,...,xn)}

for all 2 = 1,...,n and then as above we get a contradiction.

Case 2: B = 0. In this case d = [p, x| for all z € R, with p = a~!q ¢ C. Moreover § is not an
inner derivation. Notice that in case § = 0 then both F' and G are inner generalized derivations of R,
a contradiction. Thus ¢ # 0. Then by [13], (2.3) gives that R satisfies

a’f(x1,...,x,) + 2alp, f(z1,...,2,)] +d(a)f(z1,...,2,) +

—I—[ o[ ,f(a:l,...,xn)]]—l—

+ef (1,0, xn) + fé(xl,...,xn)+

+Zf(x1,...,yi,...,xn),f(:vl,...,xn)].

In particular R satisfies
[f(:xlv"'vyi?'"axn)af(xlw"axn)]

forall e = 1,...,n, again leading a contradiction.
Case 3: a # 0 and B # 0. In this case § = yd + ad(p), where 7 = —a3~! # 0 and ad(p) is the
inner derivation induced by the element p = 3~'¢, moreover d is not an inner derivation of R.
Also here we notice that, in case § = 0 then both F' and G are inner generalized derivations of R,
a contradiction. Thus ¢ # 0 and by equation (2.3), we have that R satisfies

[cﬂf(xl, o x) + 2af (e, E) +
+2aZf(:c1,...,d(:vi),...,xn) +d(a)f(z1, ..., z0)+
P (21, ) + QZfd(xl, e d(T2)s - )+
+3  flrn o d (@), ) +;f(m1,...,d(aji),...,d(xj),...,a:n)+
i 1#]

e f @1y n) U@ )+

—i—’ny(a:l,...,d(a:i),...,mn)+[ ()], fle, . xn) |
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Since d is not an inner derivation, by [13], from above relation, R satisfies
[a2f(:c1, )+ 2af (2, )+

—l—2aZf(:c1,...,ui,...,a:n)—|—d(a)f(:z1,...,xn)—l—
AT ) 23 U i)

+Zf(x17-"azi7"'7xn)+Zf('rlv'”7yi7"'7yj7'”7wn)+
i i#j

+Cf($1,...,$n) +7fd($17"'7xn)+
—i—'ny(xl,...,yi,...,xn)—f— [ ,f(a;l,...,mn)],f(ml,...,:cn)}

In particular, for all ¢ = 1,...,n, R satisfies

[f(xl,...,zi,...,xn),f(xl,...,mn)].

Then again by Fact 2.3, we have a contradiction.

3. The case: pair of derivations on multilinear polynomials in right ideals. We would like
to point out the following reduced version of Theorem 1.1.

Theorem 3.1. Let R be a prime ring of characteristic different from 2, U its right Utumi

quotient ring, C its extended centroid, F' and G two derivations of R, f(x1,...,xy,) a multilinear
polynomial over C. If [(F2 + G)(f(rl, . ,rn)),f(rl, . ,rn)] =0, for all r1,...,m, € R, then
either F = G =0 or f(x1,...,xy) is central valued on R.

To prove Theorem 1.2, we begin with the following remark.
Remark 3.1. Let R be a prime ring, f(x1,...,2,) a multilinear polynomial over C' and I a
nonzero right ideal of R. By [18], following statements hold:

(1) if f(x1,...,2n)Tn41 is an identity for I, then there exists an idempotent element e €
€ soc(RC) such that IC = eRC and f(z1,...,2,) is an identity for eRCe, so that a fortiori
f(x1,...,x,) is central valued in eRCe;

(2) if [f(xl, ceeyTp), xn+1]xn+2 is an identity for I, then there exists e? = e € soc(RC) such
that /C = eRC and f(x1,...,xy) is central valued in eRCle.
In light of Lemma 2.1, we have the following lemma.

Lemma 3.1. Let R be a prime ring, F(x) = cx —xc and G(x) = px—xp for ¢,p € U be two in-
ner derivations of R. Let I be a right ideal of R such that [(F?+G)(f(r1,...,mn)), f(r1,...,m)] =
=0 forall ri,...,r, € I. Then either R satisfies a nontrivial generalized polynomial identity or
there exist o, 3 € C such that (c — o)l = (0), (p — B)I = (0) and (c — a)?® = (p — B).
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Remark 3.2. We prefer to write the polynomial f(x1,...,x,) as follows:

f(xl) e )xn) = Zgi(xlv vy L1, T 1y - - 75671)1:1')
%

where g; is a multilinear polynomial such that x; never appears in any monomials of g;. Note that
if there exists an idempotent e € H = Soc(RC) such that all g;s are the polynomial identities
for eHe, then we get the conclusion that f(z1,...,x,) is a polynomial identity for e He. Thus if
f(z1,...,2,) is not a polynomial identity for e He, there exists an index ¢ and r1,...,7,—1 € eHe
such that g;(r1,...,7,—1) # 0. Without loss of generality we assume i = n, say g,(21,...,Tp—1) =
= t(x1,...,2p—1) and so f(z1,...,2y) = t(x1,...,Tn—1)Tn + h(x1,...,2,) where t(eHe) # 0
and h(z1,...,x,) is a multilinear polynomial such that x,, never appears as last variable in any
monomials of h.

Lemma 3.2. Let R be a prime ring of characteristic different from 2, U its right Utumi
quotient ring, C' its extended centroid, F and G two inner derivations of R induced by the
elements a,b € U respectively, that is F(x) = [a,z| and G(x) = [b,z| for all x € R. If
f(x1,...,2,) is a multilinear polynomial over C, I a non-zero right ideal of R such that [(F? +
+ Q) (f(rl, e ,rn)), flre, ..., T‘n)] =0forallry,...,r, € I, then one of the following holds:

(1) there exists €* = e € soc(RC) such that IC = eRC and f(x1,...,xy) is central valued on
eRCe;

(2) there exist o, 3 € C such that (a — a)I = (b— ) = (0) and (a — ) = (b— B).

Proof. By Lemma 3.1, we may assume that R satisfies a nontrivial generalized polynomial
identity, otherwise we get our conclusion (2). In this case by [23], RC' is a primitive ring having a
non-zero socle H with a non-zero right ideal J = I H. Note that H is simple, J = H.J and J satisfies
the same basic conditions as /. Thus without loss of generality we may replace R by H and I by J.

Since R = H is a regular ring, then for any a1, ...,a, € I there exists h = h? € R such that
Z; a;R=hR.Then h € TR = I and a; = ha; for eachi = 1,...,n.

By our assumption, [ satisfies the following generalized identity with coefficients in U :

[(a2 +0)f(z1,...,xn) —2af(z1,...,2y)a+

—|—f(x1,...,mn)(a2—b),f(xl,...,a:n)]. (3.1)

First we study the situation when there exists a € C such that (a — )] = (0). Notice that a and
¢ = a — « induce the same derivation F. Thus we replace a by ¢ and assume ¢ = (0).
By calculations, (3.1) reduces to

bf(zy,..., %) + f(21,. . 20) (=), flxr,... 20)]. (3.2)

By Theorem 3 in [6], we have from (3.2) that either there exists e = €2 € Soc(RC') such that
IC =eRC and f(x1,...,x,) is central valued in e RC'e or one of the following holds:

1. There exists 3 € C such that (b— 8)I = (0) and ¢ — b € C. Applying this to (3.1), it follows
that I satisfies

flxe,... ,xn)Q((a — a)2 —(b— 5)) =0
and by the main result in [5], we get the required conclusion (a — a)? = (b — /3), unless when there
exists e = €2 € Soc(RC) such that IC = eRC and f(z1,...,2T,)Tn+1 is an identity for e RC.
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2. There exists 3 € C such that (¢ — 2b — 3)I = (0), that is (b + )] = (0), with v = g;
moreover there exists e = e? € Soc(RC) such that IC' = eRC and f(x1,...,2,)? is central valued

in eRCe. Since eRC'e satisfies (3.1), also in this case, by calculations we have that e RCe satisfies

f(xl,...,wn)2(02 —(b+7)) =0,

that is (a — @)? = (b + 7). In any case we obtain one of the required conclusions.

Therefore, in what follows we may assume that there exist ¢, ¢, ..., cp+2 € I such that ac # ac
forall « € C and [f(c1,...,¢n), Cnt1]Cnya # 0.

By the above argument, there exists an idempotent element e € IH = IR such that eR =
= ijlzciR+cR+aR+bR and ¢; = ec; (forany i = 1,...,n+2), ¢ = ec, a = ea, b = eb.
Notice that

(a4 b)flexy,... exy) — 2af(ext,. .., exy)at

+f(ext, ... exy)(a® =), flex1, ..., exy) (3.3)
is satisfied by R = H. Now we write the polynomial f(z1,...,x,) as in Remark 3.2, and replace
Zn by z,(1 — e). Hence

f(exl, ceyeTp_1,exn(l — e)) =t(exy,...,exn_1)exy(l —e). (3.4)

By using (3.4) in (3.3) and right multiplying by e, we have that R satisfies
2t(ex1, ... ,exp_1)exn (1l — e)at(exy,. .., exn_1)exy(l — e)ae
and since char(R) # 2 and t(ex1,...,exy)e # 0, it follows (1 — e)ae = 0, that is ae = eae and

a’e = aeae = eaeae.
In light of this, R satisfies

e(a® +b)ef(exie, ..., expe) — 2eaef(exie, ..., exne)eaet

+f(exye, ... exne)e(a® — be, f(exye, . .. ,exne)}

that is e RC'e satisfies

[(e(a2 +b)e) f(x1,...,2n) — 2(eae) f (21, . .., zn)(eae)+

+f(w1,. .. ,xn)(e(aQ — b)e),f(xl, .. ,xn)].

Since eRCe is a is a simple ring, by Theorem 3.1, we have that both eae € Z(eRCe) and ebe €
€ Z(eRCe), since f(z1,...,x,) is not central valued on eRCe. In particular there exists o« € C
such that e = eae = ae, that is ac = aec = aec = ac, which is a contradiction.

Lemma 3.2 is proved.
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We are finally ready for the proof of Theorem 1.2.

Proof of Theorem 1.2. Of course we may assume that I’ and G are not simultaneously inner
derivations of R, if not we end up by Lemma 3.2. Moreover in case either /' = 0 or G = 0, the
conclusion follows respectively from [16] (see also [6]) and [9]. Therefore we always assume that
F#0and G # 0.

By our hypothesis, if 0 # ¢ € I, R satisfies

{FQ(f(cxl, s cxy)) + G(f(exy .. exy)), flex,. .. ,cxn)],

that is R satisfies

[fFQ(cazl, ce, CTp) F QZfF(cxl, o Fe)z; + cF(x),. .. cep)+
+> flex, ... F(e)mi + 2F () F (i) + cF*(z), ..., can)+

+ Z flexr, ..., F(c)x; + cF(x;),..., F(c)x; + cF(xj),...,cxn)+
i#]

+ 1% (cx1, ... cxn) + Zf(cxl, oo, Gle)xg + cG(xy), . ..y cxy), fexy, ... cay) |- (3.5)

In all that follows we consider the case when at least one of either ' or GG is not an inner
derivation of R. Moreover, we assume that there exist ¢y, ..., cy12 € I such that

[f(cla cee 7CTL)7 Cn+1]cn+2 7é 07

otherwise by Remark 3.1, we obtain conclusion (1).
Suppose first that F' and G are linearly C-independent modulo Djy.
By [13], we have from (3.5) that R satisfies

fFZ(cxl, cey CTy) + QZfF(cxl, oL Fe)x + eyiy .o cxn)+
i
+Zf(cac1, o F2O) x4 2F (Q)yi 4+ czi, . . e+
i

+Zf(cx1,...,F(c)xi—i—cyi,...,F(c):Uj +cyj, ..., cxn)+
i#]

—i—fG(c:L'l,...,ca:n) —i—Zf(cacl,...,G(c)mi +ctiy. .. cxy), flexy, ... cxy)|.

This implies that R satisfies the blended component
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Zf(cxl, cesCliy ooz, flexy, .. exy) ] .
i

Suppose next that ' and G are linearly C'-dependent modulo Djy, that is, there exist o, 8 € C
and ¢ € U such that o F' + G = ad(q), the inner derivation induced by ¢g. We divide this case into 3
subcases:

Case 1: a = 0. In this case G(z) = [p, ] for all x € R, with p = B~1q, moreover F is not an
inner derivation. By (3.5), we have that R satisfies

sz(cxl,...,cxn) —i-QZfF(cxl,...,F(c)a:i + Yy, CTn)+
i
—|—Zf(ca:1, o F2 ez 4 2F (Q)y; + ¢z, . . ey +
i

—}—Zf(cxl,...,F(c)xi + ¢y, ..., F(c)xj; + cyj, ..., can)+
i#]

+pf(cxy, ... cay) — f(ca:l,...,cxn)p,f(cazl,...,cxn)].

In particular, R satisfies the component

flexy, ... cziy. .. cxy), flcexy, .. .,cxn)}

foralli=1,...,n.

Case 2: 3 = 0. In this case I = [p, z] for all z € R, with p = a1, moreover G is not an inner
derivation. By (3.5), we have that R satisfies

[pr(C(L’h sty an) - 2pf(C.T1, e ,C.an)p + f(c.flil, R 76‘7:71)])2 +

—i—fG(c:Ul,...,cxn) + Zf(cxl, s GOz + eyiy o cxy), fex, .. ,cmn)].

In particular
[f(c:nl, ey CYiy ey CT), [, .. ,cxn)}

is satisfied by R, forall: =1,...,n.

Case 3: o # 0 and 8 # 0. In this case G = vF + ad(p), where v = —a3~! # 0 and ad(p) is
the inner derivation induced by the element p = 3~!¢, moreover F is not an inner derivation of R.

By equation (3.5), we have that R satisfies
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fF2(CCC1, ceey CTy) + QZfF(cxl, o Fle)x + eyiy .oy cxn)+
%
+ Z flexy,...,F2(c)x; + 2F(c)ys + ¢z, . .., cxp)+
%

+Zf(c:1cl,...,F(c)a:i—i—cyi,...,F(c)xj +cyj, ..., can)+
i#]

+yfE ez, ... cxn)+

+ ’ny(C:El,...,F(C)iL'Z’ + cyiy ... cxn) + [p, flcxr, ... cxy)], fcx, ..., cxy)

In particular, for all © = 1,...,n, R satisfies

[f(cxl, ey CZiy ), fex, .. ,cxn)] (3.6)

All the previous argument says that in any case R satisfies (3.6). Thus R satisfies a nontrivial
generalized polynomial identity. As remarked in the proof of Lemma 3.2, we may assume H = R
and I = I R. Moreover, for all e = e € I and by the above argument, R satisfies

Z flexy, ... ety ... exy), flex,... exy)|. (3.7)

+2
Since R = H is a regular ring, then there exists h = h? € R such that Zn . c¢;R = hR. Then
1=
helR=1Tandc; =hc;foreachi=1,...,n+2. In(3.7)and forall : = 1, ..., n, we replace ht;
by [hcnt1, ha;], so that R satisfies

[Cn—i-l, f(hxla cee hxn)]g

In particular the ring h Rh satisfies [an, flzy,... ,xn)]Q. By [15], it follows ¢,4+1 € Z(hRh), and
a fortiori [cp41, f(c1,. .., ¢n)]cny2 = 0, which is a contradiction.
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