KOPOTKI HOBIJOMJJIEHHA

UDC 512.5

A. Wang (Northwest Univ., China and Chongqing Univ. Technology, China),
L. Wang (Chongging Univ. Technology, China)

CONGRUENCES ON REGULAR SEMIGROUPS
WITH Q-INVERSE TRANSVERSALS*

KOHI'PYEHIIII HA PET'YJISAPHUX HAITIBIPYIIAX
3 Q-OBEPHEHUMM TPAHCBEPCAJISIMU

We give congruences on a regular semigroup with a QQ-inverse transversal S° by the congruence pair (abstractly), which
consists of congruences on the structural component parts R and A. We prove that the set of all congruences for this kind
of semigroups is a complete lattice.

HaBeneHo KOHrpyeHIlil Ha PerysipHUX HamiBrpymax 3 ()-o0epHEeHOI0 TpaHCBepcauno S° MION0 Mapu KOHTpyeHMid (ab-
CTPakTHO), c(hopMOBaHOI 3 KOHIPYEHIII Ha YaCTHHAX CTPYKTypHHX KommoHeHT R i A. JloBemeHo, 1m0 MHOXHHA BCiX
KOHTPYEHIIil [l TAKOTO THITY HAIIBTPYII € IIOBHOIO TPATKOIO.

1. Introduction and preliminaries. The multiplicative inverse transversals of a regular semigroup
were first introduced by Blyth and McFadden in 1982 [1]. An inverse subsemigroup S° of a regular
semigroup S is an inverse transversal if |V (x) N1 S°| =1 for any x € S, where V(z) denoted the
set of inverses of z. In this case, the unique element of V' (x) N S° is denoted by z° and (z°)° is
denoted by x°°. Throughout this paper S denotes a regular semigroup with an inverse transversal
S° and E(S°) = E° denotes the semilattice of idempotents of S°. An inverse transversal S° is a
multiplicative inverse transversal if x°xyy° € E°, and S° is a Q-inverse transversal if S°S55° C S°.
Let S° be a (Q-inverse transversal, and let

R={zeS|z°z=22"°}, L={a€ S |aa’ =a"a’},
and
I={ecE(S)|ee” =e}, A={f € EWS)[ff=/}

where E(S) = {x € S | 22 = 2} which is the set of idempotents of S. It was shown in [6] that
R and L are orthodox subsemigroups of S with transversal S° which is a right ideal of R and a
left ideal of L and that E(R) = I, E(L) = A. Moreover, E° is a multiplicative inverse transversal
of I and A. In [3], McAlister and McFadden show that I and A are R-unipotent and £-unipotent
subbands respectively of S. Saito gave the structure theory of a regular semigroup with a (-inverse
transversal in [6]. The congruences on regular semigroups with inverse transversals were studied
using the congruence triple by Wang and Tang (see [5, 9, 10]). In this paper, we give the congruences
on regular semigroups with (Q-inverse transversals by the congruence pair and prove that the set of
all congruences on this kind of semigroups is a complete lattice.
We list already obtained results in [3 — 6], which will be used in this paper.
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Lemma 1.1. Let S° be a Q-inverse transversal. Then, for e € E°, f € I [resp. g € A],
e®f = e°f[resp. ge® = g°e°].

Lemma 1.2. Let S° be a Q-inverse transversal. Then (zy)° = (x°zy)°x° = y°(zyy°)° for
every x,y € S.

Lemma 1.3. S° is a Q-inverse transversal if and only if for any s,t € S°, x € S, (sxt)° =
= t°x°s°.

Lemma 1.4. Let S be a band with an inverse transversal S°. If S° is a left ideal of S, then
e’e = e for every e € S. In this case, S is an L-unipotent band.

For a regular semigroup S, Con (S) denotes the complete lattice of congruences on S. For
p € Con(S), let p° = plse, pr = pl1, pr = pla-

Lemma 1.5. Let S° be a Q-inverse transversal. For any p € Con (S) and for xz,y € S, zpy
implies x°p°y°.

Lemma 1.6. Let R be a regular semigroup with a right ideal inverse transversal S°. Suppose
that A is a band with a left ideal inverse transversal E°. Let A x R — S° described by (\,x) —
— A *x x be a mapping, such that for any x,y € R and for any X\, ju € A:

Q1) (A *x2)y=Ax(zy) and p(A* ) = (uA) * z;

(Qy) if x € E° or A € E°, then \ x x = \x.

Define a multiplication on the set

F=R|x|A={(z,\) e RxA:2°x=\°}
by
(2, \) (Y, 1) = (@A *y), A xy) (A *y)p).

Then I is a regular semigroup with a Q)-inverse transversal which is isomorphic to S°.

Conversely, every regular semigroup with a QQ-inverse transversal can be constructed in this way.

2. Main results. In this section, we first establish a characterization of congruences abstractly
by congruence pair. We describe a congruence pair of the form (pf, p) with pf* € Con (R) and
p™ € Con (A) satisfying some conditions in order that they produce a congruence on S naturally.

Let S° be a Q-inverse transversal. For p € Con (S), let pr = p|r. The following lemma shows
that pp is determined uniquely by its restrictions to S° and I.

Lemma 2.1. For p,o € Con (S), pr Cor < p° C 0°, pr C or. Therefore,

pR:O'R<=>po=UO, pr =ojg.
Proof. Suppose that p° C ¢°, pr C o;. Then for any =,y € S, by Lemma 1.5,

xpry = x°p°y°, T,y € R =

oo O _ OO o _oo _oO_ O_ OO

= z%p°y°, 2°2*°p°y° Y, x2pryy°, v,y € R =

00 O, 00

= x°°p°y°°, x°xp°y°y, x2x°pryy°, v,y € R =

o0 __O_ 00

= z°°c°y°°, 2°20°y°y, v2°0ryy°, T,y € R —
O __00 O O 00_ O

= =z’ zoyy Yy Yy =y, x,y € R = x0Ry.

So pr C og. The reverse implication is obvious.
Lemma 2.1 is proved.
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Suppose p* and p" are congruences on R and A, respectively. Then (pf%, p*) is called a
congruence pair for T' if the following conditions hold:

(C1) pPlpe = p*pe;

(C2) (YzeR)(Y A peA) M= (Ax2)pf(pxz);

(C3) (VveAN(Va,y€eR) xply= (vxz)pli(v*y).

Define p(”va’A) on I' by

R A
(, N)pP )y, p) & xpfy, Aptp.

Theorem 2.1. Let I' be a regular semigroup having a Q-inverse transversal as in Lemma 1.6,
and (p*t, pA) be a congruence pair on I'. Then p(pR’pA) is a congruence on I'.

Conversely, every congruence on I' can be constructed in the above manner.

Proof. Let (p%, p") be a congruence pair on I". Obviously, p(pR’pA) is an equivalence on I'. For
(x,A), (y,p) € T, with (z, /\)p(pR’pA)(y,u), we have zp™y, \pu. Let z € R and v € A be such
that (z,v) € I'. By Lemmas 1.2, 1.3 and condition (C3), we have

(x(A*2))° = (2°z(A*x 2))°2° =
= (Ax2)° (@ (A x 2) (A5 2)°) 2% (e 2)° (e o+ 2) (e 2)°)°y° =
= (y(p*2))°

and
(@(A# 2)) (@(A* 2)°p" (y (i x 2)) (y(p * 2))°
Thus, by Lemma 2.1,
w(Ax 2)p™y(p* 2).
From condition (Ca,) we have (A x z)p(p * z) and so (A * 2)°p°(u * 2)°. It follows that

(A% 2)° ok 2)p (a5 2)° (5 2)
Hence
(A 2)° (A% 2)vp™ (% 2)° (% 2)v.
Thus o
(2, M) (2, 1)p% ) (y, ) (2,v).
Next, by 2p”y and condition (C3), we have
i

(vxz)p*(v*y).

It follows that
2(vxx)ptz(v xy)

and
(v % 2)°(v* 2)Ap™ (v % y)° (v * Y
Hence
(2(v* ), (v +2)° (v * 2)N)pP P (2(v x y), (v *9)° (v % y)p).
That is,

(z,0) (2, N (2,0) (y, ).

R Ay .
Therefore p(»*#") is a congruence on T.
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Conversely, assume that p is a congruence on I'. We define the following equivalences on R and
A, respectively:

o (o}

z)p(y,y°y),
(VA ueA) dpap s (2°2,N)p(yy, p).

(V:c,yeR) '/EpRy@(xax

Since p is a congruence on I', we have pr and pp are equivalences on R and A, respectively.
Let (2, ), (y, 1), (21, A1), (y1, 1) € T If 2pry and z1pry1, then

(w,2°7)p(y,y°y) and (21, 2321)p(y1, Y1Y1)-

Now we immediately get
(z, z°z)(x1, 2121) (Y, ¥°y) (Y1, Y191)-
And this implies that

(@(z°z * 21), (2% x 21)° (20 x 21)2721) p(Y (Y y * y1), (V¥ * y1)° (Y°y * y1)yiy1)-
Then, by Lemma 1.2,
(w21, (x21)°221) p(YY1, (VY1) YY1)-

So we have proved that xz1pryy;.
Suppose that Apap and Ajpap1, then we obtain

(@, A)p(y°y, p) and (z721, M)p(yTy1, pa)-

Hence
(:UOJ:) )‘)(‘/1:(1)5617 Al)p(yoyv H) (yfyl) ,U,l)
That is,

(2 (A x 2izy), (A * 27w1) (N * 2321) A1) p(y y (e * yiy1), (1 y1y1)® (e * yiyn)pn)-

By Lemma 1.4, we have
(AAT, A1) p(ppt s pupn).-
Thus, by Lemma 1.1,
(ATA, AA)p(pi i, ppa ).

So we have proved A\ pa .
And we have the following cases:
(1) pr|Ee = pa|Ee is obvious. So condition (Cq) holds.
(2) Let x, y € R and zpRry. Then

(@, 2°2)p(y, y°y)-
Hence
(2°2,v)(z, 2°2)p(2°2,v) (y, Y y).
That is,
(2Pz(vxx),(vxx)(vxx)xz)p(z°z(vxy), (v*xy)° (v *y)yy).
It follows that
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2°z(v* x)prz’z(v * y).

By condition (Q;) and 2°z = v°, we get

(v 2)pr(v *y).

Now condition (Cs3) holds.
(3) Let A\, u € A and Appp. Then

(%2, M) p(y°y, 1)
Hence

(@, A) (2, %) p(y°y, 1) (2, v°).
It follows that

(@ z(A* 2), (A= 2)°(Ax 2)v°)p(y°y (e * 2), (0x 2)° (1 * 2)v°).
Thus
22 (A * 2)pry Yy (1 * 2).

By condition (Q;) and Lemma 1.4, we have

(A 2)pr(p* 2).

Now condition (Cz) holds.
Now from the above proof, (pgr, pa) is a congruence pair on I
By the direct part, p(?-*A) is a congruence. If (z, \)p(PR*A)(y, 1), then we have

TPRY, APAY.

Thus
(z,2°2)p(y, ¥°y), (2%, \) p(y°y, 1).

Hence

(w(2°z x 2°), (2°2 * 2°2)° (22 * 2°2) N ) p(y (¥°y * v°y), W7y * ¥°y)° (Y y * ¥ y) ).

By Lemma 1.4,
(@, \)p(y, p)-

Thus, p(PEPA) C p. Since p C p(PRPA) is obvious, plPRPA) = p.

Theorem 2.1 is proved.

Example 2.1. Let R = {a,b,c} and A = {e, f, g} be semigroups whose multiplication tables
given respectively by

Q % o

(S e e
s
Q@ Qv
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It is clear that R is a regular semigroup with a right ideal inverse transversal S° = {b,c}. The
equivalence pf* on R with class {a,c}, {b} is a nontrivial congruence. A is a band with a left ideal
inverse transversal A° = {f, g}. The equivalence p* on A with class {e, g}, {f} is a nontrivial
congruence. Moreover, S° = E(S5°) = A°.

By Lemma 1.6, we have I' = {(a,¢), (a,9), (b, ), (¢c,e),(c,g)} is a regular semigroup with a
Q-inverse transversal which is isomorphic to S°. It is easy to see that (p%, p™) satisfies the conditions
(C1), (C2) and (C3), thus (pt, p*) is a congruence pair. Using Theorem 2.1, we have the equivalence
p on I' with class {(a,e), (a,g),(c,e),(c,g9)}, {(b, f)} is a nontrivial congruence.

We denote the set of all congruences on I' and the set of all congruence pairs on I' constructed
as in Theorem 2.1 by C(I") and CT(T").

Lemma 2.2. If (pR, p), (p%, p}) € CT(T), then

p(P{%yPi\) C p(P?Pé\) s plt pg,p{\ - pIQ\.
Proof. Suppose p(p{%’pjl\) C p(Pg’PQ). Let :cpf”y. By the proof of Theorem 2.1,
(@, 2°2), (3, y°y)) € P71 C plosra),

Hence xplty, and immediately we get pf C plt. Similarly, we have pi* C pb.
The reverse implication is obvious.
Lemma 2.2 is proved.
Define < on CT'(I") by
(o1, 1) < (03, 02) & pT' S p5's P17 C p5-

Then CT(I') is a partial ordered set with respect to < . By Theorem 2.1 and Lemma 2.2, we can
easily see that C'(I') and C'T'(I") are isomorphic as partial ordered set.
Proposition 2.1. Let Q C C(T') and T, = (p*, p*) where p € Q. Then

T(ﬂpeQP) = ﬂpR’ ﬂ pA

pEQ pEQ

and

T, con = | VPV A"

pEQ pEQ)

Proof. The first equality is obvious, we only need to prove the second equality. Let x,y € R be
such that z(V/ cq p)fty. Then

i=(z,2°2) \/ p(y,y°y) = J.
pEQ

Hence, there exist p; € 2 and a; = (z;,2;°x;) € I" such that

1p1a1P202 - . . Ap—1PnJ-

This implies that
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R R R
TP 1P X2 - Tn—1Pp Y.

We have proved that
R

Vol cVo™

pEN) pEQ

Vea pRC(V e p)Tt is obvious. The dually equality can be proved similarly.

Proposition 2.1 is proved.

Now, by summing up the above results, we obtain the following theorem.

Theorem 2.2. Let I' be constructed in Lemma 1.6. Then CT(I') forms a complete lattice with
respect to < and C(T') is isomorphic to CT(T") as a complete lattice.

For a semigroup S, the equality relations on S are denoted by eg. The following theorem
describes the idempotent-separating congruences.

Theorem 2.3. Let m be an idempotent-separating congruence on R. Then p™) is an
idempotent-separating congruence on I, and every such congruence may be obtained in this way.

Proof- Since 7 is an idempotent-separating congruence, m|E° = ego. It is easy to see that (m, ep)
is a congruence pair. For any (z,)\),(y,p) € E(I') with (z,\)p™)(y, 1), we have A = p,
xx® = yy°, x°z = y°y. So 2° = x°x(A x x)z° = y°y(u * y)y° = y°. Hence x = za’z°x°r =
= yy°y°°y°y = y. Therefore p(™A) is an idempotent-separating congruence. It is easy to show the
reverse implication.
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