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A NEW APPLICATION OF QUASIMONOTONE SEQUENCES
HOBE 3ACTOCYBAHHS KBABIMOHOTOHHUX IMOCJIIJOBHOCTEN

We prove a general theorem dealing with generalized absolute Cesaro summability factors of infinite series. This theorem
also includes some new and known results.

JloBeneHO 3araipHy TeOpeMy MpoO y3arajbHeHi abcoiroTHI (akTopu cymoBHOCTI Ueszapo i HeCcKiHUeHHHX pAmiB. Ll
TeopeMa TaKOX BKIIIOYAE PsiJi HOBHUX Ta BIIOMHX PE3yNbTaTiB.

1. Introduction. A positive sequence (b,,) is said to be an almost increasing sequence if there exists a
positive increasing sequence (¢, ) and two positive constants M and N such that Mc¢, < b, < N¢,
(see [1]). A sequence (d,) is said to be d-quasimonotone, if d,, — 0, d, > 0 ultimately, and
Ad, > —6,, where Ad,, = d,, — d,+1 and § = (0,,) is a sequence of positive numbers (see [2]).
Let Z an be a given infinite series. We denote by tﬁ’ﬁ the nth Cesaro mean of order («, 3), with
a+ B > —1, of the sequence (nay,), that is (see [8])

1 n
a,f _ a—=1 48
oy = AT zzlAn_UAvvav, (1)
where
n+a 1 2)...
Ag:< >:<a+ ot2).o- (@t m) _ o
n
n
Let (93"5 ) be a sequence defined by (see [5])
t%”g , a=1, 8> -1,
05" = 3)
maxi<y<n t?f’ﬁ , O<a<xl, pB>-1.
The series Z ay is said to be summable |C, a, 5|, k > 1, if (see [9])
1
S 2l < . 4)
n=1 n

If we take 3 = 0, then |C, a, |, summability reduces to |C, o[, summability (see [10]). Also, if we
take § = 0 and o = 1, then we have |C, 1|, summability. In [6], we proved the following theorem
dealing with |C, o, 8|, summability factors of infinite series.
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Theorem A. Let (95’5 ) be a sequence defined as in (3). Let (X,) be an almost increasing
sequence such that |AX,| = O(X,/n) and N\, — 0 as n — oco. Suppose that there exists a
sequence of numbers (Ay,) such that it is 6-quasimonotone with Znéan < 00, ZAan is
convergent, and |AN,| < |Ay| for all n. If the condition

m pofk
(6n”) =0(X;) as m— o0 (5)

n=1 "
satisfies, then the series Zan/\n is summable |C,a, 8|, 0 < a <1, > —1, (a+ ) > 0, and
k> 1.

2. Main result. The aim of this paper is to prove Theorem A under weaker conditions. Now,
we shall prove the following theorem.

Theorem. Let (9?{’6 ) be a sequence defined as in (3). Let (X,,) be an almost increasing sequence
such that |AX,| = O(Xy/n) and N\, — 0 as n — oco. Suppose that there exists a sequence of
numbers (Ay,) such that it is §-quasimonotone with Z nop, X, < 00, Z Ap X, is convergent, and
|AN,| < |Ay| for all n. If the condition

(O
Z — = 0(X) as m — 00 (6)

satisfies, then the series Z apAn is summable |C,a, ), 0 < a <1, B > =1, k > 1, and
(a+p8-1)>0.

Remark. 1t should be noted that condition (6) is the same as condition (5) when £ = 1. When
k > 1 condition (6) is weaker than condition (5), but the converse is not true. In fact, as in [11], if
(5) is satisfied, then we get

m gg,ﬂ k 1 m 9%76 k
Z;X"")_l :O<Xk—1>z( n) =0(Xn) as m — 00.
n 1

n=1

To show that the converse is false when £ > 1, similar as in [7], the following example is sufficient.
We can take X;,, = n°, 0 < e < 1, and then construct a sequence (u,) such that

W = Xp — Xn-1,
whence
> ( k)—l = Xm =m",
—nXp
and so
- (eg,ﬁ)k - -1 - € €\, €(k—1)
> =Y (Xp—Xp)XE =D (0= (n—1))n >
n=1 n n=1 n=1
> EZ(n 1) tpelk=1) =
n=1
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m mek
:eE (n—1)%1~ as m — oo.
n=1

oy

It follows that

1 s (007"
—_— — 00 as m — 00
Xm ngl n

provided k£ > 1. This shows that (5) implies (6) but not conversely.

We need the following lemmas for the proof of our theorem.
Lemma 1 [3]. Under the conditions of the theorem, we have

|An| X5 = 0(1) as n — 00.
Lemma 2 [4]. Under the conditions of the theorem, we have

nA, X, = 0(1) as n — 0o,

ian|AAn| < 00.

n=1
Lemma 3 [5]. If0<a<1, 6> —-1,and 1 <v <n, then

v m

ZAO‘_IAﬁa < max ZAO‘_IAﬁap.

n—p* p-P| — 1Sm§7~} m—p-p

p=0 p=0

H. BOR

(7

®)

)

(10)

3. Proof of the theorem. Let (7}, A ) be the nth (C, a, B) mean of the sequence (na,A,). Then,

by (1), we obtain

T

J
f ots ZAg_vAfvaUAU.
n

v=1

First, applying Abel’s transformation and then using Lemma 3, we have

A

1 n—1 [
B -1 48
= o+B Z Ay Z An—pAppap + N
n v=1 p=1 n

v

1 n—1 ~ |)\ ‘
T01 < s 1AM |3 A Ay | + -5
v=1

n p=1 n

n

v=1

n—1
< A

v=1

n
n a—1 48
o g An AL vay,
v=1

Z A% APya,| <

Ado| + [An|057 = T + 125 .

To complete the proof of the theorem, by Minkowski’s inequality , it is sufficient to show that
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— 1
E —|TPIF < o for r=1,2.
ol

n=1

1 1
Whenever k£ > 1, we can apply Holder’s inequality with indices k and k', where — + — = 1, we

kK
get
mt1 milo | k
Bk a+8) pa, _
S o< S LS aeomoss) -
n=2 n= 2 v=1
m+1 1 n—1 k-1
= O(1> Z n1+(a+ﬁ)k {ZU (@9 k|A | 904,5 } {Z 1} =
n=2 1
m m+1 1
(a+B)k a,f3 _
W AL O D e =
v=1 n=v-+1
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(at+P)k k=1/pa,B\k —
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O3 Arl klxkl—()();”’xm—

m—1 v (004,6) 906/3
o3 801403 B0 omian 3 % -
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m—1
=0(1) Y [(v+ DA[A,] = |4 Xy + O(1)m| A | X.

v=1

m—1
=0(1) Y v|AA|X, +0(1 Z|A 1 Xy + O(1)m|Ap| X =

v=1 v=1
=0(1) as m — 00,
in view of hypotheses of the theorem and Lemma 2. Again, we obtain
S >’f oy R

Z Tk = Z!A [Anl®™ 1 = (1)Z|An’n;—k—1 =

n:1 n=1

m—1 a:ﬁ)k
’A)‘|Z k1+0 ‘)\m|ZnXk1:

n=1 =

m—1
(1) ) 1AM X + O(1)| A X

v=n

m—1
|Ap| X 4+ O(1) | A | X = O(1) as m — 0o,

n=1
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by virtue of the hypotheses of the theorem and Lemma 1.

The theorem is proved.
If we take 8 = 0, then we get a new result dealing with the |C, «|, summability factors. Also if

we take § = 0 and « = 1, then we obtain a new result concerning the |C, 1|, summability factors.
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