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ACUMIITOTUKA HOPMOBAHOI'O KEPYBAHHAA
3 MAPKOBCBKUMUN NIEPEMUKAHHAMHA

We study the process of transfer of Markov perturbations and control over this process under the condition of existence of
the equilibrium point of the quality criterion. For this control, we construct a normalized process and establish its
asymptotic normality in the form of the Ornstein — Uhlenbeck process in the case where the transfer process changes under
the influence of Markov switchings along a new trajectory of evolution from the state in which it was at the time of
switching.

PaCCMOTpeH npouecce nepeHoca ¢ MapKOBCKUMU BOSMYULICHUSAMU U YIIPABJIEHUA VISl HET'O B YCJIOBUSAX CYILIECTBOBAHUSA TOYKU
PaBHOBECHUSA KpUTEPUS Ka4deCTBa. HJ’ISI TAaKOro ynpaBJIEHUSI MOCTPOEH HOpMI/IpOBaHHI:IfI npouecc M yCTaHOBJIEHA €ro
ACUMIITOTUYECKAasT HOPMAJILHOCTL B BUJIE TIpoLecca OpHmTeﬁHa — YnenGeka B Clly4da€, Korja npouecc nepeHoca MEHsIETCA
oA BJIMSIHUEM MApPKOBCKOI'O MEPEKIHOYEHUS MO TPACKTOPUU HOBOI1 9BOJIIOIUU U3 COCTOSAHUS, B KOTOPOM OHa Obl1a B
MOMEHT NEPEKIIIOYCHMA .

Beryn. [lns mportiecy mepeHocy, Mo OMUCYETHCSI CTOXACTHYHUM udepeHIiaTbHIM piBHSHHSM [1] i3
muy3ifiHUM TPoLiecCOM KepyBaHHS, OTPUMAHO YMOBH iCHYBaHHS TaKoro KepyBanHs [2]. YacTkoBuM
€ BUMAJIOK ICHYBaHHS TOYKM PiBHOBAr'W KPUTEPIIO SIKOCTI KEPYBaHHS, SIKUI 3yCTPIYaEThCs B 6araTbox
NPUKIAIHUX 3aja4ax [3, 4]. JIas Takoro KepyBaHHS MOXKHA PO3IJIIHYTHU MPOLENYPY CTOXAaCTAYHOL
ampoKcHMallil, sika BU3HAYa€ YMOBH 301>KHOCTI 10 TOUKM piBHOBArm Kputepito skocti [3]. Oxpemoro
3ajjayero B IbOMY BUMAJKY € BCTAaHOBIIEHHS 3aKOHY PO3IMOJiTYy TPAaHUYHOIO HOPMOBAHOTO TMpPOLECy
KepyBaHHSI B yMOBax 30ikHocTi moGypmoBaHol npouenypu [4, 5]. Ilpm mpomy HOBiI pe3ynbTaTé
3aCTOCYBaHHS MaJjloro mapameTpa Ta po3B’sI3Ky MpoOJIeMH CHHTYJISIpHOTo 30ypeHHs [6] mo3Bosmim
BCTAHOBUTH aCUMNITOTHYHY HOPMAJIBHICTh MPOLEAYPH CTOXACTHYHOI alpOKCUMAIIil 3 MApPKOBCHKIMH
30ypeHHsiMu [7] Ta HamiBMAapKOBCHKMMM NEpeMHUKaHHAMM [8], 3 BiMNOBIMHMM HOPMYBaHHSM $K 3a
4acoM, TaxK i 3a ManuM napamerpom € > 0.

Y uiit po6OTi pO3rISHYTO MPOILEC MEPEHOCY 3 MAPKOBCHKUMHU 30YPEHHSIMHU Ta KepyBaHHS IS
HBOTO B YMOBaX iCHYBaHHS TOYKM PiBHOBaru KpUTEPilO SKOCTi 3 MAPKOBCHKAMMY MEPEMUKAHHSIMH [6].
Jlna xepyBaHHSI MOOYAOBAaHO HOPMOBAHMI MPONEC Ta BCTAHOBJIEHO ACHMITOTHYHY HOPMANIBHICTH
TaKOro Mpolecy y BUrsAl npouecy OpHiTeiiHa — Y neHOeKa.

Tyt GyaeMo po3rispaTé BUMAJ0K, KOJIM NPOLEC NePeHOCY, K BUMAIKOBA €BOIIIOLS, 3MIHIOETHCS
i BIUIMBOM MapKOBCHKOTO TEPEMUKAHHS MO TPAEKTOPil HOBOI €BOJIIOILII 3 CTaHy, B SIKOMY BOHA
nepebyBaia B MOMEHT NEPEMUKAHHS, SIK TOYaTKOBOTrO [6].

IocranoBka 3agaui. Hexaii npouec neperocy y®(t) € R? Bu3sHAYAETHCS CTOXACTUYHIM ou-

hepeHIiaTLHIM PiBHSIHHSIM
dy* (1) = a( ¥ (1), x(¢ [ €) )di + &y (), x(0 | €7),u°(1) ) dwi0), )

me x(¢), t >0, — piBHOMIpPHO eprofu4YHNII MAPKOBCHKH MPOIEC Y BUMIpHOMY (ha30BOMY NMPOCTOPI

craniB (X,X), BU3HAUCHUI reHepaTOpoM [6]
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00(x) = g(x) | P(x.dy)p(y) - ¢(x)]
X

Ha 6aHaxoBoMy npocTtopi B(X) mificHO3HAYHMX OOMeKeHMX (PYHKIiH O(X) 3 CynpeMyM-HOPMOIO
lo(0)|| = sup|p(x)| .
xeX
Il'enepatop Q € 3BefeH0-060poTHUM Ha B(X) 3 mpoekTopoM

Te(x) := [ m(dx)p(x),
X

ne T(B), BeX, — cramioHapHuil po3MOAil MapKOBChKOro mpomecy x(t), ¢=0, skui

BU3HAYAETLCH 13 CHIBBIIHOIIEHHS

n(dx)g(x) = gp(dx),  q= [ m(dx)g(x)
X
(p(dx) — cramioHapHuMil po3NMOALN BKIIAJeHOTo NaHora Mapkosa x,, n=0) inmotenmiaom Rg,
L]0 Ma€ onepaTopHe 300paKeHHs

Ro=T1-[Q+II]" .

Oyukuii  a(y,x) = (ag(y,x),k=1,d), o(y,x,u)=(cr(y.x,u)k=1,d), yeR?, xeX, 3a-

MOBOJILHSIOTH YMOBH iCHYBaHHS TI00ATBLHOTO PO3B’A3KY €BOMIOLINHNX PIBHIHB
dyy(t) = a(y(t), x)dt + 6 (y (1), x,u, (0))dw(t), xeX,

VI KOKHOTO (piKCOBAHOTO 3HAUEHHS X MAapKOBChKOro mpomecy x(¢), ¢t =0, Ha iHTepBai
[T;,T;+1] mepebyBanns mpouecy x(¢), t =20, ycrani xe€ X .

Hexait y 3aransHOMY 306paxenHi (1) kepyBaHHS u(f) BHM3HAYAETHCS YMOBOIO
du(t) = o) G(Y* (1), x(t 1 €2),u* (D)) dt , e)

1ie yMOBHY Ha (PYHKIiF0 O.(f) MalOTh BUTJISI

Jawdi=w, [o’@)dr <. 3)
0 0

o .
3okpema, yMOBH (3) BUKOHYIOTBCS ITpU OU(¢) = — , 110 Oy/ie PO3TIIANATUCH IAJIi.
t

3aznaunmo [3, 7, 8], mo ymoBu (3) 3a6e3meuyroTh 30iKHICTh KepyBaHHS u®(t) [0 Toukm

PIiBHOBAaru KpUTEpiro IKOCTI KEPyBaHHs, TOOTO 10 TOYKM U~ , LIO BU3HAYAETLCS 3 YMOBU
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1094 A.B.HIKITIH, Y. T. XIMKA
G(y.u")=0,  G(y.u)= [ m(d)G(y.x.u).
X

HopMoBaHe KepyBaHHsI Ma€ BUTIISAL

=Y e, 4)
€
a yMoBa OajaHcy
[G(y.x,0) = [ M(d0)G(y.x,0)=0. (3)
X

Teopema. Ilpu ymosax 36ixnnocmi (3) 3aaoaui (1), (2) ma 0oooamkosux ymosax
D) 670 =2 m(d0)G(y,x,0)RoG(y.x.0)> 0,

1
D2) 0g()<-7.  g0)= ] Md)GH(y.x.0).

Mae micye caabka 30iHcHICMb
vit) =), e—0,
y KoxcHomy cxinuenHomy inmepeani (0 <ty <t<T).

Tpanuunuii npoyec (t), t>0, e npoyecom Oprnwmeiina — Y aenbexa, wo 6USHA4AEMbC

2eHepamopom
1 ’ 1 242 ’
L,o(y,v) =v| ag(y)+ 5 ¢, (y,v)+ e Gy (Me(,v).

BCTaHOBUMO KilbKa [OMOMIKHMX BJIACTUBOCTEH mpolecy nepeHocy y©(f) Ta HOPMOBAaHOTO
KepyBaHHs V(1) .

Jema 1. IIpoyecu y*(t) ma v&(t) € poss’asxamu cmoxacmuunux OugpeperyiarbHux pieHAHb
€

Ayt (t) = a(y*(t),x; )dt + o ( yE(@), X1, 7 vE(t) ) dw(t) , (6)
t

1 o € ¢

dvi(t)=¢" \/;G(ys(t),xf,\/;v @) |dt+

vy 7

oe
xE:=x(r/€?).
Hosedenna. 3 dopmyinu (4) Mmaemo
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UE(t) = = vE(1) .

Jr

Tomy, BpaxoBytoun (2), orpumyemo (5) Ta (6).
Jema 2. ['enepamop mpukoMnoHeHMHO20 MAPKOBCHLKO0 NPOUECY
yei=ye@), xf:=x(t/€?), uf:i=ut@t), t21,>0, (8)
Mae 8ueas0
L () 90y, x,0) = €7@ 9y, %, 1) + VE () 9y, x,v) ©)

oe

Vf(x)tp(y,x,V)={S_I%G(y,x,%V}%}w’v(y,x,V) +

7 1 ” 2 E
+ X, v)aly,x)+ — s A, o s Ay T .
05 (y,x,v)a(y,x) 2(pyy(yxv) (ny;VJ

Hosedenna. [Ins noGynoBu rereparopa npoiecy (8) o6UUCIMMO yMOBHE MaTeMaTUYHE CIO-
IiBaHHS

E|:(p(yt8+A’x1?+A’v1§+A)_(p(y’x’v) e e ¢ :|
Y (0)=y, x;=x, v (t)=v
= Eyn] 00+ 8%, xfp v+ M) = 0(y,x,v) | =

=Ey., [(p(y +AY®, x, v+ AvE) — (p(y,x,v)]](e > E_ZA) +

+ Ey o[ 00+ 05 xfiav+ M%) = (. xv) |10 <e72A), (10)

me O — yac mepeOyBaHHS MapKOBCBKOro mporecy x(f), >0, ycrani x.

Bpaxyemo pgami 306paxkeHHs
10 2e2A)=1-e2g(x)A+0(A),
10 <e2A)=€e2g(x)A+0(A) .

3 piBHsHHS (6) MaeMO

t+A
Yea=y+ & =y+ [ a(y¥(9).x5)ds +
t
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1096 A.B.HIKITIH, ¥. T. XIMKA

t+A e t+A e
+ J O'(yg(s),xf,xvs(s))dw(s)zy+ J G(yg(s),xf,xvs(s)jdw(s),

t

ne

t+A

y=y+ J a(y&(s),x%)ds .

Posrasaemo
t+A e
O(y+Ay5,x,v+AV®) = <P[Y+ _[ G(ys(S),xsg,T VS(S))dW(S),x,V+ Av® J =
s
t

t+A

= (p(y,x,v+Av£)+(p’y(y,x,v+Av€)J G(yg(s),xf,—\? vs(s))dw(s) +
s
t

t+A 2
+%(p'y'y(§,x,v+Av8){ | G(yg(s),xf,%va(s))dw(s)] +0(A) .

t

Bpaxosytouu (7), Maemo
05y, x,v+ AVE) = 05y, x,v)+

+<P'y’v(§,x,v){s‘l % G(y,x,v)+ﬂA+ o(A),

a TaKoXK
0T, x, v+ A ) =0y, x, v+ AV) +
+ (p'y(y,x,v+Avs)a(y,x)A+o(A) =

= ‘P()”X’V)HP'V(y,x,V)[e_l gG(y,x,v)+3}A +
Ji t

+ 05 (y,x,v)a(y,x)A+0(A) .
AHAJIOTIYHO OTPUMYEMO
0, (7, x, v+ AVF) = @) (y,x,v) +

” -1 U Vv
* ‘pw(y’x"’)[g lﬁG(y,x,VH;}A +
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+ 0y (v, x,v)a(y,x)A + 0(A)

(pyv(y X, v+ AV ) (pyy(yax V) +

" —1 (04 € v
" (pyyv(y,x,v)[g jG(y,x,ju}?}A +
v
+ Qyyyy (¥, X, v)a(y, x)A+ o(A).

BpaxoByrouu ocTaHHE, MAEMO

+ AV, X, v+ AVE) = @(y, X, 0) + 0 (3, X, ‘I&G(,,i)+lA
Oy + Ay~ x, v+ Av) = @(y, x,v) <Pv(yxv)[8 N7 GRS AV

+ @ (v, x,v)a(y, x)A +

+ [(p,y(y’x’v)'F(P,y’v(%x’v)[ﬁ_l %G(y,x,%v)+¥}A +

t+A
+ (p’y'y(y,x,v)a(y,x)A} J. (y (s),x T (S))dw(s) +

t

”

1 ” -1 o € v
+5{(Pyy(yex’v)+(pyyv(y’x V)|: \/; (y7x7$‘))+§i|A +

t+A

2
+ (pgyy(y,x,v)a(y,x)AH j 0( ye(s),xﬁ,%va(s))dw(s)] +0(A).

t
e mae MoxmuBicTh uist mepioro pofadka 3 (10) orpumaTt

Ey [0+ AyE, x,v + Av®) — 0(y, x, V(1 — £ 2g(x)A + 0(A)) =
’ -1 (04 € v
= Vv s Ay _G IAZ I +— A
(p(yxv)[e \/; (yx\/;v) t} +

’ 1 ” 8
+ 03y, x,v)a(y, )A+— @y, (v, x, v)(i2 (y,x,— v ) A+o0(A).
2 Jr
AmnanoriuHo st ipyroro pofanka 3 (10) omepxkyemo
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1098 A.B.HIKITIH, ¥. T. XIMKA

Eyew| @+ 8% xfea, v+ AF )= 00,00 [ e 2g0)Aa+0() | =

= €290y, [ 00,0V~ 9, x,7) |+ 0(A).

TakuMm urHOM, 7151 TeHepaTopa mpotecy (8), 3TiTHO 3 O3HAYSHHSIM, MAEMO

1
LEQ(xv) = lim -y [ @3+ A% afe v A )= @(r.xm) | =

= 72000y, x,v) +VE(X)Q(, x,v) ,

ne

‘/8 , X, = ; , X, E_I&G( s ’i )+i:|+
r (D)(y,x,v)=0 (yXV){ N Gl v
’ l ” 2 €
* 03 (3.x,)a(y, )+ = 03y (3, x,v)0 X -

Jlema 3. Tenepamop L;(x) na mecm-gynxuyiax ¢(y,x,v)eC 30,3

mu4He 306pa}IC€HHﬂ

. ) 1
Lt(x)(p(y’x’v)zg ZQ(P()”X’V)"'S leO(yJC)(p(y’x’v) +

1
+ ;V(y,x)tp(y,x,V) + A(y, x)o(y, x,v) + 0(€),

oe

Go(y, )0y, x,v) = aG(y, x,0)9,(y, x,v),

’ 1 7
V(y,0)o(y,x,v)=v ( oGy (y,x,0)+ 5 ) 0L(y,x,v),

’ 1 ”
Ay, x)o(y,x,v) = a(y, X))o} (y, x,v) + > 62 (,%,0)0% (3, x,V) -
Hdosedenns. BpaxoByroun po3Kianu

€ €
G| yv,x,—v |=G(,x,0)+ G, (y,x,0) ——=v+0(g),
(y N ) (y,x,0) (y )\/; (€

o2 (y,x,%v) = Gz(y,x,0)+ o(e),

(R,X,R) wmae acumnmo-

11
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3 (9) orpumyemo (11).
PosrasiHeMo 30ypeHy TecT-(pyHKIIo

1 51
(Pte(y’x,v):(P(er)"'ST(Pl()’ax,V)"'E _(p(y’x’v)~
t t
Jema 4. P0o36’a30K npobsemu CUHYAAPHO0 30YPeHHA 05 3PI3AHO0 2eHepamopda

_ 1 1
L ()90, x,) =€ 0(y,x,v)+& ' 7 G000y x.v) +

F TV (X000, %) + A D005,0) (12)
Ha mecm-pynkyiax Q5 (y,x,v) 3 @(y,x)e C3’3(R X R) mae suensno
L, (0@; (y,x,v) = %Ltp(y,V) + €07 ()P(y, V) , (13)
Oe epanuunuli 2enepamop L susnauaemvcsa cni68iOHOULEHHAM

1 7 1 ”
Lo(y,v)=v ( og(y)+ 5 ) 0L(y,v)+ 5 2o (NP (v, V) +

+ 0N )+ 2 810005 (00) (14)
a(y)= [ mdva(y,x), 63 = [ mdx)o’ (y,x,0).
X

X

Hoeedenns. 3TiHO 31 CXeMOI PO3B’SI3KYy MPOOJIEMU CUHTYJISIPHOTO 30ypeHHs [6] oGuncitoemMo

3HaueHHs reHepaTopa (12) Ha 36ypeHiil pyHKLii @ (y,x,V):
€ € -2 -1 1
Lt (x)(pt (y’x’V)=€ Q(P(Y,V)"‘E _[Q(Pl(y’x’v) +
0 Vi
1 1
+ Go(y, V)(y, )]+ p 00> (y, x,v)+ P Go(y, )91 (y,x,v) +

1 €
+ P V(,x)+t Ay, x)o(y,v) + €07 (X)P(y,v) ,
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1100 A.B.HIKITIH, ¥. T. XIMKA
ne
. 1 1
et (x)(P()’aV) = A(YQX)(PI(%X’V)"‘ [3T Go()’ax)(Pz(}’ax’V) + St_z V(y’x)(Pz(y,x’V) +

+ €A(y,x) 92(y,x,v).
Ockinekn Q@(y,v) =0, To mnst pyHKUiT @;(y,X,V) CHpPaBIKYETbCA PIBHIHHS
001(y,x,v)+ Gy (y, )¢(y,v) =0,
PO3B’S130K SIKOTO 3 ypaxyBaHHSIM YMOBH OanaHcy [5] Mae BUTIISI
91(y,x,v) = RoGo (v, 1)9(y,v) = 0RoG(y,x,0)¢(y,v).

[epetinemo 10 po3riIsay piBHSIHHS st PYHKIIT Qo (Y, X, V) , a came
002 (y,v, %)+ Go (3, )91 (y, v, x) + (V' (y,v) + 1 A(y, V)@ = Lo(y, V) , (15)
e TpaHn4HMii onepaTtop L BU3HAa4yaeThCS 3 YMOBHU pO3B’SI3HOCTI piBHSAHHSA (14)
L =T1Gy(y,x)RyGo(y,x)+ 11V (y,x)+ tT1A(y, x) . (16)

O6uucmotoun npaBy yacTuny (16), orpumyemo (14).
Piastans (15) Mae 3006paskeHHst

Q(pZ + L()’ax)(P(y’x) = L(P(y’x) )
ne
L(y’x) = GO(Y’X)ROGO()”X) + (V(yax) + tA(y’x)) .

3 0CcTaHHBOIO 300pakeHHs 3 ypaxyBaHHsM (14) MaeMo
@2(y,%,v) = RoL(y, )9, v) ,

me L(y,x)=L(y,x)— L [8].
Hosedenns meopemu. BpaxoByrouu riajikicts ckiagoBux cuctemu (1), (2), 300paxkeHb QyHK-
Uit @ Ta @), OTPUMYEMO OOMEKEHICTb 3a/IUIIKOBOrO UjleHa

ef(x)cp(y,v)]<M, M>0. (17)

36ixnicTs npouecis  y*(r) Ta v®(¢) po mpouecis &(t) Ta {(¢) Bummmae 3 (13) Ta (17)

3rifIHO 3 MOJIENbHOKO Teopemoto Koposmoka [6]. Tyt renepatop npouecy &(f) Mae BUrJsiy
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n , [N ”
Lyo(y,) = ()9, (5,1 + ST (MO (,v).

Teneparop rpanuunoro npouecy ((¢) mae urusiy (14) i € reneparopom npouecy OpHinTeiina —

Y nenbexa.

BucHoBku. Po3risHyTO BUIMAOK, KOJIM MPOIEC MIEPEHOCY, SIK BUMAIKOBA €BOJIIOLiST, 3MIHIOETHCS
Mij] BINIMBOM MapKOBCHKOI'O TMEPEMUKAHHS 110 TPAEKTOPIil HOBOI €BOJIIOLIT pa3oM i3 KepyBaHHAM. 3a
MPUMYIIEHHS iCHYBaHHSI TOUYKY PiBHOBATH ISl KEPYBaHHS B €pProfliYHOMY MapKOBCHKOMY CEpPETOBHIIT
noOyJJ0BaHO TPOIEAYPY CTOXACTUYHOI ampOKCHUMAIlil JIT TaKOro KepyBaHHsS. [T HOpMOBAHOTO
KepyBaHHsS OTPHMaHO yMOBM ACHMOTOTHYHOI HOPMAJIBHOCTI y BUTJsili mpomecy OpHinrTeiiHa —
Y nen6eka yepe3 BCTAHOBJICHHS TeHepaTopa TPAHNIHOTO TMPOIECY KepyBaHHS.

OTpumaHuil pe3ynbTaT A€ MOXKJIMBICTH PO3TJISHYTH TOIIYK ONTUMAIBHOTO PO3B’SI3KY 3ajadi
KepyBaHHSI U y3iiHOTO MPOIECY MePEeHOCY 3 MAPKOBCHKUMU TIEPEMUKAHHSIMUA.
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