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SPECTRAL PROBLEM FOR STURM -LIOUVILLE OPERATOR
WITH RETARDED ARGUMENT WHICH CONTAINS
A SPECTRAL PARAMETER IN BOUNDARY CONDITION

CIIEKTPAJIBHA 3ATAYA JIJI51 OIIEPATOPA HITYPMA -JITYBIJUIA
3 APT'YMEHTOM, 10 3AIIIBHIOETHCA,
TA CHEKTPAJIbHUM ITAPAMETPOM Y I'PAHUYHIN YMOBI

We consider a discontinuous Sturm—Liouville problem with retarded argument that contains a spectral parameter in the
boundary condition. First, we investigate the simplicity of eigenvalues and then prove the existence theorem. As a result,
we obtain the asymptotic formulas for eigenvalues and eigenfunctions.

PosmisHyTO po3puBHY 3amady IlTypma-—JliyBiUIs 3 apryMEHTOM, ILIO 3alli3HIOETHCS, Ta CIIEKTPAIBHHUM NapaMeTpoM Y
rpanuyHiil yMoBi. CrioyaTky MM BHBYA€EMO MPOCTOTY BJIACHUX 3HA4YCHb, a MOTIM JIOBOAMMO TEOPEMY MpO icHyBaHHS. Sk
Ppe3yibTaT, OTPUMAHO aCUMIITOTHYHI (JOPMYITH JUIs BIACHUX 3HAYCHB 1 BIACHUX (YHKIIIH.

1. Preliminaries. Boundary-value problems for differential equations of the second order with
retarded argument were studied in [1-9], and various physical applications of such problems can be
found in [2]. The asymptotic formulas for the eigenvalues and eigenfunctions of boundary problem
of Sturm - Liouville type for second order differential equation with retarded argument were obtained
in [1, 2, 5-9]. The asymptotic formulas for the eigenvalues and eigenfunctions of classical Sturm—
Liouville problem with the spectral parameter in the boundary condition were obtained in [10—13].

In this paper we study the eigenvalues and eigenfunctions of discontinuous boundary-value
problem with retarded argument and a spectral parameter in the boundary condition. That is, we
consider the boundary-value problem for the differential equation

p(2)y"(x) + q(z)y(z — A(x)) + Ay(z) =0 (1.1)

on [0,71) U (r1,7r2) U (re, 7], with boundary conditions

y'(0) =0, (1.2)
y'(m) + Ay(m) =0, (1.3)
and jump conditions
vy(r1 —0) = dy(r1 +0), (1.4)
Y2y’ (r1 = 0) = day/(r1 + 0), (1.5)
O1y(r2 — 0) = my(r2 +0), (1.6)
021/ (12 — 0) = noy/(re + 0), (1.7)
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where p(z) = p?, if z € [0,71), p(z) = p3, if * € (r1,72), and p(z) = p3, if © € (2,7, the
real-valued function ¢(x) is continuous in [0,71) U (ry,72) U (2, 7|; and has finite limits g(r; +
+0) = limy—r,+0 (), ¢(r2 £0) = limy_y,+0 ¢(x); the real valued function A(x) > 0 continuous
in [0,r1) U (r1,72) U (re, 7] and has finite limits A(ry £ 0) = limgy_yp, 40 A(z), A(ra £0) =
=limg 10 A(x), z—A(z) >0, if z € [O, g);x—A(x) > g, ifze (g,w}; A is a real spectral
parameter; p1, P2, P3, V1, Y2, 01, 02, 01, 02, m1, 1o are arbitrary real numbers; |y;| + ;| # 0 and
|0;] + |ni| # 0 for ¢ = 1,2. Also y102p1 = y201p2 and O17m2p2 = Bam1p3 hold.

It must be noted that some problems with jump conditions which arise in mechanics (thermal
condition problem for a thin laminated plate) were studied in [14].

Let wy(z, A) be a solution of Eq. (1.1) on [0, 1], satisfying the initial conditions

w (0,A) =1,  w)(0,A)=0. (1.8)

Conditions (1.8) define a unique solution of Eq. (1.1) on [0, 7] [2, p. 12].
After defining above solution we shall define the solution ws (2, A) of Eq. (1.1) on [ry, 73] by
means of the solution w; (x, \) by the initial conditions

w9 (7’1, )\) = 7151_171)1 (7“1, )\) y wl2(7’1, /\) = ’)/2(52_1(,0/1 (Tl, )\) (1.9)

Conditions (1.9) are defined as a unique solution of Eq. (1.1) on [ry,79] .
After defining above solution we shall define the solution ws (z, A) of Eq. (1.1) on [ra, 7| by
means of the solution wy (x, \) by the initial conditions

w3 (12, \) = 0117 twg (r9, \) wh(re, N) = 21y *wh(ra, N). (1.10)

Conditions (1.10) are defined as a unique solution of Eq. (1.1) on [rg, 7] .
Consequently, the function w (x, \) is defined on [0,71) U (1, r2) U (r2, 7] by the equality

wl(ib,)\), T € [0,7"1),

w(xz,\) = §wa(z,\), € (r;,r),
w3(m>)\)7 T E (7‘2771-}7
is a such solution of Eq. (1.1) on [0,71) U (r1,7r2) U (72, w]; which satisfies one of the boundary
conditions and both transmission conditions.
Lemma 1.1. Let w (x,\) be a solution of Eq. (1.1) and X\ > 0. Then the following integral
equations hold:

T

1
wl(a:,)\)—cossx—/Q(T)sins(a:—T)wl (1 — A(7),\) dr, s=vVA A>0, (1.11)
b1 80 D1 b1

71 S Yopaw} (r1,\) . 8
wo(x, A\) = —wy (ri,\)cos— (x —r1) + ——————~sin— (. —r1) —
2(z,A) 5 1 (71, ) pz( 1) s p2( 1)
1 mq(T) .8
—— [ =—=sin—(z — 1)wy (1 — A (1), ) dT, s=VA, A>0, (1.12)
S P2 P2

T1
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Oapswh (ro,\) . s

ws(x, \) = ﬁwg (ra, A) cos =l (x —7r9) + sin — (x — rg) —

m b3 8112 b3
17 q(r) . s
—— [ =—=sin—(z —1)ws (1 — A (1), ) dT, s=vVA, A>0. (1.13)
s b3 b3

T2

Proof. To prove this, it is enough to substitute

2 2

_%wl (7—7 A) - wlll(Tv )‘)7 _%w2(7—7 )‘> - wg(Tv A)
V4 V2
and
52
——ng(T, A) — wg(T, A)
P3
instead of
q(1) q(1) q(7)
——le(T — A(1),A), ——ng('r — A(T),A) and — —5tw3(T — A(T), A)
P1 253 P3

in the integrals in (1.11), (1.12) and (1.13) respectively and integrate by parts twice.
Theorem 1.1. Problem (1.1)—(1.7) can have only simple eigenvalues.
Proof. Let X be an eigenvalue of problem (1.1)—(1.7) and

ul(x,X), x € [0,71),
Uz, \) = ua(x,\), @€ (r1,79),
sz, ), @€ (ro,m,

be a corresponding eigenfunction. Then from (1.2) and (1.8) the determinant

W al(o,X),wl(oji)} -

and by Theorem 2.2.2 in [2] the functions @, (z, A) and wy(z, \) are linearly dependent on [0,7].
We can also prove that the functions ua(z, A) and wa(x, \) are linearly dependent on [r, 2] and the
functions ug(x, \) and ws(x, \) are linearly dependent on [ro, w]. Hence

Uiz, A) = Kawi(z,X), i=1,2,3, (1.14)

for some K; # 0, Ko # 0 and K3 # 0. We first show that Ko = K3. Suppose that Ko # K3.
From equalities (1.6) and (1.14), we have

O011i(ry — 0, X) — mai(rg + 0, X) = 0102 (ra, X) — muiz(ra, ) =

= 01 Kowa(r2, A) — mK3ws(re, \) =
= 01K2n101_1w3(r2,X) — T]IKg’U}g(T'Q,X) =

= (Ko — K3) ws(rg, A) = 0.
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Since 71 (K3 — K3) # 0, we obtain

ws (r2,X) — 0. (1.15)
By the same procedure arising from (1.7), we see that

w) (rQ,X) —0. (1.16)

From the fact that ws(z, X) is a solution of the differential Eq. (1.1) on [ry, 7| and satisfies the initial
conditions (1.15) and (1.16), ws(z, A) = 0 identically on [rq, 7] (cf. [2, p. 12], Theorem 1.2.1).
By using this procedure, we may also find

w1 (rﬂ) = w’l (rl,X) = wsy (T‘Q,X) = wé (m,X) =0.

Thus, we have wy(z,\) = 0 and w (2, A) = 0 identically on [0,71) U (r1,72) U (re,7]. But this
contradicts (1.8), thus completing the proof.

2. An existence theorem. The function w(z, \) defined in Section 1 is a nontrivial solution
of Eq. (1.1) satisfying conditions (1.2), (1.4), (1.5) and (1.6). Putting w(x, \) into (1.3), we get the
characteristic equation

F(A\) = W' (m,A) + Aw(m, \) = 0. (2.1)

By Theorem 1.1, the set of eigenvalues of boundary-value problem (1.1)—(1.7) coincides with
the set of real roots of Eq. (2.1). Let

T1 T2 ™
1 1 1
= — T)|dT, = — T)|dr and = / T)|dr.
= [l w= [l o= [ latr)|

0 1 )

Lemma 2.1. (1) Let A > 4q¢?. Then for the solution wy (z,)\) of Eq. (1.11), the following
inequality holds:

lwy (z,A)| <2, z€[0,r]. (2.2)

(2) Let A > max {4q%,4q§}. Then for the solution ws (x,\) of Eq. (1.12), the following
inequality holds:

n
01

P22

+
p102

s o)) <4

> , T Er,me. (2.3)
(3) Let A > max {4q%,4q§,4q§}. Then for the solution wy (z,\) of Eq. (1.13), the following
inequality holds:
0
> . bops
72

47y162q1 + y2p201
2p26102q1

st

o1

D272
P102

w3 (z, \)| <

801p2 + 462p3m ( x € [ro,m. (2.4)

mpan2
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Proof. Let Biy = maxp,,|w1(z,A)[. Then from (1.11), for any A > 0, the following
inequality holds:

1
By <1+ ;Bufh.

If s > 2¢; we get (2.2). Differentiating (1.11) with respect to x, we have

xT

1
wi(z,\) = T sinZa - — [ q(7)cos l (x — 1) wi(T — A(7T), A) dr. (2.5)
b1 b1 Py ; b1

Taking into account (2.5) and (2.2), for s > 2q, the following inequality holds:

/
s b1
Let Boy = max[,, ., w2 (2, A)]. Then from (1.12), (2.2) and (2.6), for s > 2qi, the following
inequality holds:

il

01

272

Boy < 4
A= { p102

Hence if A > max {4q%, 4q§} we get (2.3).
Differentiating (1.12) with respect to x, we obtain

d A) s
wh x,)\:—ﬂw 1, A sinix—r —i—wcos—x—r —
o(w,A) ot 1(r1,A) p2( 1) 5 pz( 1)
1 i s
—— [ q(7)cos —(x — T)wa(T — A(T), \) dT. 2.7)
b3 D2
1

By virtue of (2.7) and (2.3), for s > 2¢9, the following inequality holds true:
7"

/
e 2 2 ]2 3 o5
1

s = padt | 20q1 p2
Let B3\ = max[,, ) |ws (z,\)|. Then from (1.13), (2.2), (2.3) and (2.8), for s > 2¢3, the following
inequality holds:
> n 02p3
2

Hence, if A > max {4q%, 4q3, 4q§}, then we arrive at Eq. (2.4).
Theorem 2.1. Problem (1.1)—(1.7) has an infinite set of positive eigenvalues.
Proof. Differentiating (1.13) with respect to x, we have

D272
D102

4y102q1 + Y2p201
2p261021

n
01

P22

Bsy <
D102

801p2 + 462p3m <
nip2m2

61 .8 Oawh (ra, ) s
Wi, \) = — g (rg, A) sin — (z — 19) + 222 005 T (g py) —
3( ) bsm 2( ? ) b3 ( 2) 2 b3 ( 2)
1 X
—— [ q(7)cos i(m — 1wz (T — A(7), \)dT. (2.9)
D3 b3
T2
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From (1.11)—(1.13), (2.1), (2.5), (2.7) and (2.9), we get

T1
sf1 | m ST 1
— | cos

s s
—_— - 7)sin —(r1 — T)wy (7 — A(7), \)d1 | cos — (ro —r1) +
vl > n ) q(7) pl( 1 — T)wi( (1), A) p2(2 1)

Y2D2 s . sm 1
—_— — S1

S
n
502 D1 p1 p?

q(1) cos —(r1 — T)w1 (T — A(7), A)d7 | sin s (rg —mr1) —
) D1 D2

1 S S
T)sin —(ro — T)wa (7 — A(7), N)d7 | sin — (7 — r9) +
-~ q(7) p2(2 Jwa( (1), ) p3( 2)
T1

T1
02 sv1 sr1 1
cos

S S
T)sin —(ry — 7w (T — A(7), N)d7 |sin — (r9 — 1) +
ol o sploq() pl(l Jwi( (7),A) p2(2 1)

T1
Y2 s . s 1
+— | ——s1

s s
T7)cos —(r1 — T)wr (T — A(7), \)d1 | cos — (ro —r1) —
2\ m  m pfoq() p1(1 Jun (™) %) p2(2 )

T2

1 s

s

—— [ q(1)cos —(ry — T)wa (T — A(T),A)d7 | cos — (m —1ry) —

57 [ ) cos s = muntr — ), N | cos (1)
1

™

1 s
pg/q(r)cosp3 (m—71)ws(t—A(1),\)dr+

T1
0 1
A 1 (M oS ST

s s
7)sin —(r1 — 7wy (7 — A(7), N)d7r | cos — (rg — 1) +
m |5 - Sploq() p1(1 Jwi( (7):A) p2(2 1)

Yop2 s . sri 1/ s .8
+—— | ——sin— — — [ q(7)cos —(r1 — T)wi (7 — A(7),\)d7 |sin — (ro —r1) —
oy T p o T J (7) p1( 1 — 7w (7),A) p2(2 1)

T2

s s

7)sin —(ro — T)wa (T — A(7), N)d7 | cos — (m —1r9) +

o q(7) p2(2 Jwa( (7),A) pg( 2)
1

1

Oaps sY1 sr1 1 ] ]

— | ——= | cos— — — [ q(7)sin —(r1 — T)wi (7 — A(7),\)d7 | sin — (r9 — 1) +
sz | p201 pLospy ") p1( funl (7)) p2( )

1
Y2 s . sr 1 s s

+=——sin— — = [ q(7)cos —(r1 — T)w1 (7 — A(7),N\)d7 | cos — (ro — 1) —
5 | "o S p%O (1) p1( Jwi( (7):A) p2( )
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T2

L[ ar) cos 2 (ry — Tywalr — A(r), Ndr | sin - (x — 1a)
D5 D2 P3
71
L [ gmsin S (r—Pyws (r = A(), N dr b =0, 2.10)
SP3 P3

2
Let A be sufficiently large. Then, by (2.2)—(2.4), Eq. (2.10) may be rewritten in the form

scoss(rl+T2_T1+7T_T2>+O(l):0. @.11)
b1 D2 P3

Obviously, for large s Eq. (2.11) has an infinite set of roots. Thus, we arrive at the desired result.

3. Asymptotic formulas for eigenvalues and eigenfunctions. Now we begin to study asymp-
totic properties of eigenvalues and eigenfunctions. In the following we shall assume that s is
sufficiently large. From (1.11) and (2.2), we get

wy(z, A) = O(1). (3.1)
From expressions of (1.12) and (2.3), we see that

wa(z, A) = O(1). (3.2)
By virtue of (1.13) and (2.4), we procure the following equation:

wz(z, \) = 0O(1). (3.3)

The existence and continuity of the derivatives w (z, \) for 0 < x < 71, |A| < 0o, wh,(z, \)
for r1 <z <1y, |\ < oo and wh,(x, A) for 7y < z < 7,|A| < oo follows from Theorem 1.4.1
in [2]:

wig(x,\) =0(1), z€l0,r],
why(x,\) = O(1), =z € [r1,ra], (3.4)
wh(z,\) = O(1), = € [re,7).
Theorem 3.1. Let n be a natural number. For each sufficiently large n, there is exactly one
(n+1/2)% n2

(r1i/p1 + (ro —71)/p2 + (7 — 7“2)/103)2

Proof. We consider the expression which is denoted by O(1) in Eq. (2.11). If formulas (3.1)—
(3.4) are taken into consideration, it can be shown by differentiation with respect to s that for large s
this expression has bounded derivative. We shall show that, for large n, only one root of (2.11) lies
(n+1/2)*n2

(ri/py+ (r2 — 1) /p2 + (7 — 12) /p3)

eigenvalue of problem (1.1)—(1.7) near

near to each

3 Let us consider the function

T1 Tg — T m™—T2

é(s) = scos s <+ + >+0(1).

b1 b2 P3
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Its derivative, which has the form

0y =eass (D471 7o)

b1 b2 P3
r ro — 7T ™= . T Ty — 7T ™=
—s <1—|— 21y 2)81115(1—{— CRNLE 2>—+—O(1),
b1 P2 p3 b1 b2 ps3

does not vanish for s close to sufficiently large n. Thus our assertion follows by Rolle’s theorem.

Let n be sufficiently large. In what follows we shall denote by A\, = s2 the eigenvalue of
(n+1/2)% 72

(ri/p1+ (r2 —r1)/p2 + (7 — r2) /p3)

+1

n+—-|m

2

Sp =
r ro —7T T—r
<1+ 2 1+ 2>
b1 b2 p3

1
From (2.11) é, = O () Consequently, we procure
n

problem (1.1)—(1.7) situated near

5 We set

+ p.

1
Sn — , > — 7 T +O(n> (35)
<1+ 2 1+ 2>

171 p2 b3

Formula (3.5) make it possible to obtain asymptotic expressions for eigenfunction of problem
(1.1)-(1.7). By (1.11), (2.5) and (3.1), we have

1
wi(z,\) = cos 2L+ 0 <) (3.6)
b1 S
Wiz, \) = ——sin 2%+ 0(1). (3.7)
b1 p1

By means of (1.12), (3.2), (3.6) and (3.7), we acquire

wa(x,\) = N cos = w%—x +0 ! , (3.8)
01 D2 P1 s
wy(x, \) —5”92 sin P 7}91 +x|+0(1) (3.9)

In view of (1.13), (3.3), (3.8) and (3.9), we attain the following:

0 - - 1
wy(w, \) = 2L cos <P3 (r1 (p2 — p1) + p17r2) — T2p1p2 n x) 40 () (3.10)
mor  p3 p1p2 s

Putting (3.5) into (3.6), (3.8) and (3.10), we readily derive
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) L I
( +r2—r1+7r—r2> (n>
)

uin(x) = cos

b2 ps3
1
2 )" 1 (p2 — p1) 1
ugn(x):ﬂcos <1 +$> +O< >,
01 "o T2Tr T D1 n
m (5 )
p1 D2 b3
9171
u ) =
n(®) = 77151
(n+3)
R —
2 — — 1
« cos (pg(h (p2 — p1) +p1r2) — r2p1p2 +$> +0(>.
r ro—1r1 T
p3<1+ 2 Ly 2> pip2
b1 b2 b3

Hence the eigenfunctions u, () have the following asymptotic representation:

uin(z) = wy (2, \n), x €[0,r1),
un () = S ugn(z) = we (z,\n), =€ (r1,r2),

ugn () = w3 (x,\), x € (re,7].

Under some additional conditions the more exact asymptotic formulas which depend upon the
retardation may be obtained. Let us assume that the following conditions are fulfilled:

(a) the derivatives ¢'(x) and A”(x) exist and are bounded in [0,71) U (r1,72) U (re, 7| and have
finite limits

¢d(r1 £0)= lim ¢ (), ¢ (re £0)= lim ¢ (), A"(r;1 £0) = lim A"(z)

x—r1£0 r—rot0 r—r110
and
A"(ro £0) = lim A"(z),
r—ro10
respectively;

(b) A'(xz) <1in[0,r1)U(r,7r2)U(r2, 7], A(0) = 0,limy—sp, 10 A(x) = 0 and limy—_ypy 10 Ax) =
=0.
By using (b), we have

r—A(x) >0, if zel0,m),
r—A(x) >r, if ze(r,r), (3.11)
x—A(x) >ry, if x € (ro,7.

From (3.6), (3.8), (3.10) and (3.11), we have
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w1 (7 — A(r),A) = cos ST =20 <1> ,

b1

S

wa (1 — A(r),\) = 20 cos = <’M+T—A(7)> +o<i>,

66 po
0171 s (
w3 (7 — A(1),\) = —— cos —
s (), mor  p3
Under the conditions (a) and (b),

can be proved by the same technique

a0 = [ 1D B0y - [10),

2
0

C(z) :/xqg—)sin

T1

groTL o

n SA(T)dT, F(z) = /x a() cos

™ —7T2 1

b1

p3 (11 (p2 — p1) + p1ra) — rap1p2 L A(T)) L0 (

p1p2
the following formulas:

([ 9T) S o A dr
/0 Tsmp—l(%' A(T)) dr,

in Lemma 3.3.3 in [2]. Using the abbreviations

A
et (7) dr,
4! , 2 n

%dﬂ D(x) :/xq(;)cos wdﬂ

b2 D2

1

sA(T) ir,
2 D3

T2

L, B0 D) Fln)

p_p1 b2

and putting expressions (3.13) into (2.10), and then using s, =

r

P p3 b1 b2 D3
(n+1/2)m
Zy

N 1
=" 10~ ) and finally
) n?

(n+1/2

1

Sp =

ISSN 1027-3190.  Ykp. mam. sncypn., 2016,
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)

(3.13)

+ 6, we get 0, =

(3.14)
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Thus, we proved the following theorem.

Theorem 3.2. If conditions (a) and (b) are satisfied, then the positive eigenvalues )\, = s> of
problem (1.1)—(1.7) have (3.14) asymptotic representation for n — Q.

We now may obtain a more accurate asymptotic formula for the eigenfunctions. From (1.11) and
(3.12)

B(x)sin 5
wy(w, \) = cos L [1 + A(x)] - PL o (12> : (3.15)
p1 Sp1 Sp1 S
Replacing s by s, and using (3.14) we have
() (3)
n+ - | mx n+ - |rx
Ax)Z} JANA
uin(z) = cos 2 1+ ()2, + ' sin 2 +0 <12>
»Zy 1 1 »Zy n
n —+ 3 T™P1 n -+ B TP1
(3.16)
From (1.12), (2.5), (3.12), (3.13) and (3.15) we obtain
wy (2, ) = 1L [1 L1 (AO"I) n C<fv>>} cos <S (7“1002% +x>> ~
o1 s\ p1 P2 P2 2p1
_(D@)/p2 + B(r)/p1) 5 (11(p2—p1) Lo Lo (L) (3.17)
S P2 2p1 52

Now, replacing s by s, and using (3.14), we get

zr (A(rl) - C(x)) <n + 1> w
p —_
von () = 1), P1 P2 cos 2 r1(p2 — p1) N
o1 n Jr} - 252 2p1
2
ZiAr (D(x) N B(T1)> <7°1 (P2 —p1) +x>
D2 P1 2p1

X

)
n+—=-|m
><sin< 2 <”<p2_p1)+m> +0(1>. (3.18)

From (1.13), (2.7), (3.12), (3.13) and (3.17) we have

) <A(r1) n C(ra) n E(:v))
w3(x7 )\) _ 1M 14 b1 D2 b3 %
7101 s
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" COS( S (pg (r1 (p2 = p1) +pira) = ropip2 x)) B
p3 b1p2
(B0 Dl ),
$ D1 P2 b3
- - 1
X sin <S <p3 (r1 (p2 — p1) + p1r2) — T2p1P2 N x)) L0 ( 2)‘
b3 p1p2 S

Now, replacing s by s,, and using (3.14), we obtain

(A, o) | E)

9 p
_tim 14 P1 D2 p3

M101 (n 4 ;) -

n+—-|m
< 2> r — +pire) — 7
<P3( 1 (p2 — p1) + pir2) — rapip2 +m) n

Usp (T)

X COS

Zyps3 P1P2
B(r D(r F(x
Z;A;( () | D(ra) <>> s
+ b1 b2 b3 <p3 1 (P2 —P1 pire 2p1p2+x>x
p1p2

X sin

1
<n + 2) T <p3 (11 (p2 — p1) + p172) — T2P1P2 + x) +0 <1> (3.19)

Zyps3 D1P2 n?

Thus, we have proven the following theorem.

Theorem 3.3. [f conditions (a) and (b) are satisfied, then the eigenfunctions u,(x) of prob-
lem (1.1)—(1.7) have the following asymptotic representation for n — oo :

uin(x), x€10,71),
un () = S ugn(z), =€ (r1,m),
ugn(z), @ € (ra, 7],
where uiy (), uzn(x) and ugy, () defined as in (3.16), (3.18) and (3.19), respectively.
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