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INTEGRAL INEQUALITIES OF THE HERMITE -HADAMARD TYPE
FOR K-BOUNDED NORM CONVEX MAPPINGS

IHTEI'PAJIBHI HEPIBHOCTI TUI1Y EPMITA - AJAMAPA
I K-OBMEKEHUX BIZIOBPA’KEHD 3 OITYKJIOIO HOPMOIO

We obtain some inequalities of the Hermite —- Hadamard type for K -bounded norm convex mappings between two normed
spaces. The applications for twice differentiable functions in Banach spaces and functions defined by power series in
Banach algebras are presented. Some discrete Jensen-type inequalities are also obtained.

OtpumaHo nesiki HepiBHOCTI Tury Epmita-—Anamapa ans K -00MexeHHX BinoOpakeHb 3 OIMyKIIOK HOPMOKO MK JBOMa
HOpMOBaHMMH Npoctopamu. HaBeneHo 3acTocyBaHHs 10 IBiui AudepeHuiioBHUX (QyHKLIH y 6aHAXOBHX IPOCTOpax Ta
(yHKIIH, 110 BU3HAYEH] CTEIICHEBUMHU PSJaMU B 0aHaXOBUX anreOpax. OTpUMaHO TaKoX JesKi HepiBHOCTI THITY J)KekcoHa.

1. Introduction. Let B(H) be the Banach algebra of bounded linear operators on a complex Hilbert
space H. The absolute value of an operator A is the positive operator | A| defined as |A| := (A*A)'/%.
One of the central problems in perturbation theory is to find bounds for

1£(A) = F(B)ll

in terms of || A — BY| for different classes of measurable functions f for which the function of operator
can be defined. For some results on this topic, see [5, 34] and the references therein.

It is known that [4] in the infinite-dimensional case the map f(A) := |A| is not Lipschitz
continuous on B(H ) with the usual operator norm, i.e., there is no constant L > 0 such that

1Al =Bl < LA = B

forany A, B € B(H).
However, as shown by Farforovskaya in [32, 33] and Kato in [39], the following inequality holds:

2 41+ 151
A —|B||<Z|A-B <2+log<
I141 - 1BIIl < Zl|A - B B

forany A, B € B(H) with A # B.
If the operator norm is replaced with Hilbert—Schmidt norm ||C||gs = (trC*C)l/ % of an
operator C, then the following inequality is true [2]:

1Al = [Blll s < V2[|A - Bllus

forany A, B € B(H).

The coefficient /2 is best possible for a general A and B. If A and B are restricted to be
self-adjoint, then the best coefficient is 1.

It has been shown in [4] that, if A is an invertible operator, then for all operators B in a
neighborhood of A we have
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I|Al = |BJ|| < a1]|A = Bl +as||A = B|I* + O (|A - BII®),
where
_ _ 13
ar = [|[AT 1Al and a5 = [JATH] + [[ATH7 A%
In [3] the author also obtained the Lipschitz-type inequality
1F(A) = f(B)Il < f'(a)l|A - B,

where f is an operator monotone function on (0,00) and A, B > aly > 0.

Let (X;]| - ||x) and (Y| - [[y) be two Banach spaces over the complex number field C. Let C
be a convex set in X. For any mapping F': C C X — Y we can consider the associated functions
Prayr, Yezyr: [0,1] =Y, where 2,y € C, X € [0,1], defined by [25]

Proyat) =1 =N)F[1=)((1 =Nz +Ay) +ty] + AF[(1 = t)z + t((1 = Nz + Ay)]
and
Uipzya(t) =1 =XNF[(1-t)((1 =Nz + Ay) +ty] + AF[te + (1 —t)((1 — M)z + Ay)].

We say that the mapping F': B C X — Y is Lipschitzian with the constant L > 0 on the subset
B of X if

I1F(z) = F(y)lly < Lllz —yllx forany z,y€ B.

The following result holds [25]:
Theorem 1.1. Let F': C C X — Y be a Lipschitzian mapping with the constant L > 0 on the
convex subset C of X. If z,y € C, then we have

1
Apaya(t) — /F[sy + (1 —s)z]ds|| <
0 Y

1 1\?| |1 1\?
4+<t—2>][4+<A—2)]Hx—y!\x (1.1)

Sorany t € [0,1] and X € [0,1], where Appy) = Prayx oF Apzyr = YEzy.

<2L

If we take in (1.1) Apzyr = Proyr, A= 2 then we get

% <F [(l—t)w;y—i—ty] +F [(1—t)x+tx;ry]> —/IF[sy+(1 — s)z]ds|| <
0

LU
J— —_ x_
1 9 Yl x

. 1 .
If we take in (1.1) Apzyr = VEzyr, A= 3 then we obtain

<-L

1
2

forany z,y € C and t € [0, 1].
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N |

(F[(l—t);Ly+ty]+F[tx+(1—tm+y]> 0/1Fsy—|— (1 —s)x]ds|| <

Y

forany ¢t € [0,1] and z,y € C.
We also have the simpler inequalities

1
;[F (395:1/) +F<xz3y>] —/F[sy+(1—s)x]ds éLHx—ny, (12)
0 Y
1
F(55Y) - [Pl - olas| < Gl -yl (13)
0 Y
and
1

%[F /F sy—+ (1 —s)zlds|| < iLHx —yllx (1.4)

0 Y

for any x,y € C. The constants E and % are best possible.

The inequalities (1.3) and (1.4) are the corresponding versions of Hermite — Hadamard inequalities
for Lipschitzian functions. The scalar cases were obtained in [12] and [43]. For Hermite — Hadamard’s
type inequalities, see for instance [10, 12, 13, 35, 37, 38, 40, 42, 43, 46-50] and the references
therein.

From (1.1) we also have the Ostrowski’s inequality

1
Flty + (1 — t)a] —/F[sy—i— (1—s)alds|| <L

0 Y

L N
J— R — x_
1 9 Yl x

for any ¢ € [0,1] and z,y € C. For Ostrowski’s type inequalities for the Lebesgue integral, see [1,
8, 9, 15-30]. Inequalities for the Riemann - Stieltjes integral may be found in [17, 19] while the
generalization for isotonic functionals was provided in [20]. For the case of functions of self-adjoint
operators on complex Hilbert spaces, see the recent monograph [23].

Motivated by the above results, we introduce here a class of functions that extends the concept
of Lipschitzian function to power two of norm difference and called them K -bounded norm convex
functions. Comprehensive examples of such functions are given. Integral inequalities of Hermite —
Hadamard type are obtained and applications for discrete inequalities of Jensen type are provided as
well.

2. K-bounded norm convex mappings. Let (X; | -||x) and (Y] - |y) be two normed linear
spaces over the complex number field C. Let C' be a convex set in X. We consider the following
class of functions:
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Definition 2.1. A4 mapping F': C C X — Y is called K-bounded norm convex, for some given
K > 0 if it satisfies the condition

(1= MF@) 4 AF() - F(0 - Ve + )l < 5 KA =Nz} @)

Jor any x,y € C and X € [0,1]. For simplicity, we denote this by F € BN i (C).
We have from (2.1) for A = 3 the Jensen’s inequality

HF(m);F(y) _F<x;y)

1
Sf
Y 8

K|z —yl% 2.2)

forany z,y € C.

We observe that BA i (C) is a convex subset in the linear space of all functions defined on C
and with values in Y.

We observe also that, by the triangle inequality, we have

IE((L =Nz + M)y = [[(1 =X F(z) + AF(y)|ly <
<= N F(x) + AF(y) = F((1 = Mz + M)y

which, by the triangle inequality, gives
1
(1= Nz + )y < 5 KM@ =Nz —yl5 + (1 = DIF @)y + M F@)lly (2.3)

for any z,y € C and X € [0, 1].
Now, if the function ¢ — ||F((1 — X\)x + A\y)||y, for some z,y € C, is Lebesgue integrable on
[0, 1], then by taking the integral in (2.3) we get

1
1 1
/ IF((1 =Nz + d)lydr < o5 Kllz = ylix + 5 (IF@)ly + [F@)lly]- (2.4)
0
If we assume continuity for the function F' on C' in the norm topology of (X;| - ||x), then the

inequality (2.4) holds for any =,y € C. Moreover, if we assume that (Y| - ||y) is a Banach space
and F' is continuos on C, then we have the generalized triangle inequality

1 1
JF@-Nawar| < [IF@ -2 )iy
0 Y 0
and by (2.4) we obtain
; 1 1
/F((l — Az +Ay)d| < 5 Ko~ yll% + 5 IE@)y +I1E@®)lv]
0 Y
forany z,y € C.
We can improve this result as follows.
Theorem 2.1. (X;|-||x) and (Y| -|lyv) be two normed linear spaces over the complex number

field C with Y complete. Assume that the mapping F': C C X — Y is continuous on the convex
set C'in the norm topology. If F € BN i (C) for some K > 0, then we have
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1
F(x) + F(y 1
DEEW [ ra -2+ apar| < 35Kl -l @)
0 Y
and
ty
/ (1= XNz + Ay)d\ — F( 5 > _24K||$—y]|X (2.6)
Y
1 1
for any x,y € C. The constants B and o1 e best possible.
Proof. From (2.1) we get successively
1
/ (1= NF(2) + AF(y) — F(1 = Na + Mg)ldr| <
0 Y
< / (1 =X F(z) + AF(y) — F((1 = Az + Ay)[lydr <
0
1
<5 Kl =yl [ A=A
0
which produces the desired result (2.5).
Utilising (2.2) we have
F((1= e+ 9) + FQa+ (1= X)) (2+y
2 2 )y~
1
< S KN =Nz + 2y = Az — (1= Nk =
1 1 1\°
— KO -2~k = 5 K (A= 5) o alk @)
for any z,y € C and A € [0, 1].
Integrating in (2.7) we obtain
1
/ F((l—A)m—i—Ay)—l—F(Ax—i—(l—)\)y)_F T4y ol <
2 2
Y
1
S/HF((l—A)ﬂchAy)Jrl*“(Mch(l—A)y) o <w+y> i <
2 2 )y
L 2
< LKl - ||2/ A Y an= L Rje -yl 2.8)
=9 vix 2 Y Yix ‘
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1

1
/F((l — )z Ay)d = /F(/\x (1= A)y)dh,
0 0
then from (2.8) we get (2.6).

Now, consider the function Fy: H — R, Fy(x) = ||z|?, where (H,{.,.)) is a complex inner
product space. If z,y € H and X € [0, 1], then

(1 =N Fo(z) + AFo(y) — Fo((1 = Az + Ay) =
= (L= Nl + Alyll* = (1 = Mz + Ay[|* =
= (1= Nl + Alyll* = (1= X)?[|l2]* = 2(1 = M)ARe (z,y) — A[|y|* =
= (1= MA[ll2]® = 2Re (@, 9) + lyl*] = (1 = MAllz — y]*

showing that Fj is continuous and K -bounded norm convex with K = 2 on H.
We have
1

1
/FO((l Az + Ay)dA = / I(L = Na + y|Pdx =
0 0

1
- / (1= 2)2[2]l? +2(1 — MARe {z 5) + A2[|y[?] dA =
0

[ll® +Re (2, y) + [[y[|*]

Wl

forany z,y € H.
Therefore

1
W _ /FO((I — Nz + Ay)dA =
0

1 1
=l + 1lyl1%) = 5 {12l + Re (z,) + Iyl°] = & = =y’

N |

1
showing that we have the same quantity 6 |z — y||? in both sides of (2.5).
We also have

0/1F0((1 _ Nz + Ay)dA — Fy <°”” : y) _

1 1
[ll2]* + Re (@, 9) + yl°] = 5 [I=]* + 2Re (2, ) + lyll*] = 15 lo = yll”

W =

1
showing that we have the same quantity - |z — y||? in both sides of (2.6).

Theorem 2.1 is proved.
3. Some examples in Banach algebras. Let B be an algebra. An algebra norm on B is a map
| -||: B —[0,00) such that (B, || - ||) is a normed space, and, further,
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labl| < [[all]|o]

for any a,b € B. The normed algebra (B, || - ||) is a Banach algebra if || - || is a complete norm.
We assume that the Banach algebra is unital, this means that 3 has an identity 1 and that ||1|| = 1.
Let B be a unital algebra. An element a € B is invertible if there exists an element b € B with

. . . 1
ab = ba = 1. The element b is unique; it is called the inverse of a and written a~' or —. The set of

invertible elements of B is denoted by Inv B. If a,b € Inv B then ab € Inv 55 and (ab) - b~la L.
For a unital Banach algebra we also have
(i) if a € B and limp_o0 [|a” ||/ < 1, then 1 — a € InvB;
(i) {aeB:||1-b|| <1} CInvB;
(i) Inv B is an open subset of B;
(iv) the map InvB 3 a — a~' € Inv B is continuous.
The resolvent set of a € B is defined by

pla) :={z€C: 21 —a € InvB};

the spectrum of a is o(a), the complement of p(a) in C, and the resolvent function of a is R, :
p(a) — Inv B,
Ro(2) := (21 —a)~ L.

For each z,w € p(a) we get the identity
R, (w) — Ry (2) = (z — w) Ry (2) Ry (w) .

We also obtain

o(a) C{zeC: |zl <llal}.
The spectral radius of a is defined as

v(a) = sup{|l2] : = € o(a)}-

If a,b are commuting elements in B, i.e., ab = ba, then
v(ab) <wv(a)v(b) and v(a+b) <v(a)+v(bh).

Let B be a unital Banach algebra and a € 5. Then

(i) the resolvent set p(a) is open in C;

(ii) for any bounded linear functionals \: B — C, the function A o R, is analytic on p(a);
(iii) the spectrum o (a) is compact and nonempty in C;

(iv) we have

v(a) = lim |ja”||*™.

Let f be an analytic functions on the open disk D(0, R) given by the power series
e .
f(2)=) a7 (|z] <R).
=0

If v(a) < R, then the series ZOO e a’ converges in the Banach algebra BB because ZOO o laj]|la?| <
= =

< 00, and we can define f(a) to be its sum. Clearly f(a) is well defined and there are many examples
of important functions on a Banach algebra 3 that can be constructed in this way. For instance, the
exponential map on B denoted exp and defined as
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oo
1 .
expa := Z —a’ foreach a € B.
— !
J=0
If B is not commutative, then many of the familiar properties of the exponential function from the

scalar case do not hold. The following key formula is valid, however with the additional hypothesis
of commutativity for a and b from B

exp(a + b) = exp(a) exp(b).

In a general Banach algebra B it is difficult to determine the elements in the range of the exponential
map exp(B), i.e., the element which have a "logarithm". However, it is easy to see that if a is an
element in B such that |1 — a|| < 1, then a is in exp(B). That follows from the fact that if we set

b=— 1 1—a)",
> L0-a)
then the series converges absolutely and, as in the scalar case, substituting this series into the series
expansion for exp(b) yields exp(b) = a.

Concerning other basic definitions and facts in the theory of Banach algebras, the reader can
consult the classical books [31] and [45].

Now, by the help of power series f(\) = Z:io a, A" we can naturally construct another power
series which will have as coefficients the absolute values of the coefficients of the original series,
namely, fops(N) 1= ZZO_O || || A™. Tt is obvious that this new power series will have the same radius
of convergence as the original series. We also notice that if all coefficients a,, > 0, then f;s = f.

The following result provides a class of functions that are K -bounded norm convex on closed
balls from Banach algebras.

Theorem 3.1. Let f(z) = Z::O anz" be a function defined by power series with complex
coefficients and convergent on the open disk D(0,R) C C, R > 0. For any z,y € B with
x|, [|lyl| < M < R, M > 0 we have that

11— N F@) + Af@) ~ (1= N+ ) < 5 A0 =X) Sl (MDllz 9?1

Jor any X € [0,1].

In other words the function f: B(0,M) C B — B, where B(0,M) is the closed ball {x €
€ B, ||z|| < M} defined by f(x) = Z L anz", © € B(0, M) is K-bounded norm convex with
K= C,L/bS(M)' B

Proof. We use the identity (see, for instance, [6, p. 254])

n—1
a" b= a0 - b)Y (3.2)

j=0

that holds for any a,b € B and n > 1.
Let z,y € B. By (3.2) we have
n—1 . .

[(1=Nz+My]" —2" =) Z[(l — Nz + My (y — ) (3.3)

§=0
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and

|
—

n

[(T=Nz+ M) =y =—1=X)) [(1=Nz+ """ (y—a)y (3.4)

<.
Il
o

forn>1and A € [0,1].
Multiply (3.3) by 1 — X and (3.4) by X and add the obtained equalities to get

(1= Xz + My — (1= A)a" — Ny =

|
—

n

=A1=-X)Q_[A=Nz+ My — ) (27 — ) =

=AML= (1= Nz + My (y - 2) (27 — o) (3.5)

Jj=1

forn >2and A € [0,1].
If j > 1 we also obtain

j—1
-y =) T m—y)y
£=0
and by (3.5) we have

(1=N)z" + M — [(1 = Nz + \y]" =

n—l

[ay

<.

Nz + Ay (y — 2)2 7 (@ — gy (3.6)
=1

~
Il

0

.

for n > 2 and A € [0, 1], which is an equality of interest in itself.
Let m > 2 and x,y € B. Then, by utilizing (3.6), we get

=) Z anr" + A Z any" — Zan[(l — Nz + M\y|" =
n=0 n=0 n=0

_Zan (L=Nz" +Ay" = [(1 = Nz + M\y]"] =

3

= an[(1—=N)a2" + My = [(1 = Nz + \y]"] =

n=2

m n—1 j*l
~A)D an (Z )z + My" T (y — 2T (- y)ye) (3.7)

n=2 j=1 £=0

forall m > 2, x,y € Band A € [0,1].
Taking the norm in (3.7) and using repeatedly the generalized triangle inequality we have
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- ) Z anx”™ + A Z any" — Zan[(l — ANz + Ay]"
n=0 n=0 n=0
n—1j7—1 '
A1 — Z lay| Z H (1= Nz + " Ty —2)ad - y)yeH . (3.8)
7j=14¢=0

If ||z]], ||yl < M < R, then |[(1 — Nz + A\y|| < M for A € [0,1] and using the Banach algebra
properties we obtain

H (1= Nz 4+ My (y — z)ad (2 — y)yeH <

n—1—j

ly =zl llz = wlllly ] =
[ S 77 =

<|ly — z|PM" MM = |y — 2P (3.9)

< = Az + Ayl

n—1—j

= lly = =[(1 = Nz + Ny

for n > 2.
Therefore, by (3.8) and (3.9) we get

—A) Z anz™ + A Z any" — Zan[(l — ANz + \y]"
n=0 n=0 n=0

n—17—1
Al - Zlanl >y — P M
7=14¢=0
m n—1
= M1=Ny =2l flan|M" 2> " j=
n=2 j=1
1 “ .-
= 5 AL =Ny =2 D n(n = 1)llan |22 (3.10)
n=2

for any ||lz||, |ly|| < M < R, m > 2 and X € [0, 1].
Since the series whose partial sums involved in (3.10) are convergent and

o0 [e.e]
doana" = fz), Y any" =
n=0 n=0

Y anl(l = Na+xy]" = F(1 =Nz + Ay),
n=0

o0

Z (n = Dlan]|M"™* = fo,, (M),

then by letting m — oo in (3.10) we deduce the desired result (3.1).
Theorem 3.1 is proved.
Corollary 3.1. With the assumptions from Theorem 3.1 we have the inequalities
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1
= [ =N+ 2| < 55 L (D) - ol G
0
and
[ 1=+ xman— g (50| < 5 a0l - ol? 6.12)
0

Sor any x,y € B with ||z||, ||y|| <M < R, M > 0.

The constants — and 2 are best possible.
It is known that if x and y are commuting, i.e., zy = yx, then the exponential function satisfies

the property
exp(z) exp(y) = exp(y) exp(z) = exp(z + y).
Also, if z is invertible and a,b € R with a < b, then

b
/exp(tz)dt = 2 exp(bz) — exp(az)].

a

Therefore, if « and y are commuting and y — « is invertible, then

1 1
/exp (1= s)x + sy)d /exp )) exp(z)ds =
0 0

1
/ exp(s(y — 2))ds | exp(x) =
0

= (y —2)"'[exp(y — x) — L exp(z) = (y — )" [exp(y) — exp(z)],
and by (3.11) and (3.12) we get

DL () — ) exp(y) — exp(@]| < 5 el — ol
and
=0 esot) - expio] - exp (52 | < 3 exvlan) e~ 1

provided ||z, |ly|]| < M, M > 0.

4. Case of twice differentiable mappings in normed spaces. We first recall some results
concerning Taylor’s formula for differentiable mappings between two normed spaces, see for instance
[11] for the basic definitions and results.

Lemma 4.1 (Taylor’s formula, Lagrange’s remainder [11, p. 110, 111]). Let (X,| - ||x) and
(Y, || - lly) be two normed linear spaces, Q0 an open subset of X and f:Q — Y a(k + 1)-dif-
ferentiable mapping on Q2 with k > 0. Suppose that x,y € Q are such that the segment [x,y] :=
={(1 =Nz + Ay, X € [0,1]} is contained in §). Then
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Fl) = @)+ FO @)y — ) + 5 FO @y — g — o)+ .

1
where
1 k1 (k+1)
< — 1-— .
IRu(e )l < gl = 21§ sup ([0 = Vo420

We observe that if 2 is open and convex, then the equality (4.1) holds for any z,y € ). In this
case we also have the bound

1)l < gyl = 2l sup | 74+0 )|

1
(k+1)! L(XF+1,Y)

for any z,y € Q.

We can prove the following result:

Theorem 4.1. Let (X, || - ||x) and (Y,|| - |ly) be two normed linear spaces, C an open convex
subset of X and f:C — Y a twice-differentiable mapping on C. Then for any z,y € C and
A € [0,1] we have

1
1= 2 f (@) + M) = F(1 =N+ 2y < 5 KX = Nly - 2]k, (4.2)
where
L "

K o= sup || 1()]|pxanyy (4.3)

is assumed to be finite.

Proof. Using the above Lemma 4.1 we can state that

£ (w) = £(v) = F'(0)(u =) < 5 KHU—UHX (44)

for any u,v € C, where K is given by (4.3).
Let z,y € C and A € [0, 1]. By (4.4) we have

[£(2) = F((1 =Nz + Ay) = Af (1= Nz + Ay)(z —y ||y< KVHy—ﬂfo (4.5)
and

1£ () = F((L=Na+Xy) = (1= 2 f' (1= Nz +Ag)(y - o), <
< S K- APy o (4.6)
Multiply (4.5) by 1 — X and (4.6) by X and add the obtained inequalities to get
=N [[£(@) = (1= Nz +Ay) = AS (1= Nz +Ay)(z = )|y +
A £ ) = F((1 = Nz +Xy) + (1= V(1= Nz + M) —y)|y, <
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1 1
<3 KAQ =My = 2llx + 5 K= 2Ny = 2% = 5 KAT =Ny — =]k (4.7)
By the triangle inequality we also obtain

1A =X f(@)+Af(y) — F(1=Nz+ My)lly <
=N [[f(@) = f((1 =Nz +Ay) = A (1= Nz + My)(z —y)]|, +
A F) = F(A =Nz +2y) + (1 =N (1= Nz + )z —y)|y (4.8)

for any z,y € C and X € [0, 1].
Making use of (4.7) and (4.8) we deduce the desired result (4.2).
Theorem 4.1 is proved.
Corollary 4.1. With the assumptions from Theorem 4.1 we have the inequalities

1
- /f((l — Nz + Ay)dA|| < E SUP Hf// )Hg()@;y) |z — ylI%
0 Y
and
1
J 1= min- 7 (TE)| < g s 6 e e - ol
0 Y

for any x,y € C.
1
The constants — and — are best possible.

5. Related inequalities. We have the following result as well:

Theorem 5.1. Let (X;|| - ||x) and (Y| - ||y) be two normed linear spaces over the complex
number field C with Y complete. Assume that the mapping F': C C X — Y is continuous on the
convex set C' in the norm topology. If F € BN i (C) for some K > 0, then we have

1
0/ (uy + (1 — w)z)

A
F(sz+ (1 —s)y)ds|| <

—A F
1
< 6KA<1—A>Hy—xH%< (5-1)
SJorany A € [0,1], X # % and z,y € C.
Proof. Since F € BN k(C) for K > 0, then
1
(1= N F () + AF () = F((1= Nu+ Mo)lly < 5 KA1 = Nu— vk (5.2)

for any u,v € C and \ € [0, 1].
Let t € [0,1] and for z,y € C, take

=1-)((1=XNz+y)+ty, v=tze+1—-t)(1—-Nz+AIy) eC
in (5.2) to get
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(1=XNF((1—=t)((1 =Nz +Ay) +ty) + AF(tz + (1 —t)((1 = Nz + Ay)t)—

—F((1=N[A=1)((1 =Nz + Ay) + ty] + Alte + (1 = ) (1 = Nz + Ay)))[ly <
<—KM1I-=M[A=t)((1=XNz+Ay) +ty—[te+ (1 —-t)(1 — Nz + )\y)]H%(. (5.3)
Observe that

1=XN[1=)(1=Nx+y) +ty] + Ate + (1 —t)((1 = Nz + A\y)] =
=1-NA=-)(1=XNz+Ay) + (1 =Nty + Mz + A1 —1)(1 =Nz + \y) =
=1 -t)((1—=Nz+Ay) + (1 = Nty + Mz =
=[(1=-t) =N+ X]z+[1 =X+ (1= Nty
and
1=)((1=Nzx+Xy)+ty—[te+ (1 —)((1 —Nz+ \y)] =
=1-t)1=-Nz+{1-t)Ay+ty—te—(1—-t)(1 =Nz — (1 —t)A\y =t(y — x).
Then by (5.3) we have
I1=XNF((1—=t)((1—Nx+ My) +ty) + A\F(tx + (1 =) (1 — Nz + \y))—
—F((1 =)A= )+ Atlz + [(1=)A+ (1 = Nt]y)lly < %K AL=NPly -2k (4

for any t, A € [0,1] and z,y € C.
Integrating the inequality (5.4) over ¢ on [0, 1] and using the generalized triangle inequality for
norms and integrals, we get

(1- )\)/F((l (1= N+ ) + ty)di+
0

1
—M/F(t:v (1= (1= N+ \y))di—
0

1
—/F([(l (=N + Mz + (1= DA+ (1= Niy)de]| <
0

Y

< KA1 =My — 2% (5.5)

[N

for any A € [0,1] and z,y € C.
Observe that

1

1
/F[(l — 0w+ (1= Na) + tyldt = /F[((l A+ )y + (1= ) (1 — N)aldt
0 0
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and

1
/F(t:v + (1 =t)((1 =Nz + A\y))dt =
0

1

1
_ /F((l C a4 (1= N + Ay))dt = /F[t)\y + (1= M)a]dt.
0

If we make the change of variable u := (1 — t)A + ¢, then we have 1 —u = (1 —¢)(1 — A) and
du = (1 — X)du. Then

1 1
/F[((l—t)A+t)y+(1—t)(1— / [y + (1 — w)z]du.
0 A

If we make the change of variable u := At, then we have du = Adt and

> =

1 A
/F[t)\y + (1 = At)z]dt = /F[uy + (1 — u)zx]du.
0 0

Therefore

1
/F (1= )y + (1 = A)z) + tyldi+
0

1
+)\/F O+ (1= Na) + (1 — t)z]dt =
0

1 A 1
= /F[uy + (1 —w)zx]du + /F[uy + (1 —u)zldu = /F[uy + (1 — w)z]du,
A 0 0

and we have the simple equality

1
/F (T =t)((1 =Nz + Ay) + ty)dt+
0
1 1
+/\/F(tm+(1—t)((1—/\x+)\y /Fuy+ (1 —u)x]du
0 0

forany A € [0,1] and z,y € C.
Consider now the integral

1
/F([(l — (1= A+ Mz +[(1— A+ (1 — Nt]y)dt.
0
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Put
s=(1-t)1 =N +AX=1—-X+ 21— 1.

Then
l—s=(1-t)A+ (1 - Mt

and we have

= 1
If A # 9’ then s = 1 — XA+ (2)\ — 1)t is a change of variable with dt = T

1
/F([(l C (1= A) + M+ [(1— N+ (1 = N)ly)dt =
0

1

22 -1
1

F(sz+ (1 —s)y)ds.

L

Now, making use of (5.5) we get the desired result (5.1).
Theorem 5.1 is proved.

1
Remark 5.1. We observe that for A — 5 we recapture from (5.1) the inequality (2.8).

3
If we take in (5.1) A = 7 then we get

1 3/4
/F[uy + (1 —u)x]du — 2 / F(sx+ (1 —s)y)ds|| < 3% Ky —z|%.
0 1/4 P

Let f(z) = ZOO 0 anz" be a function defined by power series with complex coefficients and
n=
convergent on the open disk D(0,R) C C, R > 0. For any x,y in the Banach algebra B with
llz|, |lyll < M < R, M >0 we have

1 A
/f(uy—l—(l—u)a:)du—z)\l_l /f(saz+(1—s)y)ds <

0 1-X

1
< = faps(MOA(L = Ny — ||
1
forany A € [0,1], A # 5
Let (X, -||x) and (Y, -||y) be two normed linear spaces, with Y complete, C' an open convex
subset of X and f: C' — Y a twice-differentiable mapping on C. Then for any z,y € C and

1
A€ 0,1], A # 50 we obtain

22 -1
0 1

A
/f(uy+(1 —u)z)du — ! / f(sz+ (1 —s)y)ds|| <
Y

sup || () ey AL = Ny — >
eC
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