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HALF INTEGER VALUES OF ORDER-TWO HARMONIC NUMBERS SUMS
HAIIBOIJII 3HAMEHHSA CYM I'APMOHIYHUX YUCEJ APYT'OI'O ITIOPAAKY

Half integer values of harmonic numbers and reciprocal binomial coefficients sums are investigated in this paper. Closed-
form representations and integral expressions are developed for the infinite series.

BuBYaIOTECS HAMIBIILI 3HAYEHHS CyM TapMOHIYHMX YHCeN Ta 00epHEHNX OiHOMiadbHUX KoedirieHTiB. [ HeCKiHUeHHUX
pAziB OTpHEMaHO 300paKeHHs B 3aMKHEHii (opMi Ta iHTErpaabHi BHpa3H.

1. Introduction and preliminaries. It is known that the harmonic number H,, has the usual
definition

n

M=y

r=1 J

S| =

1
> n 1—2z"
_z::lj(j—i-n)_o/ ——du (Ho:=0) (1.1)

for n € N where N := {1,2,3,...} is the set of positive integers, and Ny := NU {0} . An unusual,
but intriguing representation has recently been given by Ciaurri et al. [5], as

T [ R e
0

2 sin <E>
2

Let R and C denote, respectively the sets of real and complex numbers. We define harmonic numbers

at half integer values as H,_ 1, which may be expressed in terms of the digamma (or Psi) function
2

1
¥(z), z € R, and the Euler—Mascheroni constant, v as H, _1 = v + 1 <n + 2). The digamma
2
function is defined by

W(z) = dilz{logmz)}: 1;((;) or  logT() = / w(t) dt.
1

The Lerch transcendent ® (z,¢,a) = Z is defined for |z| < 1 and R (a) > 0 and

m=0 (m 4 a)"

satisfies the recurrence
®(z,t,a) =2 ®(z,t,a+1)+a "

The Lerch transcendent generalizes the Hurwitz zeta function, ((t,a) at z = 1,

O(1,t,a) = ((ta) =)

m=0

1
(m+a)t
and the polylogarithm, or de Jonquiere’s function, when a = 1,
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HALF INTEGER VALUES OF ORDER-TWO HARMONIC NUMBERS SUMS 1419

Li; (z) := i %WZ, teC, when |z]| < 1; R(t)>1 when |z]=1.
m=1
Moreover
/1Lit (px)dx: C(1+1) for p=1,
] v (27" —=1)¢(1+¢t) for p=-—1,

where ((s) denotes the Riemann zeta function defined by

m=1

A generalized binomial coefficient (A), A, € C, is defined, in terms of the familiar (Euler’s)
!

gamma function, by

A\ r(A+1)
(u) TG —pry MO

which, in the special case when p = n, n € Ny, yields

<)\>::1 ind (A)::A()\—l)...(A—nJrl):(1)”(>\)n7 en.

0 n n! n!

where (A),, A\, v € C, is the Pochhammer symbol defined, also in terms of the gamma function, by

" ::M: 1 v=0, AeC\/{0},
’ I'(A) AA+1)...(A+n-1), v=neN, XeC,

it being understood conventionally that (0)y := 1 and assumed that the I'-quotient exists. A gene-

ralized harmonic number H,gm) of order m is defined, for positive integers n and m, as follows:

H™ ::Z:i m,n € N, and H(()m) =0, meN,

rm’

and

ar dn+1
Y (z) = @{@0(2)} = W{logf(z)}, n € No.

. r . . .
In the case of non integer values of the argument z = —, we may write the generalized harmonic
q

numbers, H éaﬂ), in terms of polygamma functions
a -1)“
HED — ¢ o+ 1)+ @ <;+1>, g #{-1,-2,-3,...},

q (67

where ( (z) is the zeta function. We also define

H :Hﬁ”:wrz/z(;ﬂ).
q

Q3
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1420 A. SOFO

The evaluation of the polygamma function (@) (f) at rational values of the argument can be
a

explicitly done via a formula as given by Kolbig [7], or Choi and Cvijovic [2] in terms of the

polylogarithmic or other special functions. Some specific values are given as

40 224
HY =5 -22),  HY =4-22),  HY =" - 6().
> 9 p 2 27
Many others are listed in the books [13, 19, 20]. In this paper we will develop identities, closed form
representations of alternating half integer harmonic numbers and reciprocal binomial coefficients of

the form
(—1 >n+1H(2)
Z (n + k:)

B k

(1.2)

for p = 0 and 1. While there are many results for sums of harmonic numbers with positive terms,
see, for example, [1, 3, 4, 6, 8—12, 14, 16—18, 21-23] and references therein. There are fewer
results for sums of the type (1.2).

The following lemma will be useful in the development of the main theorems.

Lemma 1.1. Let r be a positive integer. Then for p € N

. (—l)j_1< ®) . g® )_ ®)
]Z:; P2 Hyg T Hiay ) = Hypey) - (1.3)
FOVp:]_
— (1)
; A

where [x] is the integer part of x. We also have the known results, for 0 < t <1

n+1
H,
In? (1 +1t) fzz

n+1
and when t = 1
S n+lH » 1
2;:: ) C(2)2L12<2>, (1.4)
o (=)™
In (1 S N A
tn(1+1t) nZl -,
hence
DT 1 I Ha
IHZ—; - _;nn_Q; = (1.5)
. ( 1)n+1H(2)1
B(0) =) % = 7¢(3) — 27G — 2In 2((2). (1.6)
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HALF INTEGER VALUES OF ORDER-TWO HARMONIC NUMBERS SUMS 1421

Proof. The proof of (1.3) is given in the paper [15].
Firstly, (1.4) and (1.5) are standard known results. Next from the definition, for p € Ny

1

ne 1

HEH) = / 1“ (1—2")dz (1.7)
0

we can write

o ( >n+1H(2) 1 oo () & n+1 _ g3
-3 R Pt £ U0,
[l (e Y g,

0

_]_ n
where G := Z:io (2(n+)1)2 ~ 0.91596 is Catalan’s constant.

Lemma 1.1 is proved.
Lemma 1.2. Let r be a positive integer, then we have the recurrence relation

oo (—1 )n+1H(2)

B b gy 2w 86 2%(2)
B(r)—nz:l n+r =—B(r-1) (2r—1)2+27“—1 r
_(;li__l);)? (1n2 + Hjso1 - Hr_1> (1.8)

with solution

B(r) = (~1)"B(0) - 2(~1)"¢(2) (H, — H,) -
~1rm2 (2@ + 2P, ) +

+8(-1)"G Y 2(;?; — 217y =Y
j=1 =

= (2 - 1)
()
)" (1.9)
j=1 2] - 1)
_1)n+1H(2)1
and B(0) = anl ———— =T7((3) - 27G = 2l 2((2).
Proof. By a change of counter
s (-1 )n+1H( ) 0o (_1)71 H(2)3
g n+r 7;2 n+r—1 -
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1422 A. SOFO

oo n 2
n:2n—|—7‘—1 n—3 2n —1

:_n:1 n+r—1 +;(2n—1)2(n+r—1)+ ror
2(2r — 1)
L) ) o~ (=) (2n —1)?
— Br—1)+-(H? —a) 445 2L _
r=1) r<§ ;(27“—1)2 2 1
2n—1 n+4+r-1
B K@ 8G

r 2(2r—1)2  2r-—1

oo
-1 n+1
sy S
— (2r—1)*(n+r—1)
From Lemma 1.1 and using the known results

B(r)=-B(r—1)— 247{2) - 2(271 o 2;3(—;1 +

1\ X 1yn+l r—1 . \nt1
A (S S e

n=1 n=1

which, for r > 1, results in the recurrence relation

m L 8G%(2)
(2r—1)*  2r—1 r

B(r)+B(r—1)=—

4(-1)"
— ——— (In2+ Hy.— —H,).
(27«_1)2(11 T rt
By the subsequent reduction of the B(r), B(r — 1), B(r —2),...,B(1) terms in (1.8), we arrive at
the identity (1.9).
Lemma 1.2 is proved.
Example 1.1.

oo (—1\nt1 (2)
(D" H T 184930 1827387 47

B(5) = nzl W15~ 207675 oom5 300 7B+

469876 In 2 2104G

It is of some interest to note that B(r) may be expanded in a slightly different way so that it

gives rise to another unexpected harmonic series identity. This is pursued in the next lemma.
Lemma 1.3. For r € N, we have the identity
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HALF INTEGER VALUES OF ORDER-TWO HARMONIC NUMBERS SUMS 1423

= B(r) + ! (3¢(2) —4G) + % <7r—61n2—2H%1>.

2r—1 (2r—1)
Forr =20
- Héi’_%
V(0) :n:1m = B(O)+4G—3C(2)+7r—61n2—2H7% =

1 T In(1—2a2
0
= 7¢(3) — 27G — 21n2C(2) + 4G — 3¢(2) + 7 — 2In 2.

Proof. By expansion

00 (_1)11+1I_In2_l 00 H§2)_§ H(i)_,
B _ 2 _ 2 2 _
(r) Z n+r Z n+r—1 2n+r
n=1 n=1
)
- i Hy s - 4
—\@ntr-1)@n+r) @n-1°@n+r-1))
and by rearrangement
2
> H2n—f > 4
> 2 1) (2 = B(r)+ 2 -
n:1 n+r—1)2n+r) —An-1)7"2n+r-1)
— B 3¢(2) — 4G 7( — 62— 2H.. )
() gy B 4G+ o e (m— 6l =
where B(r) is given by (1.9).
From (1.1) we can write
(2) 1 In—1
> H2n*% /logx - (1—1}" 2>d
— 2 = T =
= 2n (2n —1) -z~ 2n(2n — 1)

1
log x _1 In (1 - 2?)
- h PO o )de =
/1_$ (ﬁtan (x) + NG n?2 |dz
0

7¢(3) — 2rG — 2In2((2) + 4G — 3((2) + 7 — 2In2 =

=B(0)+4G —3((2)+m—6In2—-2H 1.

M

Lemma 1.3 is proved.
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Remark 1.1. Since we have the relation

H? | =48 — HO —2¢(2)

n—3

it is possible to obtain identities for p = 0,1 and £ > 1

X 1\n (2)
X )=y e

— n+k\
n}?( '

A. SOFO

The next three theorems relate the main results of this investigation, namely the closed form and

integral representation of (1.2).
2. Closed form and integral identities. We now prove the following theorems.
Theorem 2.1. Let k be real positive integer. Then from (1.2) with p = 0 we have

_ )n+1H 2)

[e's} (2) k
B SRNAE N ST ()0,
f <n + k) —

n= r

where B(r) is given by (1.9).
Proof. Consider the expansion

oo ( 1)n+1H(2) o ( )”'Hk'H( )1
W;,(0) = —2 = 2=
0= T T & e
k
o) 2 k M
—_ n+1p, r
Z( Y k'H”*%Zn—H“’
n=1 r=1
where
1 r+1
= e oy
n——r H 1n—i—7" ! T
Hence,
k B\ & ( )n+1H )1
W (0) = 1 r+1 n—3 —
k() Z( ) (7’)2 n+r

k
= ;(—1)”% (f) B(r).

Theorem 2.1 is proved.

2.1)

The other case of Wy (1) can be evaluated in a similar fashion. We list the results in the next

corollary.
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Corollary 2.1. Under the assumptions of Theorem 2.1, we have

r=1

w5 s G-

k
=T7¢(3) — 2nG — 2In2¢(2) = ) (— "+1<> (r). (2.2)

r=1

Proof. The proof follows directly from Theorem 2.1 and using the same technique.

It is possible to represent the alternating harmonic number sums (2.1), (2.2) and (1.8) in terms of
an integral, which is developed in the next theorem.

Theorem 2.2. Let k be a positive integer. Then we have

Vi logz L1 B
1+/<:/ 1—ux) 1+x)2F1[2+k ‘x]daz— 2.3)
k
—2G—¢(2) - (fi)k) it [21;1]{ '—1] —Wi(0), 2.4)

where Wy,(0) is given by (2.1) and o F} [ ’
Proof. From (1.7)

z] is the classical Gauss hypergeometric function.

we can therefore write
( )n+1 H(2

=)

e

|

|
O\H
= =

@]
| |02
ISERS]
[~]e

hence,
k 1,1 (1 Vo)
1 1+k)F 24k ‘_1]_2(1+x) k 2
/1 d:)::Z(—l)Hrr( )B(r).
0 /{\F Ia 171 . r=1 r
AR+ 24k
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Therefore, (2.3) and (2.4) follows.
Theorem 2.2 is proved.

A. SOFO

A similar integral representation can be evaluated for W (1) and B(r), the results is recorded in

the next theorem.
Theorem 2.3. Let the conditions of Theorem 2.2 hold. Then we have

1

1 1 L1
/\/Eogngl —z|dx =
1+k 1—=z 2+ k
0
) 1,1
— i) - 22 _1l.
1+ k 2+k
Also for B(r)
[ VEl )
zlogz B @) (g
e O(—x,1,1+7r)dx = B(r) 5 (H5 H%l),

0

where ®(—x, 1,1+ r) is the Lerch transcendent.
Proof. The proof follows the same pattern as that employed in Theorem 2.2.
Example 2.1. From (2.6), for r = 2,

1
Valnz

1—=x

& (—z,1,3)dxr = B(2) — ?(21112—1),

which reduces to

lim #(ln(l—i—x)—x(l—g))dx:

e—0J 22 (1—uz) 2

16

:7((3)—2<7T+§>G+3<;—ln2> ((2)—%01n2+—7r+7.

9
From (2.5), for k = 2,

1

1 1 1,1 2

hl Mﬂq [ |—x] dz = W(1) — @2]?1
3 1-2z 4

0

which reduces to

Inz 9
lim —— ((1+2z2)'In(14+2)—z)dr =
e—>06 23 (1—2) <( )" In( ) )

:28((3)+3(1—41n2)C(2)_8(W_i_8> 112 59

3 9 9

G——In24+ —74+ —.

2.5)

(2.6)
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From (2.4), for k = 2,

2 L1
2 —¢2) - 2,r ‘ 1] — W (0)
which reduces to
; 1
lim 5nx<(1—|—x)ln(1—|—:n)— x >dm:
e—0 /) 13 (1 _ :1:) +x

1 46 76 34 4
_14¢(3)+3<2—21n2>§(2)—<3 >G—91n2+97r+9

The Wolfram online integrator yields no solution to these integrals.
Remark 2.1. 1t appears that, for » € Ng, p > 3

( 1)n+1H( )

=Y et

n=1

may not have a closed form solution, in terms of some common special functions. Remarkably,
however, the sum of two consecutive terms of Y (p,r) does have a closed form solution, this result
is pursued in the next lemma.

Lemma 2.1. Forre N, peN

Yo +Y 0+ =30 B, (fg ) -

n=1 2

B 2 \? . pr/ 2 ' 22
_4<2r+1> G_2<2r+1> _(r+1)p+

+Up (55 1>p+1 (m2+ Hpy —H) +

p 9 p+2—j ]
w0 (5ag) -2+
j=2

3

ey (55) T (5 () - ). @

j=2
and for r =0
- 1y g 1 1
Y (p,0) +Y (p, 1 ; _é(mﬁ(n“)p):
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1428 A. SOFO

= 212G — Ppr + 20T pIn2 + (207 (p— 1) — 2) ¢(2)+

+> (p+1—5)277 (1-2"7) ¢(j).

Jj=3

Proof. Consider

Y(p,’r) + Y(p, T+ 1) - Z(_l)n+1H7522% ((n _i 7n)p + (TL i :+ 1)p>

n=1
and by a change of counter in the second sum we can write

> (*U"HHY(LZ_); 20(2)

Ypr)+Y (pr+ ) =)~ ~

n=1

N EDT e 4 )
;(n—i-r)p <Hn—é (2n—1)2>

o 4(=1)"+1 2¢(2)
=2 2n—12(m+rP (r+1p

2 \* 4/ 2\ N
2r+1/) (2n—1)2 2r+1 2n — 1 2(2)

zni_o:l(—l)mrl Jr< 9 )p+1 » +Zp:< 9 )p+2jp+1_j e

2r +1 n+r 2r +1 (n+r)

=2

B 2 \? . pr/ 2 ' 22
_4(2r+1> G_2<2r+1> _(r+1)JDJr

s Cp(5) (mes gy -+
P _ p+2—j e
+<—1>’“j2;<p+1—g>(2r+1) (1-27) () +
Ao () (5 () - )

Jj=2

and a rearrangement leads to (2.7). The case of » = 0 follows.
Lemma 2.1 is proved.
Example 2.2.

128 a 32 + 64 | 9579
pumy —_ n —_— ——————
3125 3125" ' 3125 25000

Y(5,2) + Y (5,3)

9302 36 14 3
+ 7759375“2) + @C(?’) + ﬁC(‘l) + 2*04(5);
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Y (5,0) + Y (5,1) = 128G — 1607 + 320In2 +

+62C(2) + 36(3) + 14¢(4) + %c(m.
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