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ALMOST EVERYWHERE CONVERGENCE OF CESARO MEANS OF TWO
VARIABLE WALSH -FOURIER SERIES WITH VARYING PARAMETERS *

3BI)KHICTh MAMKE CKPI3b CEPEJIHIX UE3APO 15 PSJIIB
YOJIIA - ®YP’€ IBOX 3MIHHUX 31 SMIHHUMU ITAPAMETPAMUA

We prove that the maximal operator of some (C, 3,) means of cubical partial sums of two variable Walsh — Fourier series
of integrable functions is of weak type (L1, L1). Moreover, the (C, 3,)-means o4z f of the function f € L; converge
a.e. to f for f € Li(I?), where T is the Walsh group for some sequences 1 > 3, N\ 0.

JloBesieHO, 110 MakCMMalbHUH omeparop Bin aeskux cepeatix (C, [,) KybGiuHHMX yacTKOBHX cyM psai Youa-—®yp’e
JIBOX 3MIHHHX ISl iHTerpoBHUX (yHKIiN Mae cnabkuit tun (L1, L1). Bigsm toro, (C, B3, )-cepenni 053 f s pysHkmii

f € L1 36iraotses maibxe ckpiss g0 f s f € Li(12), ne I — rpyna Yomma anis Aestkux mocmigioBHocTed 1 > By, N\ 0.

1. Introduction and main results. In 1939, for the two-dimensional trigonometric Fourier partial
sums S; ; f Marcinkiewicz [9] proved that for all f € Llog L([0,27]?) the relation

1 n
1p __ .
anf—n+1]§0:S],]f—>f

holds a.e. as n — co. Zhizhiashvili [12] improved this result and showed that for f € L([0,27]?)
the (C, a)-means

1 n

onf = e D AN }Siif

n =0
converge to f a.e. for any o > 0. Dyachenko [4] proved this result for dimensions greater than
2. In papers [8, 11] by Goginava and Weisz one can find that the (C,1)-means o} f of the double
Walsh — Fourier series of a function f € L1([0,1]?) converges to f a.e. Recently, Gat [5] proved this
result with respect to two-dimensional Vilenkin systems. The d-dimensional Walsh —Fourier case is
discussed in [7].

For the one dimensional trigonometric system it can be found in Zygmund [13, p. 94] that the
Cesaro means or (C,«)(a > 0) means of f of the Fourier series of a function f € Li([—m,7])
converge a.e. to f as n — co. Moreover, it is known that the maximal operator of the (C, a)-means
ol 1= sup,cy |0%] is of weak type (L1, L1), i.e.,

il;lg%(ff?f >7) < Cllflh, f € Li([=m, 7).
This result can be found implicitly in Zygmund [13, p. 154 -156].

* This paper was supported by the European Union, co-financed by the European Social Fund (project EFOP-3.6.2-16-
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In 2007 Akhobadze [1] (see also [2]) introduced the notion of Cesaro means of Fourier series with
variable parameters for one-dimensional functions. In paper [3], we proved the almost everywhere
convergence of the the Cesaro (C, oy, )-means of integrable functions 0" f — f, where N D Ny, g 2
> n — oo for f € LY(I), where I is the Walsh group for every sequence o = (), 0 < o, < 1.
The main aim of this paper is to investigate to two-dimensional version of this issue.

We follow the standard notions of dyadic analysis introduced by the mathematicians F. Schipp,
P. Simon, W. R. Wade (see, e.g., [10]) and others. Denote by N := {0,1,...}, P := N\ {0}, the set of
natural numbers, the set of positive integers and [ := [0, 1) the unit interval. Denote by A\(B) = |B|
the Lebesgue measure of the set B(B C I). Denote by LP(I) the usual Lebesgue spaces and |||,
the corresponding norms (1 < p < 00). Set

_J{p p+1] .
7= {[5 e} e}

the set of dyadic intervals and for given « € I set the definition of the nth (n € N) Walsh-Paley
function at point x € [ as

= ﬁ(_l)wjnj7
j=0

where N> n = ano n;j2’, n; €{0,1}, jeN,and z = Zg‘:o z;2 G+ zj € {0,1}, j € N.
Remark that if = is a dyadic rational, that is, x € {p/ 2":p,n € N }, then choose the expansion
terminates in zeros.

For any x, y € I and k, n € N define the so-called dyadic or logical addition as

o o0
x+y:=2|xn—yn|2_(”+l), l{:@n::zm—nimi.
n=0 n=0

By the definition of w,, we have
When = WkWn, lwn| =1,
and also the almost everywhere equality
wn (2 +y) = wn(T)wn(y)-
Denote by

n

n—1
. 1
fn) ::/fwnd)\, D, ;:§ W, K} .= Dy,

T k=0 k=0

the Fourier coefficients, the Dirichlet and the Fejér or (C, 1) kernels, respectively. At some places,
if it does not cause confusion, we simple write K, (instead of K}l) It is also known that the Fejér
or (C,1)-means of f is

oL f(y Zskf / F@) KLy + 2)dA(z) =
I

/ x) Dy (y + x)d\(z), neN, yel
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Now, for the two variable case we have for z = (z',2%), y = (y',4?) € I?, n = (n1,n2) € N

the two-dimensional Fourier coefficients

flnna) i= [ fGat e (oo, (DN %),
IxI
the rectangular partial sums of the two-dimensional Fourier series

ni—1ng—1

n1,n2f y y Z Z f klakQ wk1 )ka(y2)

k1=0 ko=
and the rectangular Dirichlet kernels

N — 1?’Lk 1

Dy iny(2) 1= Dm(Z Z Z w, (2 sz 2)7 z= (2172’2) eI?
k1=0 k2=0
We have the nth Marcinkiewicz mean and kernel
1 n
1
orfly +1Zsuf Ki) = g 2P

and so we get

) = [ RN g et ),
IxI
Denote by K7 the kernel of the summability method (C, a,)-Marcinkiewicz and call it the (C, ay,)
kernel or the Cesaro—Marcinkiewicz kernel for o, € R\ {—1,-2,...}

Ky (z1,22) = A%ZAgalem(%@)

where
(g + 1)(ag +2)...(aq + k)
k! '
The (C, a,) Cesaro—Marcinkiewicz means of integrable function f for two variables are

Qg __
ALt =

onn fyt, %) AanZAa” WSkt (Wt y?) /f(:vlwz)KS"(yl+x17y2+$2)dk(m1,x2),
IxI

omf(y y Aan / Aan—lf IE T )Dk(yl + l’l)Dk(y2 + $2)d)\(£61,l‘2).
k=0 151
Over all of this paper we suppose that monotone decreasing sequences (av,) and (3,,) satisfy

N
By = g, jﬁv log® <1+n><cAan N>n, nNEcP, (1.1)
N

for some 6 > 1 and for some positive constant C. We remark that from condition (1.1) it follows

o . . . .
= ) is quasimonotone decreasing. That is, for some C' > 0 we have

that sequence (
q ACn

an C (67%
AC“N — Aan ?
N n

The main aim of this paper is to prove the following theorem.

N2>n, n,NeP.
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Theorem 1.1. Suppose that monotone decreasing sequence 1 > [, > 0 satisfies the condition
A5 By
Br Ay

we have the almost everywhere convergence

(N +1—-n)° <C forevery N> N >n > 1 and for some § > 1. Let f € L1(I?). Then

o f— f.

Remark1.1. In the proof of Theorem 1.1 we define the sequence () in a way that age = S,
and, for any 2k < n < 261 et o, = a9k = [r. Then the sequence (cv,) satisfies that it is

an N
anN lo g‘S <1 + ) < C forevery N> N >n > 1. That is, condition (1.1) is
n

decreasing and AT

fulfilled.

We give two examples for sequences (/3,,) like above. Example 1: S = aor = oy = v € (0, 1)
for every natural number k, n.

Example 2: Let av, = 1/n. Then it is not difficult to have that A% — 1 and it should be fulfilled
for sequence () that CN/n > log®(1 4+ N/n) for some ¢ > 1 and it trivially holds.

j—1
Introduce the following notations: for a, n, j € N, let n(; = E ] o
1=

n(y = no and, for 2B <n < 2B+ et |n|:= B, n = n(B+1)- Moreover, introduce the following
functions and operators for n € N and 1 > oy > 0, a € N, where (2!, 2?), (y',y?) € I%:

n;2¢, that is, no) = 0,

T% (21, 2?) = AO“‘ Z AP 1D ,z?),
Tye(a',2%) := Dys(z Aaa ZA%;B)LD )|, T (al,2?) = Te (a2,
237
% (pl .2Y . a—1
j=

1—ay aa—1 J+1 1.1 .2 aa—10B | -1 1.2
- z_: Anm)ﬂm%(x Jat)| AR T28 [ Koy (a27)]

oo f(y' ) /ffﬂ )T (y' + 2t y? + 2%)dA (2, 27),
IxI

e f(y', y?) /fw L) T2 (y' + 2t y? + 2?)dA (2!, 2?).
IxI

Now we need several lemmas in the next section.
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2. Proofs.
Lemma 2.1. Let 1> o, >0, f € Li(I x I) such that

supp f € Iy(u') x T(u?), [ sir=o
T (ul) x I, (u?)

for some dyadic rectangle (u',u?) € I%. Then we have

[ s iz flar< clflh. 1)
n,aeN
T (ub) x I (u?)
We also prove that
(T3e (2!, )] < Toe (e, a®) + Tie (2, 2°) + Te (2" 2). 2.2)

Proof. First, we start with the proof of the inequality |79 | < T“a + T2 + iﬁj‘a.
B-1 A

Recall that B = |n|. Then, by equality Dys_; = Dys—wqs_1 Dj and npy = Z 0 n;2’,npy+
J:

+28 =n,
281
a a J— a*l a 1 _
ApeTie(a) = D Agp D Z Ao iDan_jan_j(x) =
j=0

:DQB DQB Z Aaail — WoB_ 1 DQB Z Aaa ! D )

n(B)+J n(B)+J
281
—wyn_1(2%) Dys (2" Z AZ?;)LDJ'(“Q)"'
§=0
2B1
gy (@ gn_y(a?) 30 AL Dy (et a%) = (1) — (2) - (3) + (4)
j=0
So, by the help of the Abel transform, we get
2B1
@] =| 3 Azl Dt a?)| =
j=0

_ ag—1 aa—l _
P> (Antmy+s ~ Anfp i+t ZD“ ot n(5)+2B Z Dii(a',2%)| =
0

251 .
_ +1

= (1 = Aaa 137[(1 1

| aa); "B gy +j+ 1 i@

332) + Aga_12BK213_1(:U1, 1’2)

IN

2k_1

_ j+1
< (11— ZA% T J Kl(p! 22
e par n<B)+j”(B)+j+1| a9+
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2B_1

_ +1
1— A=l ] KN (g 22 A%a—19B | 1 1,2y _
+( aa) j;c ”(B)-‘r]n(B) +ji+1 ‘ ]<m ) L )‘ + A4, ‘ 23_1(27 » L )‘

= I+ IT+1II.

By the above written, we have

281 281
a a1 a1
T (331,1‘2)} < Dys o5 (zt, 2?) E Ag(B)ﬂ- + Dyn(z!) E Ag(B)Jerj(f) +
Jj=0 Jj=0

Qg
ATL

23—1 2B_1
ag—1 ag—1 2
+D23 E An(B)ﬂD E An(B)ﬂD ) .

Thus,
2B_1

1 _
’T% T ,T )‘ < T ( 2) —{—DZB(:UI)—A% Z Az?B)iij(aﬂ) +
n

Jj=0
2B_1

1 _ ~ _ =
+Dy5 (:cz)A—%a Z Af{?B)iij(xl) = T% (2!, 2%) + T2 (2!, 2%) + T2 (2!, 2?).
=0

For n < 2F and (z',22) € I (u') x I, (u?), we have that T%(y 4 z) depends (with respect to )
only on coordinates x{, ...,z 1,23, ...,2%_,, thus T (y + z) = T (y + u) and, consequently,

/ ft, )T (y + 2ty + 2?)dA (@', 2%) =
I (ub) x I (u?)
= Tﬁ‘“ (yl +ut, y2 + u2) / f(xl, mZ)d)\(ajl, x2) = 0.
I (ub) X I (u?)

Observe that

Ik(ul) X Ik(u2) = Ik(ul) X Ik(u2) U Ik(ul) X Ik(UZ) U Ik(ul) X Ik(UZ).

Since for any j < 2* we obtain that the kernel K Jl (y + =) depends (with respect to x) only on
coordinates xé, . ,ar,lg_l, x%, . ,:1;%_1, then

F@)IEK (y + 2)ldA(@) = K (y + u)] / f(x)dA(z) =0

T (ub) x I, (u?) T (uh) x Iy (u?)
gives / f(@)I(y + x)d\(z) = 0. On the other hand,
To (ut) x I, (u?)

281

_  +1
II: 1— Aaa 1 ] J Kl 1 1 2 2 <
( Oéa) ]; n(B)+]n(B)+j+1’ j(y +x 'Y +x )‘ —
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n

< sup |KJ1(1‘1,:L‘2)|(1 — ag) ZA;““_I = A% (1 — ag) sup |KJ1(1'1,$2)|.

j>2% iz 2k

This, by Lemma 3 in [5], gives
1 1,1 .2
sup I1d\ < sup |Kj(z",2%)|dA < C.

e}
n>2k aeN An® j>ok
I x Iy Iy X1,

The situation with I/ is similar. So, just as in the case of /I we apply Lemma 3 in [5]:

1
/ sup Fﬂld)\ < / sup | K}, _,|dA < C.
_J  n>2k qeN “in n>2k

[kXIk‘ [kXIk‘

Therefore, substituting 2! = (z! + y'), 22 = (22 4 3?), where 2z € I x I; and, consequently,
Dys 55 (2%, 2%) = 0, we obtain

/ sup 1% fd\ =
n>2k aeN
IkXIk

_ / sup / et a) Tyl + g2 1 a?)dN (e, 2?)| dA(y' y?) <
n>2k aeN
I x I, kX1

1
< [ [ e sw ettt el )

n>2k a€N

T x Iy, L1 x 1k

HII(y' + 2ty +2®)]dA(z!, 2%)dA(y', %) =

1
= / |f(z1,x2)|/ sup FII(21,2’2)+III(ZI,ZQ)d)\(Zl,Z2)d>\($1,:L‘2)S

n>2k a€N

I x I, I xIy,

<c / et e dA !, 22).
IkXIk

This gives

[ sw [ slar<cisin

n,aeN

IkXIk

Lemma 2.1 is proved.
Now, we just proved the lemma which means that maximal operator sup,, , |t%| is quasilocal.
The following lemma shows that the one-dimensional operator which maps f € L;(/) to

n

1 anp—1
sup fx I ZOA]- K
j:

is quasilocal. This lemma is interesting itself if one investigates Cesaro means with variable para-
meters and in the proof we introduce methods which will also be used later.
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298 A. A. ABU JOUDEH, G. GAT

o
Lemma 2.2. Let («,,) be a monotone decreasing sequence and ( a" ) be a quasidecreasing
/rl/ n

sequences with 1 > oy, > 0, n € N. Then

su Aa" ! K;| <C.

J s Z K|
Iy,

Proof. Recall that K,, denotes the one-dimensional Fejér kernel, that is, K, = K}L By [6]

we get

1 0 I & o
/sup o E Agn I\Kj(a;)|da:§/sup ]Kj(x)\sup—Aan E Al Yz <
n>2k 4n j>2k n An

r__ok ~ —ok
Jj=2 T =2

< / sup |Kj(x)|dx < C.
Jj>2k
Iy,

_ k—1
On the other hand, if j < 2%, by I}, = U o Ta\Ia41) , we have
a=

2k—1
1 _

/sup o Z AJO.‘" 1\Kj] <

Iy
k—1 2k_1 201

< / sup AO‘"_1 |K;| + / sup AO‘”_1 K| =
=0 n>2k Aa Z az n>2k Aan Z
Ia\1a+1 Ia\la+1
= T+1I.

For I we obtain

]a\1a+1

k—1k—1 20+ g
< / sup |Kj| SUD —r E Apn—l

01— j>20b n>2k

a Obiafa\IaJrl [=2b

where
2b+1—1 (079 Qn
Aan 1 < A2b+1 1 Azb 1 _

sup E sup o =
n>2k n" —2b n>2Fk n

A% [(25+an)...(2b+1—1+an) _1] B

= sup 20(20 +1)... (261 — 1)

(07
n>ok An"

Ao
= su 1—|— 1+ 14+ -1 <
b A [ 2 2 1 1 2 1261

n>2k
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ASpr 2P Ao 9b\ 7
< su 2 (1+—n> —1| < C sup —2-a,, < C su — a, <
N nzgc A%n |: 20 N nzgk A%n " nzgc n "

<o ()" (22) <0 ()" (gt ).

AOén 2b Qn
where the inequality Azb <C () is given from [3] (Lemma 2.4). Besides, since (a,) is
n

Qn
n

a monotone decreasing sequences, then (20)“" < (2°)"2". Sequence (%) is quasidecreasing.
21)
Moreover, (1 + %) —1<Ca, forany 0 < a,, < 1, b € N.
Thus, by (2.3) [8],

k—1k—1 9a 2b ke k—1 b 9a 2b sk
I<C) > S b—a)oy (2k> =C) > S -aay <2k> <
a=0 b=a b=0 a=0

We have to discuss /7 in the case when j < 2% and, thus, |K;(z)| < j. Besides, A?‘"ilj = o AT
and we get

2a_1 201 20« + 1
Z A?n_l |Kj(2)] < o Z Ajr < anAge ™ = apAfe ( ——— ).
j=0 Jj=0 antl

Besides, by [3] (Lemma 2.4) and by the fact that the sequence (v, /n®") is quasidecreasing, we have

anASr, 1 2%+ 1 2¢ 4 1\ 20\ 2k
sup n 024 +1 4+ < C2% sup ap < + ) < C2%q <k> .
n>2k Ap" ap +1 n>2k n 2

Then

=1 90 %2k <]
II§CZ272aa2k <2k) SngpQkaﬁgC.
0 1=0

Lemma 2.2 is proved.
Next we prove the following lemma.

Lemma 2.3. Suppose that for the monotone decreasing sequence (o) the condition (1.1) is
Sulfilled. Let a: I\ {0} — N be defined as a(x) = a for v € (Io\Io+1). Then the inequality

[n| 2a=%)

/ sup ;#Z D AT K (2)| Dys (ah)d(at, %) < €

_ >k =
IkXIk s=k J 0

holds.
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300 A. A. ABU JOUDEH, G. GAT

k—1
Proof. Since / = / , we have to check the values of the integrand on
I IkX(I \[(H-l)

IkXIk a=0

I x (I.\I441). Thatis, 22 € I,\I,

j(@?)] < Cj gives

ap ... (ap+37—1) I+an)...(J—14+ayp)

e T e (] ~ e
Hence it follows that
2@ 2@
> ANTHE(2%)| O anAfry = Ca, Aget) =
i=0 ‘
24+ ap)...(2° 4+ ay)

=Cay

2a
= Cay, (1 n Oén> ASr < Coan 2% A5,

(2¢ —1)!
that is, we have to investigate
id

k—1

(7% an
ZO/ sup Ai%énA?l ZkDQS([L‘l)d(xl).
a= T sS=

n>2k

Recall that / 20 <1, A < A;fk, since a, \, and n > 2k Also recall that
[a\la+1

(67 C Q9k
n — Ak 7
Ap log? (1 + 2n—k> Asz

which gives
A2 1
%Agg} S COé2k g[ "y n .
n log? (1 + 27)

That is, we have to investigate

A% In|

2)0{21@14 " / sup ( )ZD2€ d(a?
= 2k

n>2k ]og

Check the integral above / = Z:Ok / and the integral on I; \ I;41 can be estimated by
I =rJI

e\ t41

min(t,|n|)

/ sup ———— Z 2%d(z L
n>2k(1+]n\—k T (t+1-k)°

I\Iiq1 s=k

and henceforth, by 6 > 1, Z < C. We have, by Lemma 2.4 in [3], that

(1+t—Fk)°
k—1 k k—1
A5 20 4 1 20
2. A <220a2k<2k> <CZ“Q’“<> =

ISSN 1027-3190. Vkp. mam. scypn., 2021, m. 73, Ne 3
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. .
1 J CO&Qk
< Cagr Z <2a2k > = — e () <C.
=0 2

Lemma 2.3 is proved.
Let (ay,) be a monotone decreasing sequences such that 0 < «,, < 1 with property (1.1). That

is, for some § > 1,C > 0,
1 1+— | <C
an AR 8 + n/)

forevery N> N >n > 1.
We prove the following lemma.

Lemma 2.4.
k—1 |n| k—1 2b+1
[ s XY Y A )| D %) <
aZOIkX(Ia\Ia+1) n>2" s=k b=a j=2b+1

Proof. By the result of Goginava [8], that is, by

b—a
/ sup ‘KJ(xQ)‘ dz®) < C <2b_a> , (2.3)
T\Tas
we have to investigate
In| k— Ly 2b+1
Bii=) / w ZZ o O AP Da(a)d(a).
a<kj n>2 e 2
Jj=2°+1
So, we have
2b+1
S Al AT, A = A {(2’7 tltan).. (2" +a,) 1] B
] - b+1 b T b -
et J 2b+ 2 2 (26 +1)...(2b+1)

" Qp (7% " Ol 2
= A% [(1+2b+1>...(1+2b+1)—1] < A {0( +2b) 1

On the other hand, by / Zt N / it follows that

I\I141
PRI e
sup ————— Dos ( s 95 <
i n>2k ([n| +1—k)" = — n>2k (In|+1— a1

> 1 Il 1 .
Z sup ————2/" + sup ————————=2" [ =
t>n|>k (In| +1 — k) In>t (|n] +1—k:)

t=Fk I\It41 I\It41

o0
Z (B21 +Ba2y2).
—k
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Now we have

o0 o0 1
(Baz2) < ,
2 (B22) S0

0 9ln|+1-t 0

S By sw S <y
t=k _k)

t=k t>|n|>k (|n| t=k+1 (t

_ k)5

That is, for B; we get

- n
B1<CZS zkAa ZanAgb" = alog < 2—k>><

a<k >

o0 1 min(¢,|n|)
X sup —————— Dys (2 dazt <
tz; / nsor (In|+1-k)° =
Ie\Ii 41
n =l b—a

< CZ:E; T < +27:) D AN G <

a<k b=a

b— o n
<C AQIC | 5(1 —)::
= B3.

Recall that A < A;?’“ Since n > 2% and (o) is a monotone decreasing sequence, by the

properties of (cv,) we have Aa log® (1 + 2k) <C %, and then by Lemma 2.4 for the Cesaro

2k
numbers in [3]

B3 <

b—
ZZA262k 2b—¢(zl :Cjz; ZA Z ob—a ;<

2’“ a<k b=a a=0
k—1 b Ok k—1 b\ %k
20 41\ 20\ 2
oo ZA <o (500)  soXan () =c
k b=0 b=0

again just as at the end of the proof of Lemma 2.3.

Lemma 2.4 is proved.

Corollary2.1. Let 1 > a4 > 0 fulfill property (1.1). Then by Lemmas 2.3 and 2.4, as a direct
consequence, we have

In| 2k

/ o2k A%ZZA”‘"“?K 2)| Dye () d(a", 2%) < C.

LoxTh =k j=0

Moreover, we prove the following lemma.
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Lemma 2.5.
In]  2lnl
/ o Aa > D APTK, )] Da(ahd(ata?) < €,
7n>2k s= k] 2k 41
I X1y,

where 1 > «, > 0 is a decreasing sequence with property (1.1).
Proof. By the result of Goginava [8] (see (2.3)) we have / SUp;>ob ‘Kj(xl)} d(z') <
N\
b—k+

<C T for any b > k. That is the integral in Lemma 2.5 is bounded by
In| |n|-1 2o+
1 b— k: 1
C [ s g >3 TN z A% Dy () d(at) = By
i n>2k L bk =2b41

2b+1

As in the proof of Lemma 2.4 we have —_— A;?‘"_l < CanAg‘b". In the proof of Lemma 2.4
]:

we can find inequality

and henceforth
[n|-1 In|

B4 < / SUp —o ——ap, Asy (In] +1 = k) ——————= ) Das(a')d(z") <
n>2k An bz:; 20—k 2 (In|]+1— k)(s ;

Iy,

n| n|

< C sup — ——a, A5 log? (1 4+ — / sup ——————— Y Das(z7)d(z) <
n>2k An” g 20k 2 ( 2k> n>2k (In] +1— k?)5 g

k

id

b—k+1 n
<C A% ] 5(1+—)::B.
= yio ; gp—k 08 (1 ¥ gp) = Bs

(7% 5 < n ) Qok
lo 14+ — ) < C—;—, we have

So, by

In|

b—k+1

B5<C ak sup E WA?;
2k 1’L>2kb k

Since (o) is a monotone decreasing, then A% < A;fk. Thus, by [3] (Lemma 2.4) (second inequa-
lity below)

3
{A S A2k+1 + A2k+ A2k+3 ] =

By < 22
AT
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o k-+ a2k . o0 .

28T + 1 J J

§C042k EO<2]€> gSCOéQk EOMSC
J= J=

asitholds 0 < ayr <1 —ag < 1.
Lemma 2.5 is proved.
Corollary 2.1 and Lemma 2.5 give the following corollary.
Corollary2.2. Let 0 < oy, < 1 be a monotone decreasing sequence and

1 1+— ) <C
AV an °8 * n)

forevery N >n > 1. Then

In|]  2lnl

/ i A};{" > AT K (2)| Dos (a)d(a?,2%) < C.

_ n>2k —k+1 j=0
1o xTy s=k+1j

By the help of Corollary 2.2 and Lemma 2.1 we prove that operator

£ 50 i=suplt5 )] = sup| [ F@)|TE e+ p)laA@)
IxI

is quasilocal.
Lemma 2.6. Suppose that sequence (cv,) fulfills the conditions of Corollary 2.2. Let f € Li(I X
x I) such that supp f C Ip(u') x I (u?), fdX = 0 for some dyadic rectangle. Then

T (ul) x Iy, (u?)
we have

/ £ fdA < C| f]1.
I (ul) x I, (u?)

Besides, operator t* is of strong type (Loo, Loo)-
Proof. Recall that for any m, n < 2¥ we have f(m,n) = 0, and then

t*f(y) == sup [t f(y)].
n>2k

The proof this lemma is based on Lemma 2.1. More precisely, on inequalities (2.1) and (2.2), that is,

/ t* fd\ < / sup [t& f|dA+
S J n>2k
Ik(ul)XIk(UQ) Ik(ul)XIk(U,Q)

+ / sup [tom fld\ + / sup [0 fld\ =: Ay 4+ Ay + As.

n>2k n>2k
T (ul) x I (u?) T (ul) x I (u?)

Lemma 2.1 means that A; < C||f]|;. Since the difference between terms Ay and Az is only the
interchange of variables therefore it is enough to discuss Az only. By the theorem of Fubini and the
shift invariance of the Lebesgue measure, we have
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as [ i) [ s TR @).

n>2k
Ik(ul)xlk(lﬂ) IkXIk
Therefore, if we could prove the inequality sup T (21, 22)d\(z) < O, then the proof of
Iy x I, n>2k

Lemma 2.6 would be complete.
By the help of the Abel transform, we get

281
n T n — ail N
A Tgn (21, 2%) = Don (1) | Y- AR D;(22)] =
§=0
281 -1
_ 1 a—1 a—1 n—1 2\ —
= Dys(27) Z (Az(B)-H Z(B)"']‘i‘l ZD +A7 n(p)+28 Z Di(=7)| =
j=0 =0
B_
— j+1 .

= DQB(Z]') (1 — Ozn) Z Ag?];ijml(j (22> + Agn—12BK213_1(22) <
=0

251

< Dos(2h) ZA;M*\K}(%)HDQB( A28 | Kop (7). (2.4)
7=0

Use the facts that I x [, = fk x I U fk X fk U I X jk and DQB(Zl) =0 for n > 2k, that is,
= |n| > k in the case of z! € Ij. Moreover, 28 A%~1 /A% < 1, then by Corollary 2.2 the proof
of the sublinearity of operator t* f is complete. On the other hand,

[t flloo < sup / [ lloo| T3 (2 4+ y)|dA(z) | < C| flloo
IxI

as it comes from (2.4) and the fact that the L;-norms of the Fejér kernels and also the Dirichlet
kernels with indices of the form 2™ are uniformly bounded.

Lemma 2.6 is proved.

Now, we can prove the main tool in order to have Theorem 1.1 for operators

ol f = sup‘agﬁf‘ = sup‘f*KQBJZ
neN neN

and

G2 f = sup &gﬁf
neN

:sup’f* ]Kgff\ .
neN

Lemma 2.7. The operators &> and o° are of weak type (L1, Ly).
Proof. First, we prove Lemma 2.7 for operator 7. We apply the Calderon—Zygmund decom-
position lemma [10]. That is, let f € L1(I?) and | f||; < n. Then there is a decomposition

F=f+> f

Jj=1
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rectangles for which

such that || follee < Cn, [[folli < C|If]lx and I7 x 17 = Ij (u?') x I, (u??) are disjoint dyadic

A . C , ,
supp f; C IV x I, /fjd)\zo, MF) < Hgl”, (W w?) eI xI, k€N, jeP,

1ixIi

where F' = U521 J x I. By the o-sublinearity of the maximal operator with an appropriate con-
stant C, we have

NG f > 2Cn) < A(EY fo > Cn) +>\< <Zfz> >C> =1 +1I.

Notice that
D2n (I'l)DQn (2132)

At
and keep in mind that operator sup,, | f * (Dan X Dan)| is quasilocal and it is of weak type (L1, L1)

and it is also of type (Lp,L,) for each 1 < p < oo [10]. Since by Lemma 2.6 || follco <
< C|lfollo < Cn, then we have I = 0. So,

A (55 (Z fi> > Cn> <AF)+ A (Fﬂ {55 (2 fi) > cn}) <

<Ol , © Z/”fm U, © ZH%

IJ><IJ

Ky (x) = Tg2" (z) +

where

111, := / &P fid\ =

1ixIi

— / sug / fi(x) ‘Kgﬁ (y + x)‘ d/\(xl, :c2) d)\(yl, y2).
ne
I, (i) X I, (u9) T (ud) X I (ud)

The forthcoming estimation of /71 is given by the help Lemma 2.6:
L1 < CJl il

That is, operator 57 is of weak type (L1, L1) and same holds for operator of.
Lemma 2.7 is proved.

Proof of Theorem 1.1. Let P € P be a two-dimensional Walsh polynomial, that is, P(z) =
= Z cZ jwi(z wj(xQ). Then for all natural number m > 2% we have that S, ,, P = P. Conse-

quently, the statement (;5::13 — P holds everywhere. This follows from the fact that for any fixed j
n__ _ n

it holds =
Agg (2n -1+ /Bn)(zn + ﬁn)

— 0.

— 0 since, for instance, for j = 1 we have

Aﬁn
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Now, let , € > 0, f € Li(I?). Let P € P be a two-dimensional Walsh polynomial such that

If = Plls < 7. Then

)\<hm‘ Ly f(>e>_

<A(mlots-p > 5) o> (T lobir - o> 5) 2 (g lotir - 1] > §) <
3 3 _C
<A (Tm |ofs (/= P)| > £ ) +0+ 2P = flh < CIP = fh= < o

B

because o) is of weak type (L1, L;). This holds for all » > 0. That is, for an arbitrary € > 0 we
have

ATl -2 ) =0

and, consequently,

A(llén’ ”f f’>0>—

This finally gives 02” f— f ae.

Theorem 1.1 is proved.
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