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GLOBAL EXISTENCE AND LONG-TIME BEHAVIOR
OF A NONLINEAR EQUATION OF THE SCHRODINGER TYPE *

INTOBAJIBHE ICHYBAHHSA TA TOBI'OYACOBA ITIOBEJIIHKA
HEJITHIMHOT O PIBHAHHS TUIY IIPHOJIIHTEPA

We study a global mixed problem for the nonlinear Schrodinger equation with nonlinear addition in which the coefficient
is a generalized function. We prove a global solvability theorem for the considered problem with the use of the general
solvability theorem from [Soltanov K. N. Perturbation of the mapping and solvability theorems in the Banach space //
Nonlinear Anal.: Theory, Meth. and Appl. — 2010. — 72, Ne 1]. Furthermore, we also investigate the behavior of the solution
of the analyzed problem.

BuBuaerbcst mobanbHa MillaHa 3aja4a Jurs HewiHiiHoro piBHsAHHS [lIpeoaiHrepa 3 HeNiHIHUM JOJaBaHHAM, B SIKiH Koedi-
LIEHTOM € y3araipHeHa QyHkuis. JloBeneHo TeopeMy Ipo m1o0aabHy PO3B’sI3HICTh MOCTABICHOT 3aJa4i Ha OCHOBI 3arajibHO1
TEOpeMHU Npo po3B’si3HICTH 3 [Soltanov K. N. Perturbation of the mapping and solvability theorems in the Banach space //
Nonlinear Anal.: Theory, Meth. and Appl. — 2010. — 72, Ne 1]. Kpim Toro0, IOCHiIKEHO MOBEAIHKY PO3B’A3KY 3a1adi, 110
BHBYAETHCA.

We consider the following problem for the nonhomogeneous nonlinear Schrédinger equation

igq;—Au—i—f(x,u):h(t,x), (t,z) e R x Q=Q, (0.1)
u(0,2) =ug(z), z€QCR", n>1, u ‘R+X39 =0, (0.2)

where h(t,z) and ug(z) are complex functions, f(x,7) is a distribution (generalized function)
with respect to variable z € 2, ) is a bounded domain with sufficiently smooth boundary 052,
i = v/—1. We investigate this problem in the case, when the function f(z,t) can be represented as
f () = q(@) |ut, )P ult, )+ a(z) [u(t, z)[P~2 u(t, z), i.c., the function f has the growth with
respect to unknown function of the polynomial type, where a: 2 — R is some function and ¢:
0 — R is a generalized function, p > 2, p > 2, h € Lo(Q) (i.e., h(t,x) = hi(t,z) + tha(t, z) and
hi € La(Q), j =1,2).

The nonlinear Schrédinger equation of the type (0.1), and also steady-state case of the equa-
tion (0.1) arises in several models of different physical phenomena corresponding to various function
f. The equation of such type were studied in many articles under different conditions on the function
f in the dynamic case (see, for example, [2, 4, 6-9, 14, 17, 18, 20, 22, 24, 32, 33, 35] and the
references therein) and in the steady-state case (see, for example, [1, 3, 5, 10-16, 18, 19, 23 -26, 28,
33, 34, 36] and references therein). It is known that in this case the equation (0.1) in the steady-state
case (i.e., if v is independent of ¢) is an equation of the semiclassical nonlinear Schrédinger type (i.e.,
NLS) (see [1, 2, 3, 10, 13] and references therein). Considerable attention has been paid in recent
years to the problem (0.1) for small € > 0 as the coefficients of the linear part since the solutions are
known as in the semiclassical states, which can be used to describe the transition from quantum to
classical mechanics (see [3, 10—14, 23 -25, 33 -36] and references therein).

* This paper was supported by 110T558-project of TUBITAK.
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In the above mentioned articles the equation (0.1), and also the steady-state case was considered
with various functions f(x,u) that are mainly Carathéodory functions' with some additional prop-
erties. Moreover, in some of these articles are presumed, that dates of considered problem possess
more smoothness and study the behavior of a solution of the posed problem with use the Fourier mod.
Although such cases when f(x, u) possesses a singularity with respect to the variable x of certain type
were also investigated (as equations Emden — Fowler, Yamabe, NLS etc.), but in all of these articles
the coefficient ¢(x) is a function in the usual sense (of a Lebesgue space or of a Sobolev space).

In this paper we study problem (0.1), (0.2) in the case when f have the above representation and
the function ¢ is a generalized function and the behavior of the solution. Moreover here for the proof
of the existence theorem of the problem is used some different method, which allow us several other
possibility. It should be noted that the steady-state case of the problem of such type were studied in
[28]. Here we study problem (0.1), (02) globally in the dynamical case, which in [32] is studied for
t € (0,T), T < oo. Here an existence theorem (Section 1) for the problem (0.1), (0.2) is proved in
the model case when f(x,u) only has the above expression (Section 4).

In Section 2 we have defined how to understand the equation (0.1) with use of representation of
certain generalized functions and properties of some special class of functions (see, for example, [27,
28]). In Section 3 we have conducted variants of the general results from [29, 31], on which the
proof of the solvability theorem is based and in Section 5 is studied the behavior of the solutions of
the considered problem under certain additions conditions.

1. Statement of the main solvability result. Let the operator f (z,u) have the form

f(z,u) = q(@)|ulP?u+a(z) [ut,2) P2 u (t,z) (1.1)

in the generalized sense, where ¢ € W ~1P0(€2), pg > 2 (it should be noted that either py = po (p) or
p=p(po)),a: Q2 — Rand u: @ — C is an element of the space of sufficiently smooth functions
that will be determined below (see Section 2). Consequently the function ¢(z) is a generalized
function, which has singularity of the order 1.

We will set some necessary denotations. Everywhere later the expression of the type u &
erLm (R+; W§’2(9)> N L2 <R+; Wolv?(Q)) = [2m) (R+; Wol’z(Q)> for u: Q — C denote the
following:

() € (L7 (R Wi2(@)) = (£ (R Wi2@), 2 (R Wi (@)

holds for m; € [2,m], where u(t,z) = ui(t,x) + dua(t,x), m > 2* consequently we can set
u(t,z) = (u1(t, ), us(t, x)), ie., u: Q — R2.

Everywhere later (-, -) and [-, -] denote the dual form for the pair (X, X*) of the Banach space X
and its dual space X*, for example, in the case when X = WOI’Q(Q) and X = L™ <R+; W012(Q)>
we have

o = (mre)” (me@)’)

'Let f: @ x R™ — R be a given function, where Q is a nonempty measurable set in R™ and n,m > 1. Then f
is Carathéodory function if the following hold: * — f(=x,n) is measurable on Q2 for all n € R™, and n — f(x,n) is
continuous on R™ for almost all x € Q.
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and
2 , B 2
e = (o (R @)) (27 (i 2@) ).
respectively, where m) = mml T In the other words we will understand these expressions every-
| —

where later as the following representations:

(g, w) = /Q(QT)w(ﬂﬁ)d% g; €Wy (Q), w; e WHHQ), g=g1 +ige,
)

and

E//gt:c (t,x)dwdt, g € L™ 1<R+,W012(Q)>,
0 Q

w; € L™ (Ry; W™2(Q))

respectively.
Assume the following conditions:

2 ~ .
+2ifn23,p€[2,oo) ifn=1,2and a € L>®(Q);

(i) letp <
n

(ii) there exist numbers kg > 0, po > 1 and k7 < min {1; p} such that 1 < py < n2’ if
p n—
n>3,2<py<oo,ifn=1,2and
(a(@)ul™2u,) > ~ko |lull?, = ki (a(a)lul”2u, ) (1.2)

holds for any u € L™ (R+; W012(Q)> and a.e. t > 0, where 1 > C(2,p2)? - ko. Here C(2;p2) is
the constant of the known inequality of embedding theorems for Sobolev spaces

IVully = C(2:p2) lull,, Vu € Wy*(Q).

Definition 1.1. A function

ue L™ <R+; WOI’Q(Q)) N2 <R+; WOI’Q(Q)> N {u

ng (R+; LQ(Q)); u(0,x) = uo}

is called a solution of the problem (0.1), (0.2) if the following equation is fulfilled:

070 ! [z?;; —Au+f (x,u)} pdxdt = 0709/ hip dxdt (1.3)

for any ¢ € L(2™) (R+; W012(Q))
It should be noted that the sense in which equation (1.3) is to be understood will be explained
below (Section 2). We have proved the following result for the considered problem.
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Theorem 1.1. Let the function f have the representation (1.1) in the generalized sense, where
2n

2(n —1) —p(n—2)’

q € Wp_ol(ﬂ) is a nonnegative distribution (generalized function®), py =
2(n—1)
n—2

6
ifn=1 <in particular, if n = 3, then 2 < p < 4 and py = 4> and conditions (1), (ii)
—-D

>p > 2ifn >3, po,p > 2 are arbitrary if n = 2, and pg,p > 2 are arbitrary

are fulfilled. Then for any h € L*(Q) and ug € Wol’Q(Q) the problem (0.1), (0.2) is solvable in
0
LGZm) (R+; WS’Q(Q)) N {u a—? € L? (Ry; L*(Q)) 5 uw(0,z) = uo}.
For the investigation of the considered problem we used some general solvability theorems, which
are conducted in Section 3. We begin with explanation of equation (1.3).
2. The solution concept and function spaces. So we will consider the case when the function
f (z,u) has the form (1.1) where functions a, ¢ and u are the same as above. Consequently

the function ¢(x) is a generalized function, which has singularity of order 1. Therefore we must
understand the equation (0.1) in the generalized function space sense, i.e.,

/ [z‘?;f —Au+tf (m,u)] B(z)dz =
Q

/ [ig:: — Au(t,z) + q(z) |u(t, 2)[P 2 u(t, x)} ?(x)de—
Q

/a(x) |u(t,:1:)|572 u(t,z) p(x)dx = /h(t,ﬂ:)cp(x)d:v (2.1)
Q

Q

for any ¢ = 1 + i, ¢; € D(Q), j = 1,2, where D(2) is C5°(€2) and suppy; C § with
corresponding topology. Here the equation (2.1) will be understood in the sense of the space
La(Ry).

In the beginning we need to define the expression q|u|P~2u. It is known that (see, for example,

n
[21]) in the case when ¢ € ngl(ﬂ) we can represent it in the form ¢(xz) = Zkfo Dyqp(z),
Dy = T Dy =1, g € Ly, (), k = 0,1, n, in the generalized function space sense. From here it
Tk _

follows that if a solution of the considered problem belongs to the space which contains to VVO1 PLQ)
for some number p; > 1 then we can understand the term ¢|u|[P~2u in the following sense:

(alup~2u.¢) = [ ala)lult,n)P2utt, p(a)ds 2.2)
Q

for any ¢ = 1 + g2, ¢; € D(R), j = 1,2, and a.e. ¢ > 0. Therefore we must find the needed

number p; > 2. Namely we must find the relation between the numbers py and p1. So, taking into

account that for a function u € L™ <R+; WOLZ(Q)), ie., p1 = 2 (as h € L?(Q) by the assumption)
2n

we have u € L™ (Ry; LﬁT(Q)), where p; = 2* = 5 for n > 3 by virtue of the embedding
n —_—

theorem, from (2.2) we get

2 See Definition 2.1 of the Section 2.
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(q [uP~2u, ) = / o(@) [ult, 2P~ u(t, 2)p(x)d =

Q

- / > (;qum) ut, 2) % ult, )p()dx =
Q k=0

n

- [ *Odw—/qu (1 ~2u) 7o+ [ ao = e =

Q

R A K 23)
Q

by virtue of the generalized function theory.
Remark 2.1. It should be noted that I5 is estimated by following way. Firstly we note that

1) ut wn' T -

oxy,

0 0 p—2 p=4 [ Ou
. p—2,\ — _~ m — (p — m il
o (720) = o ()7 u = (0 - 2) ()" <a ,

Tk

p=4 ( Ou ou
=(p—2 I - p—2 =
-2 )T (o )ut

here as known (u(t, x), u(t, x)) = |u(t, z)|? for u(t,z) € C. Consequently we have

/qu |u]p 2u)¢dz:
o Ou _ - 4 Ou _\ _
i lul? 2(9xksodx+/(p—2)2kuUIp ! (M,U)wdxﬁ

< / gulul? 2
Q

k=1
n
— (1) / S giful?

Here and in what follows we assume n > 3. Because if n = 1,2 then we can choose arbitrary
p > 2, as will be observed below. Let us take into account that ¢; € D(§2) and n > 3, then in
order for the expression in the left part of (2.3) to have the meaning, it is enough for us to take

2 -1 -2
m for the integral /; and 0 < p—2 < M

ou |
‘ @l dx =
Oxy,

2 plar+ (0-2) /qu\urp 2

ou |,

1<p-1< for the integral I5. Therefore

po(n — 2) po(n — 2)
-2 2
if2<p< 31po ( (n;—) Po) then the left part of (2.3) is defined. Now, let ¢; € W(}’Z(Q),
Poln —

7 =1,2. Then it is sufficient to study one of the I; and I5. Let us consider /7, from which we obtain,
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2npg — 2 (n + po)
po(n — 2)
if we take into account that given p, we obtain pg =

that 2 < p <

, moreover we can choose p > 2 only if pg > n. On the other hand,
2n
2(n—1) — p(n—2)

for po < oo we must choose 2(n — 1) > p(n —2) or p < LQ In the case when n = 3 then
n—
6
p<4and pg = ——.
4—p
Thus we determined under what conditions the left part of (2.3) is defined. Hence that implies
the correctness of the statement. N
Proposition 2.1. Assume f be an operator defined by expression f(u) = q|ulP~2u, where q €

2(n — 1 2
e WLro(Q), and u € L™ <R+; W&’Q(Q)) If2<p< (:_2) and py = 3 1) _”p(n 5

6 -
ifn>3 <inparticular, ifn=3then2 < p < 4dandpg = 4—p> ,then f: L(2™) <R+; W()M(Q)) —

— L*(Ry; W12(Q)) is a bounded operator:
So that exactly explains Proposition 2.1 and the representation (2.2) for any ¢; € VVO1 2(Q) we
consider the following class of the functions v : Q2 — C-

, and consequently in order

My = {u € L) | n(w) € WH(Q), nw) = [ul*Pu} = S1a6(Q), @4

where o > 0, 8 > 1 are certain numbers, WI’B(Q) is a Sobolev space, i.e., we consider a class of

the pn-spaces>.

It is not difficult to see that if 1 < ag + By < a1 + 51, 0 < By < B1, a180 < apfb1, 1 < 51 then
n n
/ |u!aoz |Dyul® dz < c/ |u!°‘12 |DyulPt dz + (2.5)

holds for any u € C}(£2), where constants ¢, ¢; > 0 are independent from .

Furthermore if we will introduce the space M77 W8 () = 51.0,8(Q) = S1,0.58Q)N{u(z)|ulspn = 0}
"o
then we get the following lemma.

2(n—1
Lemma 2.1. Let u € WOM(Q) and the number p satisfy the inequation 2 < p < (”_2),
n > 3. Then the function v(z) = n (u(x)) = |u(x)? belongs to Wol’ﬁ(Q)for any (B € [1,pg] , where
2n Do 2n . . 1,2
= dpy = = . (It is obvious: “(Q =
Do 2(n—1)—p(n—2)an D) o1 pn-2 52 (It is obvious: w € Wy (Q) = v
= |ul? € W&’ﬁ(Q)for any B € [1,2) if n =2, and for any 8 € [1,2] if n = 1.)
Proof- We have
/|u](p1)'3 |Dyu)? dz < k(e) / ]Dku\de—i-a/ \u|(p71)ﬁﬁdaﬁ
Q Q Q
2n
for any v € W 12(Q) and B € [1,p))]. It is enough to consider the case f = p) = —————,

because €2 C R™ is a bounded domain with sufficiently smooth boundary 02. So, from here we get

3 These are a complete metric spaces; about their properties see, for example, [30] and references therein.
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-1 /il
/Iul(”%Dkuﬁdxgc(e)/ |Dku]2da:+g/ 1| PP g g
Q Q O

2 2
Then (p — 1) p{ — %" holds under the conditions of the Lemma 2.1. Consequently, we
09 — Py, n—2

obtain u € Wol’2(Q) — v =uf € Wol’ﬁ(Q) for any S € [1,pp], with choosing £ > 0 sufficiently
small and with use the embedding theorem for Sobolev spaces.
Lemma 2.1 is proved.

2(n—1
Corollary 2.1. Let u,w € W01’2(Q) and the number p is such that 2 < p < (n2)
n—

Then the function v(z) = |u(z)|P~? u(z)w(z) belongs to Wol’B(Q) (ie, v € WOIB(Q)) for any
2n do — Po
2(n—1) —p(n—2) " T p 1

Now we introduce a concept of the nonnegative generalized function.

Definition 2.1. A generalized function q(x) is called a nonnegative distribution (“q > 07) iff
(q, v) > 0 holds for any nonnegative test function ¢ € D(f2).

3. General solvability results. Let X, Y be reflexive Banach spaces and X*, Y* their dual
spaces, moreover Y is a reflexive Banach space with strictly convex norm together with Y* (see, for
example, references of [29]). Let f: D(f) € X — Y be an operator. So we conduct variant of the
main result of [29] (the more general cases can be seen in [31]). Consider the following conditions:

(a) X, Y be Banach spaces such as above and f: D(f) C X — Y be a continuous mapping,
moreover there is the closed ball By (z9) C X of an element zo of D(f) that belongs to D(f)
(Byy (o) € D(f))*

Let the following conditions are fulfilled on the closed ball B;X (zo) C D(f):

(b) f is a bounded mapping on the ball B (x¢), ie., ||f(z)|ly < w(||z]x) holds for any
x € By (wo) where po: R}, — RY is a continuous function;

(c) there is a mapping g: D(g) € X — Y™, and a continuous function v: Ri — R!
nondecreasing for 7 > 79 such that D(f) € D (g), and for any S;(zo) C B (%0), 0 < r < 9,
closure of g (S:X(z0)) = SY(0), SX(z0) C g7 (SY(0))

(f(x) = f20), 9(2)) = v ([l = w0l x) [l = zol x , (.1

ae. € Bfg(xo) and v(rg) >dy >0

,n > 3.

B € [1,pp] , where py =

holds, here §g > 0, 79 > 0 are constants;
(d) almost each Z € int B;X (o) possesses a neighborhood Vz (Z), € > £y > 0, such that the
inequation

If (x2) = f (2)lly = @ (lz2 — 215, T,€) + ¥ (|1 — 22|27, €) (3.2)

holds for any x1,z2 € V. (Z) N B (x0), where ® (7,Z,e) > 0 is a continuous function of 7 and
® (7,%,¢) = 0 < 7 = 0 (in particular, maybe T = zg, € = g9 = r¢ and V (Z) = V;(w0) = B (20),
consequently ® (7,Z,¢) = ® (7,20, 70) on Bj (0)), Z is a Banach space and the inclusion X C Z
is compact, and ¢ (-, Z,€) : RL. — R is a continuous function at 7 and ¢ (0, 7, €) = 0;

% Here it is enough assume: there is the closed neighborhood Us(zo) C X of an element 2o of D(f) that belongs to
D(f) (Us(zo) C D(f)) and Us(zo) is equivalence to B (o) for some numbers 8,70 > 0. Consequently, it is enough
account that Uy, (z0) = By (o).
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(d") f possesses the P-property on the ball B;Y (x), i.c., for any precompact subset M C Im f
of Y there exists a (general) subsequence My C M such that there exists a precompact subset G of
B (wo) C X that satisfies the inclusions f~* (My) € G and f (G N D(f)) 2 Mo.

Theorem 3.1. Let the conditions (a), (b), (¢c) be fulfilled. Then if the image f (B,fg (z0)) of the
ball B,?g (x0) is closed (or is fulfilled the condition (d) or (d')), then f (Bfg(xg)) is a bodily subset
(i.e., with nonempty interior) of Y, moreover f (Bfg(a:o)) contains a bodily subset M that has the
form

M={yeY |(yg() <(f(x),9(z)) Vze S (o)}

Now we lead a solvability theorem for the nonlinear equation in Banach spaces, which is proved
using Theorem 3.1. Let Fy: D(F) C X — Y and F;: D (F1) € X — Y be some nonlinear
mappings such that D (Fy) N D (F1) = G C X and G # &. Consider the equation

F(z) = Fow) + Fi(x) =y, yevY, (33)

where y is an arbitrary element of Y.

Let BX(xg) C D (Fy) N D (F;) C X be the closed ball, » > 0 be a number. Consider the
following conditions:

1) Fy: Bf(x9) — Y is a bounded continuous operator together with its inverse operator F|;’ !
(as By ': D (Fy') CY — X);

2) Fy: BX(x9) — Y is a nonlinear continuous operator;

3) there are continuous functions p;: R} — RY, i = 1,2 and v: RL — R! such that the
inequations

|Folw) = Fo(ao)lly < mu(lz —aolly)  and  [|Fy(@) = Fi(zo)lly < pz(le — aolly),
(Flx) - F(xo), g(x)) > e(Fo(a) — Folao), g(2)) > v ([l — zo]l ) le — woll

hold for any = € B;X (), moreover v(r) > &y holds for some number dy > 0, where the mapping ¢ :
BX(z0) € D(g) € X — Y* fulfills the conditions of Theorem 3.1, ¢ > 0 is some number;

4) almost each 7 € int B;X (x¢) possesses a neighborhood BX (7), ¢ > &9 > 0, such that the
inequation

[ E (z1) = F (z2)|ly = e[ Fo (21) — Fo (22)lly >

> ko([|lz1 — 22|l x,Z,€) — k1 ([|lz1 — 22l 2,T,e), X € Z,

holds for any z1,72 € BX(Z) and some number g9 > 0, where k; (7,7,¢) > 0, i = 0,1, are
continuous functions of 7 for any given z, and such that ko (7,7,¢) =0 <= 7 =0, k; (0,7,¢) =0,
and X € Z (i.e., X C Z is compact).

Then the following statement is true, which follows from Theorem 3.1.

Theorem 3.2. Let the conditions 1-3 be fulfilled. Then if F (B;X (x0)) is closed (or is fulfilled
the condition 4 or (d)), then the equation (3.3) has a solution in the ball B (x¢) for any y € Y
satisfying the inequation

(y = F(z0), 9(2)) < v (|2 = wollx) lz — wollx Vo € S (o).
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4. Proof of existence theorem of problem (0.1), (0.2). It should be noted that here we continue
the investigation of the problem studied in the article [32] where this problem is studied in the case
Q=Qr=(0,T) xQ, when T < oo is some number. Here we will study the global existence of
this problem, i.e., in the case when () = R, x (). So in the beginning we set a space and explain
the way of the investigation. As the solutions wu(¢,x) of the considered problem will seek in the
form u(t, x) = ui(t, x) + dua(t, ), where u; : Q — R, j = 1,2 we can set this function u(t, z) as
the vector function, i.e., u(t,z) = (uy(t,2); ua(t,z)) and & : Q — RZ2. Consequently if we write
u € X (for example, X = L™ (Ry; W&Z(Q)) NW2(Ry; L2(Q)), m > max {p,p }), then this we
understand as u; € X, j = 1,2 or W € X x X. Now we can define a solution of the problem (0.1),
(0.2) more exactly.

Definition 4.1. We say that the function uw € L™ (R+; W012(Q)) NW2(Ry; LA(Q))n{w(t, z) |
w(0,x) = uo(x)} = X (as complex function) is a solution of the problem (0.1), (0.2) if it satisfies
the equation

i <?;L,v> + (Vu, Vo) + <q(x)]u\p*2u,@> + <a(:1:)|u]5’2u,@> = (h,v)
for any v € L™ <R+; W012(Q)> and a.e. t > 0.
Letus f: X — Y is the operator generated by the problem (0.1), (0.2), where X is the denoted

above space, and

Y = L (Ri; WH(Q) + L™ (R WH2(Q)) + L(Q),

where ¢ = — p T We will show that for this operator are fulfilled all conditions of the main theorem.

We make this by sequence of steps.

1. Clearly that the conditions (a) and (b) fulfilled. Indeed, the explanations conducted in the
previous sections shows that f: X — Y is the continuous bounded operator. It should be noted
that the calculation of the function p not is difficult, therefore we not will conduct this computation
here (see below Proposition 4.3).

Proposition 4.1. Let all conditions of Theorem 1.1 are fulfilled, then the operator f satisfies the

condition (c) with the operator % + I on the space W2 <R+; W(}’Q(Q)) nL™ (R+; Wol’Q(Q)) N
N{v(t,z) | v(0,x) = ug(x)}. Moreover takes place the following inequations:
t

t
ou 1 1
[t (5000, 5+ ds = L1t - 5l + | |
0

0

ou
E dS,

2
L2(Q2)

t t
.
[ e (). 5w ds = nVatol + 0 [ 1906 Edst
0 0

6, / (@) [ulP~2u, W) () ds + 8 (g(@)|ulP~2u, @) (1)~
0

=C(IVuol, llgllw 1.2, [wolly- llall, » p, B),

the constants of these inequations are determined in (4.6).
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. . ou . .
Proof. Consider the expression <f (u), 8—1; + u>, which we can write as

du Ju ou 1d ot ~ du
(ro 5 ) =i (5050 )+ g (9 + (a2 G+ (a2 ),
4.1)

(f(w), @) =i <(Z::,u> + (Vu, Va) + <q(m) P2 uﬂ> + <a(m)|u|ﬁ—2u,a>, 4.2)

for any u € W12 (R+; Wolz(Q)> We begin by (4.2), then we get

(£ 1) = 5 % T3+ [9al3 + (aCe) ol 2, m) + (o) P20, 7).

Consequently, we have

T (7 (), ) = 5 o Ju(t)

and
Re (f(u), @) = | Val3 + (o) ul2u, @) + {a(x)|uf u,7),

as Im ¢(z) = 0 and Im a(z) = 0. Whence follows that

t
1 1
[ (7)) ds = 5 @)~ ol
0

and
Re (f(u), @) > |Vul2 + (q(z)|ulP~2u,a) + <a(x)\u|ﬁ—2u,u> —
— Re (f(u),1) > | Vull3 + (1 — k1) (g(@), [ul?) — ko |[ull5, =
= Re (f(u),a) > (1 — koC? (p2)) | Vu (t)]5,

fora.e. t > 0, as k1 < 1 and koC? (p2) < 1 by virtue of the condition (ii).
Thereby if we examine now (4.1) and (4.2) together then we will obtain

(0.5 +7) = 3 5 I+

1V ul3 + ()=, @) + (a(@)ul2u,7) +

oul|?
ot

L2(Q)

- 2 10 py 10 p
455 IVuOl 0 + 3 5 Galo) Jab) + 527 (o PP,

as far as
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0 0 _\P p _.p_1 0 _ p _\P_1q 0 _ _9 ou
_— p— 2 = — 2 —_ = — 2 — = p o
sl = 55 = 8w = 8 w2 (w ) =p(u 2 ),

tm (0. 55 +7) = 5 WO+ || @3)
and
ou 10
Ro (), 5 +7) = 523 IVl 0 + IV +
L0 @) ) + (a@) a2, @) + 22 (o, ) + (a(@)[uff~2u,7) . 44)
+p8t p ot

If we integrate with respect to ¢ these equation then we get

t t
ou d
(s, 52 vayas= [ [;dsnu(s)n%\
0 0

ou

O0s

2
] ds
Lo (92)

and

0/ Re (7, 57 +7)ds = 0/ 5 VU3 + V(o) 3] s+

—i—/t [pas ), [ulP) + (g(z)ufP~?u, @) }ds+/t {; |U’p <a($)u|ﬁ_zu7u>]ds-
0 0

Thence follow

t t
1 1
[ {0 G s = 5 ol - 5 ol +
0

(4.5)

t
ow  _ 1 1
[re{ 0,52 +w)ds = S ITuOIB - 5 IVl +
0

+ [IvalEas+ [ [(a@uP—um) + (a@)uPuw)] ds+
0 0
|3t o) + 5 (ate) 1) |0 = 3 ) o) = 5 (o uoP').

p

t _
For estimate the / Re <f(u), E;u + u> ds we use (1.2) (i.e., the condition (ii))
0 S
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(a(@)lul"2u,) > —ko |lull?, = k1 {a(), |ul”)
then we obtain

t t
ou 1
Jre (5w, G +wyas = G Ivuol+ [ 19u(o)] ds+
0 0

t t
) / () |ulP~2u, ) (s)ds — ko / lal2, (s)ds + 6 (a(a) ulP~2u, w)(t)
0

0
1

1 ).
2 2
—ho [u(®)l5, = 5 I Vuoll; — - (a, |uol") >

(a(x), [uol”) —

[N =

¢
/<q(w)\u|p_2u,u> (s)ds+

t
> 0|Vl +n [ [Vu()]3ds +
0 0

+02 (a(@)|uP"*u, @) (t) — C([Vuol, lally-r2, [uolly-, a2, 7) (4.6)

forae.t >0, where 5y =1 —k; >0,00=p ' —p k1 >0,n=1- 0(2,])2)2 ko > 0. The
expressions (4.5) and (4.6) shows that the condition (c) of the main theorem takes place for the

operator f: X — Y generated by posed problem.

Proposition 4.1 is proved.
2. Now we prove an inequation used in the proof of the fulfilment of the condition (d").

Proposition 4.2. Let all conditions of Theorem 1.1 are fulfilled, then the inequality

1) = F@)lly > lJu = vl (8) + 1V (= )], = Mmax {225 o] 5}l = ol

holds for any u,v € X N{u| u(0,z) = up(z) }.
Proof. Let us u,v € X N{u|u(0,z) =wup(x)} and consider || f(u) — f(v)|ly that we can

estimate as
ZM —A(u—v)+gq (|u|p_2u - |v|p_20) +a (\u|ﬁ_2u - Mﬁ_%) >
ot Y
O(u — _ — p— p—
K0 A+ a (ul 2 ol 20) | ol 2 o) @
Y

> |7
- ot

In order that to esimate of the first adding of right-hand side of the inequality (4.7) we act in the

following way. In beginning we set

(2 =) = (o) To= o) + o (- 2u = o 20). T =0)) =

o
= i (=0 =)+ IV = 0+ (g (2= o) =) @9

and study it.
Here for the last adding takes place the inequality
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<q (T |U|p72v)am> = (g [ul”) + (g, [v]") = {glul"~*u,T) — (qlv["~*v, 7).
As the expression |{q|u|P~?u,v) + (qv|P"?v, )| has the following estimation:
[(alulPu, 5) + (qlol" v, )| < (qlulP~", o]} + {glo["™, ul)

therefore we can consider the right-hand side of (4.8) without of the last adding.

Consequently we get the following estimation for the first adding of the right-hand side of the
inequality (4.7):
O(u—v)

ZT —A(u—v)+q (Juff?u — [v]P~?v)

2 K[l () V(=)L) K >0,

with taking into account the equation (4.8), the last reasons and the equation

j<mg:%W—W>%=;M—w&m
0

whereas u(0, z) = v(0,z) = ug by choosingly, that we need make by virtue of the condition (d’) of
the main theorem.
Now consider the second adding of right-hand side of the inequality (4.7), for which we have

(o (172 = o 20) Ta=o7)| = [ a (ju2u o 20) Ta=v)de <

Q

s/aﬂmmmﬂﬁm,oswwwSMmmmmwmﬂ%
Q

where M > 0 be some number and ¢ (u, v) be a continuous function.
Taking into account the last inequalities in (4.7) we obtain

1) = F@)lly 2 = vl () + IV (u = 0)ll, = Mmax {Jlullf 23 0]} lu = olly. @9)

Proposition 4.2 is proved.
3. Now we will conduct a priori estimations for a solutions of the problem.

Proposition 4.3. Let all conditions of Theorem 1.1 are fulfilled, then all solutions belong to
bounded subset of the space

X =W (R, L2(Q)) N L™ <R+; WOI’2(Q)) N
N {v ) ol? € 1P <R+; Wgﬂ(g))} N {u ‘ (0, ) = uo(:n)} :
i.e., there is constants K = K(HhH27QT’ luoll 12, |l —1.2, llall, p, ’ﬁ) such that ||ul| y < K.
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Proof. In the beginning we note that from examination of the expression (f(u), @) in the proof
of Proposition 4.1 we get the inequations

t t
1 1 _
3 10O = 5wl < [Ihalds < [ Iho), fus)],ds
0 0

and
IVl + (a@) ul=2u,m) + (a@) [ul2u, 1) < |(h@)| =
= | Vully + (1 = k1) (g(x), [ul’) = ko [lull,, < |(h.7)| =
= (1= koC? (p2)) [V (B)lIz < [IR(D)]lz [u(®)]l,

as k1 < 1 and koC?(p2) < 1 by virtue of the condition (ii). Then we get that the following
estimations are true:

(1= koC?(p2)) [ Vu(®) 13 = ellu®)3 < c(e) [R5
or
IVu(t)lly <e(e) [A(t)]ly  for ae. >0,

as far as |lu(t)|l, < C1(mesQ)||Vu(t)|, for any u(t) € W01’2(Q) by the embedding theorems,
where ¢(¢) = ¢ (e, mes Q, koC) , Cy (mes2) > 0 are constants, moreover,

||UHL2(R+;W01’2(Q)) < /6\1(5) ||h||L2(R+;W01*2(Q)) + ¢ HUOHQ

Thus we obtain that u(t,z) belong to the bounded subset of L? (R+; I/VO1 2(Q)) for given h €

€ L%(Q).
Using the equations (4.3) and (4.4), and also the estimates (4.5) and (4.6) we get

t t
ou ou
— 4+ > — 4+ >
/Re<h, P +u>ds _/Re<f(u), P +u>ds_
0 0

t t
Z772IIVU(t)Hg+m/|VU(S)IlgdS+51/(q(i)IUI”_Qu,UXS)dSJr
0 0

+02 (q(@)[ulPu, @) (t) — C(lluollwr2 lally -1z, lall,, . p.5) (4.10)

and

{10, 2 45 =

o\W
[
=
/\
S
*| &
+
N
\/
QL
)
vV
\ﬁ

ou
— 4.11
s 4.11)

2
ds.
L2(2)

t
1 2 1 2
5 10l = 5 ol + f |
0
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Then from (4.10) we get the estimation
t

772HVU(t)Hg+m/!!VU(8)||§d8+51/(q(fﬂ)IUI”_Qu,@(S)dH
0 0

+82 (q(@)[ul"?u, @) (1) = C (luollyr.2, lalw-r2, llally, p. ) <

< / 1ol

ou

0s

+ HuHQ> ds ae. t>0,
2

and from (4.11) we obtain

0

% U
0s 0s

+ ||u|]2>ds for a.e. t >0,
2

9 t
as< [l (\
Ly () 0

then with combine of last two inequations we get

t
1 2 1 2
3 11~ 5 ol + | |
0

t t

D Va2 + 1 / IVu(s)|2 ds + 61 / (q(@) [ulP~?u, @) (s) ds+
0 0

63 (g(@)ul 2, @) () — C (luollyae Nl lall,.5) +

2
ds <
2

t
1 2 1 2 ou
3l - 3 ol + [ 52
0

9 t t
ds+62/||u|]§ds+0(51,62)/ﬂh|§ds for ae. t>0,
2
0 0

t

ou

S&/Has
0

or
t

0 IVu(t)]2 +7 / IVu(s)|2ds + 6 / (o)l (s) ds+
0 0

2
ds <
2

8 gl 2u,m) () + 5 u @I + (- =) | ng
0

<Clerz) [ M3 ds +Cr(fualhyssslally-sa: ol ,p.5).
0
Moreover, from here follows
t
3 IV = 5 IVa@[3+ [ Va3 ds+
0
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[ (o) (s + [ (a2 m) ()i
0 0

IN

1 , 1 o1 5 1 P
o daw), ) (1) = gl [u(O)P) + = o [ul?) (1) = = o [u(O)P)

t t t
1 1 ou
e 2 2 il =
<(et+3) [Iegas+e [luBas+ g [ (5
0 0 0

+C(IVuoll, w12 luolla s llall,, 2, P),

2
ds+
2

by virtue of the condition (1.2).
Consequently we get the following inequation:

DIVl +m(e) [ 17u)]3ds <
0

t
_ ) ~
<e 1/Hh(8)!2d8+0(HVung,IlfJHW—l,z,Huo o« s [hlly s llall,, v, D)
0

in the other words we obtain
t
/ [Vu(s)[3ds < D) (i) ™" (1 - e 1), (4.12)
0

where D(e7,...) = D(e™", [Juollyre, lallw—r2, [2lly, lall,,. p,P)-
Consequently we obtain, that any solution of the considered problem under the posed conditions
satisfies the following inclusion:

we W2 (R LA(Q)) N L™ (R+; WOI’Q(Q)> N
N {1} | [P € LP <R+; Wgﬁ(m)} A {u | u(0, ) = uo(x)} = X, (4.13)

in addition the preimage of each bounded neighborhood of zero from L?(Q) x I/VO1 2 (€2) under operator
f 1s the bounded neighborhood of zero of the space determined by (4.13), where m > 2* and 5 > 1
is denoted by Lemma 2.1. We note that here is used the inclusion given in next remark.

Proposition 4.3 is proved.

Remark 4.1. Let Z is a Banach space, then

L*(R;Z)NL>®(R;Z) C L™ (R; Z), 2<m< o0,
holds.
From here we get that the condition (¢) is fulfilled for the operator f generated by the posed
problem and the operator g(v) = (3: + v for any v € W12 <R+; W(}Q(Q)) NnL™ (R+; W&z(Q))

that is dense in the requisit space defined in (4.13).
4. Now we can show that the operator f satisfies the condition (d’).
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Proposition 4.4. Let all conditions of Theorem 1.1 are fulfilled, then the operator f satisfies the
condition (d).

Proof- More exactly, we will prove that the image f(X) is the closed subset of Y. As the
conditions (a), (b) and (c) of the main theorem are fulfilled for the operator f: X — Y then we get,
that f(X) contains a dense subset of the space Y by virtue of the first statement of this theorem.

So, let us the sequence {h;}ro,; C f(X) is the fundamental sequence in Y that converge to
an element hy € Y, since f(X) contains a dense subset of the space Y therefore for any hy € YV
there exists a sequence of such type. As the sequence {hj},-, is a bounded subset of Y, and
consequently f~!({hy}7,) belong to the bounded subset My of X by virtue of the condition (c),
which is proved in the step 3. It is known that X is the reflexive space therefore we can choose a
subsequence {ukj }jil C My of f~1 ({hx}re) such that ug; € f‘l(hkj), k; /oo, and {ukj};il
weakly converge in X, i.e., ug; — up € X. Moreover it is known that X € L™ (R+;L€(Q)) is

compact, where 1 < ¢ < n2 if n > 3 (see, for example, [31] and its references). Then the

sequence {ukj }j‘;l have a subsequence, that strongly converge in the space L™ (R+; LE(Q)), which
for simplicity we denote also by {ukj }]Oil, i.e., we assume that {uk]. };’il is the subsequence of such
type.

Thence use previous reasons and the (4.9) from step 2 we get uy, = ug in L?(Ry; Wy*(Q))
and in L™ (R+; LZ(Q)) . Furthermore if take into account that in this problem first two adding are
linear continuous operator then we obtain that Ay, = f(ux;) — f(uo) = ho, which show that f(X)
is the closed subset of Y.

Proposition 4.4 is proved.

Thus we can complete of the proof of Theorem 1.1. From Propositions 4.1-4.4 we get,
that the operator f: X — Y generated by the posed problem satisfies all conditions of the main
theorem (Theorem 3.1 and also Theorem 3.2). Then using Theorem 3.1 we obtain, that the op-
erator f satisfies the statement of Theorem 3.1, therefore the statement of Theorem 1.1 is correct.
Consequently, the existence theorem for the problem (0.1), (0.2) (i.e., Theorem 1.1) is proved.

5. Behavior of solutions of problem (0.1), (0.2). We will study the behavior of the solution of
problem (0.1), (0.2) in the sense of the space W12(Q)N L™ (R+; WOM(Q)) Consider the following

functional on the space WH2(Q) N L™ (R.y; W, (Q)):

I(v(t)) = [Vo(@)llz2 = Vo) E/IW(ZZ z)|* da.
Q

So we have

2_1%I(u(t)) _ <§tVu,Vu> . <§tu,Au> .

Here if to take account u(¢, x) is the solution of the considered problem then we get

ou Ou ou ou ~ ou —
(= =N [ 2= p—2-\ _ [ 2 =24 e —
Z<8t’8t> <8t’q|u u> <8t’a|u| u>+<at’h>
oul? 4, d 0 ~1d 5 ou —
o g )~ 5 >+<aﬂ>

= || —
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whence we have

d ou ou ou —
1 _ p—2—\ p—2
271 T (u() = - <8t,qyu\ > <8t,a|uy >+Re<at h>

2
ol )~
) ot

for a.e. t > 0, as I (u(t)) is a real function.

and

du
ot

ou

< ||h
3, < Il

Thus we obtain

t t
d N d ~
2 (u(®) -2 T (w0) < -7 [ g ) ds =50 [ 5 (o) s
d ds
0 0

ds < —p~ ' g, [ul?) (t) + p~" (g, [uo|?) —

ou
Gull Yy (s)as <
2

7 aldly 0+ (aluoP) + [ |5
0

< ko l[u®) 2, — 6 (g [ul?) ( / THE

whence we get using the condition (1.2) (i.e., the inequality 27! > C(2,p2)? - ko) and (5.1)

I (u(t) = [ Vult)]l3 < 2ko fu(®)lly, + 2/ I3 (s)ds + I (ug) =

— (1-202.p)* ko) [Vu (013 <2 [ 13 (5)ds + T (uo)

fora.e. t > 0.
Moreover in the previous section we obtained the following equations:

To () = lullf = 3% 1o (u(t)) = (e, 7) =

=1 <—Au + qlulP~%u + alulP%u — h,ﬂ> =
= i |[Vu(®)[3 +i (g(@), [ul") +i (a(@), juf") — i (h,7) =
— [ Vu(®)[3 + (a(a), [ul?) + (a(w), [uf”) — Re (h, ) = 0
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;%10 (u(t)) = — Tm (h, @)

whence follows
|Vu(t)||5 < 4|h@)|5 for ae. t>0.

Consequently is proved the following result.

Theorem 5.1. Let the solution u(t, z) of the problem (0.1), (0.2) is a sufficiently smooth function,
ie, u € WhH?(Ry; WOIQ(Q)) NL™(Ry; W012(Q)) and all conditions of Theorem 1.1 are fulfilled.
Then if the coefficient ko of the condition (1.2) satisfy the inequality 2~ > C (2,p2)2 - ko then the
following inequalities are true:

IVu()lly, <b|[R®)]ly = lu(@®)lly < b1 (Al

2

du
ot

forae t> 0.

Remark 5.1. 1t should be noted that the next inequality follows from (4.12) in the conditions of
Theorem 5.1

IVu(®)[3 < D (") exp {=T(e)t} + | Vuoll3
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