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SCATTERED SUBSETS OF GROUPS
PO3PIKEHI IIIIMHOKUHUA I'PY1I

We define scattered subsets of a group as asymptotic counterparts of the scattered subspaces of a topological space and
prove that a subset A of a group G is scattered if and only if A does not contain any piecewise shifted / P-subsets. For an
amenable group G and a scattered subspace A of G, we show that p(A) = 0 for each left invariant Banach measure x on
G. It is shown that every infinite group can be split into Ng scattered subsets.

Po3pimxeHi miAMHOXUHYI TPYNH BU3HAYEHO, K aCUMITOTHYHI aHAJIOTH PO3PLIKEHUX MiANPOCTOPIB TOMOJIOTIYHOTO MPOC-
topy. JoBeneHo, o migMHokuHa A rpynu G € po3piIpKEHO TO/i 1 TIIBKH TOAI, KOJIH A HE MICTHTh KYCKOBO-3CYHYTHX
I P-niinvuoxuH. [Tokasano, mo mist ameHabenpHoi rpymu G Ta po3pimkenoro mianpocropy A rpymu G pisaicts u(A) = 0
BUKOHYETBCSI [Tl KOXKHOT JIiBOT iHBapiaHTHOT 6aHaxoBoi Mipu 1 Ha (G. BcTaHOBIIEHO, 10 KOXKHY HECKIHUYECHHY IPYITy MOXKHA
po36uTu Ha Ny pO3piIKEHUX IMTiAMHOXKHUH.

1. Introduction. Given a discrete space X, we take the points of X, the Stone — Cech compactifi-
cation of X, to be the ultrafilters on X, with the points of X identified with the principal ultrafilters
on X. The topology on 3X can be defined by stating that the sets of the form A = {p € BX:
A € p}, where A is a subset of X, form a base for the open sets. We note that the sets of this form are
clopen and that, for any p € 3X and A C X, A € pifand only if p € A. For any A C X we denote
A* = AN G*, where G* = BG \ G. The universal property of 3G states that every mapping f :
X — Y, where Y is a compact Hausdorff space, can be extended to the continuous mapping
88X =Y.

Now let G be a discrete group. Using the universal property of G, we can extend the group
multiplication from G to SG in two steps. Given g € G, the mapping

x—gr: G— BG
extends to the continuous mapping
q— gq: BG — BG.

Then, for each ¢ € G, we extend the mapping g — gq defined from G into SG to the continuous
mapping

p+—pq: BG — BG.
The product pq of the ultrafilters p, g can also be defined by the rule: given a subset A C G,
Acpge{geG:gtAcq) ep.

To describe the base for pg, we take any element P € p and, for every x € P, choose some element
Qs € q. Then U,epx@, € pg, and the family of subsets of this form is a base for the ultrafilter pq.
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By the construction, the binary operation (p, q) — pq is associative, so G is a semigroup, and
G* is a subsemigroup of 8G. For each ¢ € SG, the right shift x — xq is continuous, and the left
shift « — xq is continuous for each g € G.

For the structure of a compact right topological semigroup SG and plenty of its applications to
combinatorics, topological algebra and functional analysis see [1-5].

Given a subset A of a group G and an ultrafilter p € G*, we define a p-companion of A by

Ap(A) =A"NGp={gp: g € G,A € gp},

and say that a subset S of G* is an ultracompanion of A if S = Ap,(A) for some p € G*. For
ultracompanions of subsets of groups and metric spaces see [6, 7].

Clearly, A is finite if and only if A,(A) = & for each p € G*.

We say that a subset A of a group G is

thin if |Ap(A)| <1 for each p € G*;

n-thin, n € N if |A,(A)| < n for each p € G*;

sparse if each ultracompanion of A is finite;

disparse if each ultracompanion of A is discrete;

scattered if, for each infinite subset Y of A, there is p € Y* such that A, (Y") is finite.

We denote by [G]<“ the family of all finite subsets of G. Given any F' € [G]<“ and g € G, we
put

B(g,F) = FgU{g}

and, following [8], say that B(g, F') is a ball of radius F around g. For a subset Y of G, we put
By(g,F) =Y N B(g, F). By [6] (Proposition 4), Y is n-thin if and only if for every F' € [G]<¥,
there exists H € [G]<“ such that |By (y, F')| < n for each y € Y \ H. For thin subsets of a group,
their applications and modifications see [9—19].

By [6] (Proposition 5) and [20] (Theorems 3 and 10), for a subset A of a group G, the following
statements are equivalent:

(1) A is sparse;

(2) for every infinite subset X of G, there exists finite subset F' C G such that ) ger 9A is finite;

(3) for every infinite subset Y of A, there exists F' € [G]<“ such that, for every H € [G]<“, we
have

{y €Y: Ba(y,H)\ Ba(y, F) = @} # @;

(4) A has no subsets asymorphic to the subset Wy = {g € @®,Zy: suptg < 2} of the group
@ Zs, where supt g is the member of nonzero coordinates of g.

The notion of asymorphisms and coarse equivalence will be defined in the next section. The
sparse sets were introduced in [21] in order to characterise strongly prime ultrafilters in G*, the
ultrafilters from G* \ G*G*. More on sparse subsets can be find in [10, 11, 16, 22].

In this paper, answering Question 4 from [6], we prove that a subset A of a group G is scattered
if and only if A is disparse, and characterize the scattered subsets in terms of prohibited subsets. We
answer also Question 2 from [6] proving that each scattered subset of an amenable group is absolute
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null. We prove that every infinite group G can be partitioned into X scattered subsets. The results
are exposed in Section 2, their proofs in Section 3.

2. Results. Our first statement shows that, from the asymptotic point of view [23], the scattered
subsets of a group can be considered as the counterparts of the scattered subspaces of a topological
space.

Proposition 1. For a subset A of a group G, the following two statements are equivalent:

(1) A is scattered,

(ii) for every infinite subset Y of A, there exists F € [G]<“such that, for every H € [G]<¥, we
have

{yeY:By(y,H)\ By(y, F) =2} # &.

Proposition 2. A subset A of a group G is scattered if and only if, for every countable subgroup
H of G, AN H is scattered in H.

Let A be a subset of a group G, K € [G]<“. A sequence ay, . ..,a, in A is called K-chain from
ap to a, if aj+1 € B(a;, K) for each i € {0,...,n — 1}. For every a € A, we denote

BY(a,K) = {b€ A: there is a K-chain from a to b}

and, following [24] (Chapter 3), say that A is cellular (or asymptotically zero-dimentional) if, for
every K € [G]<¥, there exists K’ € [G]<“ such that, for each a € A,

BY(a,K) C By(a,K').

Now we need some more asymptology (see [24], Chapter 1). Let G, H be groups, X C G, Y C H.
A mapping f: X — Y is called a <-mapping if, for every F' € [G]<¥, there exists K € [G]<“ such
that, for every x € X,

f(BX(va)) C BY(f(CU)7K)

If f is a bijection such that f and f~! are <-mappings, we say that f is an asymorphism. The subsets
X and Y are called coarse equivalent if there exist asymorphic subsets X’ C X and Y/ C Y such
that X C Bx (X', F),Y C By(Y',K) for some F' € [G]<“ and K € [H]<“.

Following [23], we say, that the set Y of G has no asymptotically isolated balls if Y does
not satisfy Proposition 1(ii): for every F' € [G]<¥, there exists H € [G|<“ such that By (y, H) \
By (y,F) # @ foreachy € Y.

By [23], a countable cellular subset Y of G with no asymptotically isolated balls is coarsely
equivalent to the group ®,,Zo.

Proposition 3. Let X be a countable subset of a group G. If X is not cellular, then X contains
a subset Y coarsely equivalent to ®,,Zo.

Let (gn)n<w be an injective sequence in a group G. The set

{9i19ip - 90, 0< i1 <iag < ...<ip <w}

is called an I P-set [1, p. 406], the abriviation for “infinite dimensional parallelepiped”.
Given a sequence (b, )n<. in G, we say that the set

{gilgiQ'--ginbinIOSil << ... < g <w}
is a piecewise shifted I P-set.
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Theorem 1. For a subset A of a group G, the following statements are equivalent:

(i) A is scattered,

(i) A is disparse;

(iii) A contains no subsets coarsely equivalent to the group ®,,Zo;

(iv) A contains no piecewise shifted I P-sets.

By the equivalence (i) < (ii) and Propositions 10 and 12 from [6], the family of all scattered
subsets of an infinite group G is a translation invariant ideal in the Boolean algebra of all subsets of
G strictly contained in the ideal of all small subsets.

Now we describe some relationships between the left invariant ideals Spg, Scg of all sparse and
scattered subsets of a group G on one hand, and closed left ideals of the semigroup 5G.

Let J be a left invariant ideal in the Boolean algebra P of all subsets of a group G. We set

J={peBG:G\ Acpforeach Ac J}

and note that J is a closed left ideal of the semigroup SG. On the other hand, for a closed left ideal
L of 8G, we set
L={ACG:A¢pforeachpc L}

and note that L is a left invariant ideal in Pg. Moreover, j = J and i = L.

Clearly, [G]<¥ = G* and by Theorem 1,
Scq = cl{p € BG: Gp is discrete in fG} =
= cl{p € BG: p = ep for some idempotent ¢ € G*}. (1)

Given a left invariant ideal J in P and following [11], we define a left invariant ideal o(.J) by the
rule: A € o(J) if and only if A,(A) is finite for every p € .J. Equivalently, o(J) = cI(G*J). Thus,
we have

Spa = cl(G*G™).

We say that a left invariant ideal J in Pg is sparse-complete if o(J) = J and denote by o*(J) the
intersection of all sparse-complete ideals containing J. Clearly, the sparse-completion o*(J) is the
smallest sparse-complete ideal such that J C o*(.J). By [11] (Theorem 4(1)), 0*(.J) = |U,,c,, 0" (J):
where 0°(J) = J and 0"+ (J) = o(c™(J)). We can prove that A € ¢"([G]<*) if and only if A has
no subsets asymorphic to W,, = {g € ®,Zs: supt g < n}.

By [11] (Theorem 4(2)), the ideal Sp¢ is not sparse complete. By (1), the ideal Scg is sparse-
complete. Hence o*([G]<¥) C Scg but o*([G]<¥) # Scg.

Recall that a subset A of an amenable group G is absolute null if 1(A) = 0 for each left invariant
Banach measure 1 on G. For sparse subsets, the following theorem was proved in [10] (Theorem 5.1).

Theorem 2. Every scattered subset A of an amenable group G is absolute null.

Let A be a subset of Z. The upper density d(A) is denoted by

- |[AN{—n,—n+1,...,n—1,n}|

d(A) =1i
(4) = lim sup 2n + 1

By [25] (Theorem 11.11), if d(A) > 0, then A contains a piecewise shifted IP-set. We note
that Theorem 2 generalizes this statement because there exists a Banach measure p on Z such that
d(A) = u(A).
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In connection with Theorem 1, one may ask if it possible to replace piecewise shifted I P-sets to
(left or right) shifted I P-sets. By Theorem 2 and [25] (Theorem 11.6), this is impossible.

By Theorem 1 and Proposition 13 from [6] an infinite group G can be partitioned into Y, scattered
subsets provided that (G is embeddable into a direct product of countable groups, in particular if G is
Abelian.

Theorem 3. Every infinite group G can be partitioned into Ng scattered subsets.

We note that Theorem 3 does not hold with sparse subsets in place of scattered subsets [22].

By Theorems 1 and 3, every infinite groups admits a countable partition such that each cell has
no piecewise-shifted I P-sets.

We recall that a free ultrafilter p on a set X is countably complete if, for every countable partition
of X, one cell of the partition is a member of p. In this case |X | should be Ulam-measurable. Let p
be a countably complete ultrafilter on a group GG. Applying Theorem 3, we conclude that the orbit
Gp is discrete in G*.

3. Proofs. Proof of Proposition 1. (i) = [(ii). We take p € Y™ such that A,(Y") is finite, so
A, (Y) = Fp for some F' € [G]<“. Given any H € |G|, we have hp ¢ A,(Y) foreach h € H\ F.
Hence hP, NY = & for some P, € p. We put P = ﬂheH\P P, and note that

PC {yEY: BY(yaH)\BY(y7F) :@}

(ii) = (i). We take an infinite subset Y of A, choose corresponding F' € [G]<“ and, for each
H € [G]<¥, denote
Pp={y€Y:By(y, H)\ By(y,F) = @}.

By (ii), the family {Py: H € [G]<“} has a finite intersection property and [ mejg<w P = 2.
Hence {Py: H € [G]<“} is contained in some ultrafilter p € Y*. By the choice of p, we have
gp ¢ Ap(Y) for each g € G\ (F'U {e}), e is the identity of G. It follows that A,(Y") is finite so A
is scattered.

Proof of Proposition 2. Assume that A is not scattered and choose a subset Y of A which does
not satisfy the condition (ii) of Proposition 1. We take an arbitrary a € A and put Fy = {e,a}. Then
we choose inductively a sequence (F},)ney in [G]<“ such that

(1) Fo,F C By

(2) By(y,Fny1) \ By(y, F),) # @ forevery y € Y.

After w steps, we put H = |J, ., . By the choice of Fyp, Y N H # @. By (1), H is a subgroup.
By (2), (Y N H) is not scattered in H.

Proof of Proposition 3. Replacing G by by the subgroup generating by X, we assume that G is
countable. We write G as an union of an increasing chain F,, of finite subsets such that Fy = {e},
F, = F;'. In view of [23], it suffices to find a cellular subset Y of X with no asymptotically
isolated balls.

Since X is not cellular, there exists F' € [G]<“ such that

(1) for every n € N, there is x € X such that

BY(z,F)\ Bx(z,F,) # @.

We assume that G is finitely generated and choose a system of generators K € [G]<“ such that
K = K~!and F C K. Then we consider the Cayley graph I' = Cay(G, K) with the set of vertices
G and the set of edges {{g,h}: g7'h € K}. We endow I' with the path metric d and say that
a sequence ao,...,a, € G is a geodesic path if ag,...,a, is the shortest path from ag to a,, in
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particular, d(ag, a,) = n. Using (1), for each n € N, we choose a geodesic path L,, of length 3"
such that L,, C X and

(2) Bg(Ly, Fyy N Bg(Lp+1, Fry1) = @ for every n € N. Let L,, = {ano,...,an3n}. For each
i €40,...,3"}, we take a tercimal decomposition of i and denote by Y, the subset of all a; € L
such that ¢ has no 1-s in its decomposition based on {0, 1,2} (see [26]). By [2] and the construction
of Y, the set Y = | J,, i Yn is cellular and has no asymptotically isolated balls.

Now let GG be an arbitrary countable group. We consider a subgroup H of GG generated by F' and
decompose G into left cosets by H. If X meets only finite number of these cosets, then X is contained
in some finitely generated subgroup of G and we arrive in the previous case. At last, let {Hx,, :
n € N} be a decomposition of G into left cosets by H and X meets infinitely many of them.
We endow each Hz, with the structure of a graph I'), naturally isomorphic to the Cayley graph
Cay(H, F'). Then we use (1) to choose an increasing sequence (my,)necw and a sequence (Ly,)nen
of geodesic paths of length 3™ satisfying (2) and such that L,, C X. For each n € N, we define a
subset Y;, of L,, as before, and put Y = (J, .y Y- By (2) and the construction of Y,,, Y is cellular
and has no asymptotically isolated balls.

Proof of Theorem 1. We follow the tour (i) = (iv) = (ii) = (iii) = (1).

(i) = (iv). We prove that a piecewise shifted I P-subset

A={9i,9iy - ginbi, : 0 <11 < ...<ip <w}
of G is not scattered. For each m € w, let
A, = {gz’1gi2-~~ginbin:m<i1 < o< <w}.

We take an arbitrary p € A* and show that A,(A) is infinite.
If A,, € p for every m € w, then g,p € A* for each n € w. Otherwise, there exists m € w such
that
{gmiy - i, bi,, - m <i1 < ...< i, <w}Ep.

Then g,,'p € A* and we repeat the arguments for g, p.

(iv) = (ii). Assume that A is not disparse and take p € A* such that p is not isolated in A,(A).
Then p = gp for some ¢ € G*. The set {x € G*: xp = p} is a closed subsemigroup of G* and, by
[1] (Theorem 2.5), there is an idempotent r € G* such that p = rp. We take R € r and P, € p,
g € R such that | ger 9Py © A.Since r is an idempotent, by [1] (Theorem 5.8), there is an injective
sequence (gn)new in G such that

{gil...gin:OSil<...<in<w}§R.
For each n € w, we pick b, € ({{Py: 9 =9 ---9i, : 0 <1 < ... <1, <w} and note that
{gil...ginbin:ogil<...<in<w}§A.

(i) = (iii). We assume that A contains a subset coarsely equivalent to the group B = @, Zo.
Then there exist a subset X of B, H € [B]<“ such that B = H + X, and an injective <-mapping f :
X — A. We take an arbitrary idempotent » € B*, pick h € H such that h+X € r and putp = r—h.
Since 7 +p = r, we see that p is not isolated in A,(X). We denote ¢ = f#(p). Letb € B, b # 0 and
b+p e X*. Since f is an injective <-mapping, there is g € G\ {e} such that f5(b+p) = g+¢. It
follows that ¢ is not isolated in A,(A). Hence A is not disparse.
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(iii)) = (1). Let X be a countable subset of A. By Proposition 3, X is cellular. By [23], X
satisfies Proposition 1(ii). Hence X is scattered. By Proposition 2, A is scattered.

Proof of Theorem 2. We assume that p(A) > 0 for some Banach measure ;1 on G. We use the
arguments from [10, p. 506, 507] to choose a decreasing sequence (A, )necw of subsets of G and an
injective sequence (g )new in G such that Ag = A, g, An+1 C A, and p(A,) > 0 for each n € w.
We pick z,, € A, 41 and put

X={g...95mn:new,e €{0,1}}.

By the construction X is a piecewise shifted / P-sets and X C A. By Theorem 1, X is not scattered.

Theorem 2 is proved.

To prove Theorem 3, we need some definitions and notations.

Let G be an infinite group with the identity e, > be an infinite cardinal. A family {G,: « < »}
of subgroups of G is called a filtration if the following conditions hold:

(1) Go={e}and G =, Gas

(2) GoCGgforalla < B < s

(3) Ua<p Ga = G for each limit ordinal 8 < 5.

Clearly, a countable group GG admits a filtration if and only if G is not finitely generated. Every
uncountable group G of cardinality sc admits a filtration satisfying the additional condition |G| < 3
for each a < k.

Following [27], for each 0 < « < K, we decompose G11 \ G, into right cosets by G, and
choose some system X, of representatives so Go11 \ Go = GoX,. We take an arbitrary element
g € G\ {e} and choose the smallest subgroup G, with g € G. By (3), &« = a1 + 1 for some ordinal
a1 < . Hence, g € Got1 \ Go, and there exist g1 € G, and z,, € X,, such that g = g124,.
If g1 # e, we choose the ordinal ay and elements go € Goyt1 \ Ga, and z,, € X,, such that
g1 = g2%q,. Since the set of ordinals {«: a < s} is well-ordered, after finite number s(g) of steps,
we get the representation

9= Ta,pyTayg 1 LTazZars Ta; € X,
We note that this representation is unique. For n € N, we denote
Dy ={g € G\{e}: s(g) = n}.

Given any g = = . Ta,To, and m € {1,...,s(g)}, we put

Xs(g)
g(m) = Ta g, - Tam, max g = aj.
For a subset P C D,, and m € {1,...,n}, we denote
P(m)={g(m): g € P},
max P = {maxg: g € P}.

Let p be an ultrafilter on G such that D,, € p and m € {1,...,n}. We denote by max p the
ultrafilter on 3¢ with the base {max P: P € p, P C D,}, and by p(m) the ultrafilter on G with the
base {P(m): P € p, P C D,}.
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Proof of Theorem 3. We use an induction by the cardinality of G. If GG is countable, the
statement is evident because each singleton is scattered. Assume that we have proved the theorem
for all groups of cardinality less than sz, 3 > N and take an arbitrary group GG of cardinality »z. We
fix a filtration {G4 : @ < 3¢} of G such that |G| < s for each a < .

For every o < s, we use the inductive hypothesis to define a mapping xo: Gat1 \ Go — N
such that x, (i) is scattered in G for every i € N. Then we take g € G \ {e}, g = zq,, - .- Ta,
and put

x(9) = Xan (Tan), Xap—1 (xanxan—l)7 s Xaa (xan$a71,—l cTay))-

Thus, we have defined a mapping x : G\ {e} — U, ey N". In view of Theorem 1, it suffices to verify
that x~1(m) is disparse for each m = (my, ..., m,) € N™. We shall prove this statement by induction
on n. Let m = (my) and let p be an ultrafilter on G such that y~!(m) € p. We endow s with the
interval topology and denote A = lim max p. If p is a principal ultrafilter then, by the definition of x,
Gp is discrete. Otherwise, we take P € p such that maxp < \. Then P ¢ gp for each g € G \ {e}.

Suppose that we have proved that x~!(m/) is disparse for each m’ = (m},...,m}), i < n and
let m = (mq,...,m,). We take an arbitrary ultrafilter p on G such that y~!(m) € p. If maxp is
a principal, we use the inductive hypothesis. Otherwise, we denote A; = limmaxp(1),...,\, =
= limmax p(n). We choose k € {1,...,n} such that \; = ... = A\g, A1 < Ag. By the inductive
hypothesis, there exists P € p such that P(k + 1) ¢ gp(k + 1) for every g € G \ {e} such that
max g < Ag+1. Then we choose Q) € p, Q@ C D, such that max q(k + 1) < Ap41, maxq(k) > Agy1
for each ¢ € Q. Then GpN (P N Q) = {p}, so Gp is discrete.

Theorem 3 is proved.

The referee pointed out that, with another definition, the scattered subsets appeared in [28].
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