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G-SUPPLEMENTED MODULES
G-JOITOBHEHI MOAVY/JII

Following the concept of generalized small submodule, we define g-supplemented modules and characterize some
fundamental properties of these modules. Moreover, the generalized radical of a module is defined and the relationship
between the generalized radical and radical of a module is investigated. Finally, the definition of amply g-supplemented
modulec is given with its some basic properties.

I3 3acTocyBaHHSIM MOHSATTS y3araJbHEHOTO MAJIOTO IiJAMOIY/IS BU3HAYCHO MOHSATTS ¢-JONOBHEHHX MOAYIIB Ta OXapak-
TEPU30BaHO JIesKi (yHAaMEHTalbHI BIaCTUBOCTI LMX MOAYJiB. KpiM TOro, BU3HaYeHO MOHSATTS y3arajlbHEHOIO pajauKaja
MOJZyJISl Ta BHBYCHO CIIBBITHOIIGHHS MiX y3araJbHEHHUM pPaJUKaJOM Ta paaukagoM Moxyns. HacamkiHenp HaBeneHO
BH3HAYCHHS [IOHSTTS PSICHO ¢-AOTMOBHEHUX MOJIYJIB Ta BUBYCHO OCHOBHI BIIACTUBOCTI L[MX MOIYJIB.

1. Introduction. Throughout this paper all rings will be associative with identity and all modules
will be unital left modules.

Let R be a ring and M be an R-module. We will denote a submodule N of M by N < M and
a proper submodule K of M by K < M. Let M be an R-module and N < M. If L = M for every
submodule L of M such that M = N + L, then N is called a small submodule of M and denoted
by N << M. Let M be an R-module and N < M. If there exists a submodule K of M such that
M = N+ K and N N K = 0, then a submodule N of M is called a direct summand of M and it
is denoted by M = N @ K. For any module M, we have M = M @ 0. Rad M indicates the radical
of M. An R-module M is said to be simple if M have no proper submodules with distinct zero. A
submodule N of an R-module M is called an essential submodule and denoted by N < M in case
K NN # 0 for every submodule K # 0. Let M be an R-module and K be a submodule of M. K is
called a generalized small submodule of M if for every essential submodule 7" of M with the property
M = K + T implies that T' = M, then we write K <<, M. It is clear that every small submodule
is a generalized small submodule but the converse is not true generally. Let M be an R-module.
M 1is called a (generalized) hollow module if every proper submodule of M is (generalized) small
in M. Here it is clear that every hollow module is generalized hollow module. The converse of
this statement is not always true. M is called local module if M has a largest submodule, i.c., a
proper submodule which contains all other proper submodules. Let U and V' be submodules of M.
If M =U + V and V is minimal with respect to this property, or equivalently, M = U + V and
UNV << V, then V is called a supplement of U in M. M is called a supplemented module if every
submodule of M has a supplement.

Now we will give some important properties of generalized small submodules.

Lemma 1 [6]. Let M be an R-module and K, N < M. Consider the following conditions:

(1) If K < N and N is generalized small submodule of M, then K is a generalized small
submodule of M.
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(2) If K is contained in N and a generalized small submodule of N, then K is a generalized
small submodule in submodules of M which contains submodule N.

(3) Let f: M — N be an R-module homomorphism. If K <<q M, then f (K) <<, M.

4 If K <<y Land N <<, T, then K+ N <<, L+T.

Corollary 1. Let M be an R-module and K < N < M.If N <<, M, then N/K <<, M/K.
Corollary 2. Let M be an R-module, K <<q M and L < M. Then (K + L)/L <<, M/L.

2. G-supplemented modules.

Definition 1. Let M be an R-module and UV < M. If M = U +V and M = U + T with
T QV implies that T =V, then V is called a g-supplement of U in M. If every submodule of M
has a g-supplement in M, then M is called a g-supplemented module.

Supplemented modules are g-supplemented.

Lemma 2. Let M be an R-module, U < M and V- < M. Then V is a g-supplement of U in M
ifandonly if M =U +V and UNV <<, V.

Proof. (=)LetUNV+T =VandT IV.Then M =U+V =U+UNV+T=U+T
and since V' is a g-supplement of U in M and ' AV, T'=V. Hence UNV <<, V.

() LetM =U+VadUNV <<, V.Let M =U+T withT V. Since M =U +T
and T < V, by Modular Law V =V NM =VNU+T)=UNV +T.Thenby UNV <<, V,
T = V. Hence V is a g-supplement of U in M.

Lemma 3. Let M be an R-module, My < M, U < M and M, be a g-supplemented module. If
M7 + U has a g-supplement in M, then so does U.

Proof. Let X be a g-supplement of M; + U in M. Then M; + U + X = M and (M; +
+U)N X <<4 X. Since M; is g-supplemented, (U + X) N M; has a g-supplement Y in Mj,
ie, Min(U+X)+Y = M; and M; N (U+ X)NY <<, Y. Following this, we have M =
=MNU+X)+Y+U+X=U+X+YandUNX+Y)<XNU+Y)+YNU+X) <
< XNM+U)+YNMiNn(U+X) <<g X+Y. Hence X + Y is a g-supplement of U
in M.

Theorem 1. Let M = My + Ms. If My and My are g-supplemented modules, then M is a
g-supplemented module.

Proof. Clear from Lemma 3.

Corollary 3. Any finite sum of g-supplemented modules are g-supplemented.

Lemma 4. Let M be an R-module, X < U < M and V be a g-supplement of U. Then
(V+X) /X is a g-supplement of U/X in M/X.

Proof. Since V is a g-supplement of U in M, we have M = U +V and UNV <<, V.
Thus (UNV 4+ X) /X <<4 (V+X)/X by Lemma 1. Since M = U + V, it is easy to see that
M/X=U+V)/X=U/X+(V+X)/XandU/XN(V+X)/X=UnNV+X)/X <<,
<<4 (V 4+ X)/X. Therefore (V 4+ X) /X is a g-supplement of U/X in M/X.

Theorem 2. [f M is a g-supplemented module, then every factor module of M is g-supplemented.

Proof. Clear from Lemma 4.

Corollary 4. If M is a g-supplemented module, then the homomorphic image of M is g-
supplemented.

Theorem 3. Let M be an R-module, K be a direct summand of M andT' < K. ThenT' <<, K
if and only if T <<, M.
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Proof. (=) Clear from Lemma 1.

(<) Let T' <<4 M. Assume that M = K @Y. If we consider the canonical map w: M — K,
then we get T' = 7 (T') <<, (M) = K by Lemma 1.

Definition 2. Let M be an R-module and T < M. If T is both maximal and essential in M,
then T is called a generalized maximal submodule of M. The intersection of all generalized maximal
submodules of M is called the generalized radical of M denoted by Rady M. If M has not a
generalized maximal submodule, then we denote Rady M = M.

Lemma 5. Let M be an R-module. If M has at least one generalized maximal submodule, then

Rad, M = ZL«QM L

Proof. Let L <<, M.If L ¢ T with T is a generalized maximal submodule of A, then we get
L+ T = M since T is maximal. Thus T' = M, which is a contradiction. Therefore L is contained
in every generalized maximal submodule of M. Hence Z L C Rady M.

L<<gM

Let x € Rad, M. Suppose that Rz is not generalized small in A/ and Q2 = {T <M |z¢
¢ T, T <Mand Re +T = M} Since Rz is not generalized small in M, we get €2 # &. It is clear
that every chain has a upper bound by inclusion in 2. Hence () contains a maximal element K by
Zorn’s lemma. We can easily show that K is a generalized maximal submodule of M. Since K € €2,
we have z ¢ K. Since Rady M C K, we get + ¢ Rad, M. This is a contradiction. Therefore

Rz <<4 M and then Rad, M C ZL<< ML- So we get Rad, M = ZL<< M
g g9

Corollary 5. If M has no generalized maximal submodule, then Rad, M = Z

Proof. Similar to the proof of Lemma 5.

Corollary 6. Let M be an R-module. Then Rad M < Rad, M.

Example 1. For a non-zero simple R-module M, we have Rad M = 0 # M = Rad, M.
Theorem 4. Let M be an R-module with Rad, M # M. The following conditions are equivalent:
(1) M is a generalized hollow module,

L<<gM

(i1) M is a local module,

(iii)) M is a hollow module.

Proof. (i) = (ii) Let M be a generalized hollow module and 7" be any proper submodule of M.
Then T' <<, M and we have T' < Rady M by Lemma 5. Since Rady M # M, M is local and so
the proof is complete.

(i1) = (iii) Clear.

(iii) = (i) Clear.

Theorem 5. If M is a finitely generated R-module and M has a proper essential submodule,
then every proper essential submodule of M is contained in a generalized maximal submodule.

Proof. Let K be any proper essential submodule of M. Since M is finitely generated, K is
contained in a maximal submodule 7" and T < M due to K < M.

Theorem 6. Let M be an R-module and Rad, M # M. If every proper essential submodule of
M is contained in a generalized maximal submodule, then Rady, M <<, M.

Proof. Clear.

3. Amply G-supplemented modules.

Definition 3. Let M be an R-module and U < M. If; for every V.< M with M =U +V, U
has a g-supplement T in M such that T' <V, then we say that U has ample g-supplements in M. If
every submodule of M has ample g-supplements in M, then M is called an amply g-supplemented
module.
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Theorem 7. Let M be an R-module, Uy,Us < M and M = Uy + Us. If Uy and Us have ample
g-supplements in M, then Uy N Us has also ample g-supplements in M.

Proof. Let Uy NUs+T = M. Then we have M = Uy +Us NT = Uy + Uy NT. Since U;
and U, have ample g-supplements in M, then U; has a g-supplement V; with Vi < U N'T" and
U, has a g-supplement V5 with Vo < Uy NT. Since M = Uy + V4 and Vi < Us, by Modular
Law Uy = Uy N (U1 + Vl) = U; NUy 4+ Vi. Similarly we have U; = U; NUs + Vo. Then M =
=U1+U=UNU+Vo+UiNnUp+ Vi =U1NU+Vi+Voand Uy NU; N (Vi +Va) =
=UN(Vi+UanNVo)=UNVi+U;NV, <<y M. Hence V1 + V> is a g-supplement of U; N Us
and since V; + Vo < T, Uy N Uy has ample g-supplements in M.

Theorem 8. [f' M is an amply g-supplemented module, then every factor module of M is amply
g-supplemented.

Proof. Clear.

Corollary 7. If M is an amply g-supplemented module, then the homomorphic image of M is
amply g-supplemented.

Proof. Clear from Lemma 4.

Theorem 9. Let M be an R-module. If every submodule of M is g-supplemented, then M is
amply g-supplemented.

Proof. Clear.

Lemma 6. [f'M is a w-projective and g-supplemented module, then M is an amply g-supplemen-
ted module.

Proof. Let M = U+V and X be a g-supplement of U. Since M is w-projective and M = U +V,
there exists an R-module homomorphism f: M — M such that Im f C V and Im(1 — f) C U. So,
wehave M = f(M)+(1—f)(M) = f(U)+ f(X)+U = U+ f(X). Suppose that a € U N f(X).
Since a € f(X), then there exists z € X such that a = f(x). Since a = f(z) = f(z) —x + 2z =
=z—(1—f)(z)and (1 — f)(x) eU weobtainz =a+ (1 — f)(z) andx € U. Thusz e UN X
and so f(X) € f(UNX). Therefore we get U N f(X) < f(UNX) <<4 f(X). This means that
f(X) is a g-supplement of U in M. Moreover f(X) C V. Therefore M is amply g-supplemented.

Now the following corollary can be easily written as a consequence of Lemma 6.

Corollary 8. If M is a projective and g-supplemented module, then M is an amply supplemented

module.
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