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BRANCHING LAW FOR THE FINITE SUBGROUPS OF SL,C
AND THE RELATED GENERALIZED POINCARE POLYNOMIALS

3AKOH TAJIYKEHHSA AJ1s1 CKIHHEHHUX IIATPYII SL,C
TA BIAINOBIAHI Y3ATAJIBHEHI ITIOJITHOMMU ITYAHKAPE

Within the framework of McKay correspondence we determine, for every finite subgroup I' of SL4C, how the finite-
dimensional irreducible representations of SL4C decompose under the action of I".

Let b be a Cartan subalgebra of 5[4C and let w1, w2, @3 be the corresponding fundamental weights. For (p, ¢,7) € N?,
the restriction 7, 4, |r of the irreducible representation 7, 4 of highest weight pco1 + g2 + rws of SL4C decomposes
as Tp.q,rlr = @2:0 m;(p, q, )7V, where {70, ..., i} is the set of equivalence classes of irreducible finite-dimensional
complex representations of I'. We determine the multiplicities m;(p, g, ) and prove that the series

o (t,u,w); iiimznq, VP ulw"”

p=0 ¢q=0 r=0

are rational functions.
This generalizes the results of Kostant for SL2C and the results of our preceding works for SL3C.

V pamkax Bimmosigaocti Makkest st KoxHOi ckinuenHoi miarpymu I' rpymu SL4C Bu3HaveHo, IKMM YMHOM CKiHYE€HHO-
BuMipHe He3BigHe 300paxenus SL4C posknamaerses mig miero .
Hexaii h — kapranosa miganre6pa sl4C, a w1, ws, ws — Binmosinni gynnamentanshi Barn. st (p,q,7) € N3
3BY)XKEHHS Tp,q,r|T HE3BIIHOTO 300paXeHHs Ty, ¢, HAHOLIBIIOI Baru pwwy + qwa + rws B SL4C posknanaerses y BUDIAAL
1 . . . . . .
Tpqrlt = @i mi(p,q,7)vi, 2¢ {70,..., M} — MHOKHHA KIIaciB €KBiBaJEHTHOCTi HE3BiIHMX CKiHUEHHOBHMipPHHX
KOMIUTEKCHUX 300paxennb ['. BusHaueno kparnocti m;(p, g, ) Ta I0BEIEHO, LIO PAIH

oo 0o oo

o (¢, u, w) ZZZ i(p,q,r)tPulw”

p=0 ¢g=0 r=0

€ panioHAEHIMHU (QYHKIISIMH.
Ie € y3aranpHenHsM pesynsrariB Kocranra s SLoC, a takox pesyinbrariB Hamux nomnepennix pooit it SLsC.

1. Introduction and results. Let I' be a finite subgroup of SL,C and {vo,..., v} the set of
equivalence classes of irreducible finite dimensional complex representations of I', where 7 is the
trivial representation. The character associated to ; is denoted by x;.

Consider v: I' — SL4C the natural 4-dimensional representation, and ~* its contragredient
representation. The character of 7y is denoted by x. By complete reducibility we get the decompositions

l !
. 1 3
vielo,:vov=Pa)v oA = @% v and ;0" = P ay.
=0 ;

This defines the three following square matrices of M, N:

AW = () A@ = (o A®) = (¥ .
( " )(z’,j)e[[o,zuf <a” )(i,j)eﬁll p M (a” )u,j)eﬁo, 2

Let b be a Cartan subalgebra of sl4C and let w;, ws, w3 be the corresponding fundamental
weights, and V (pw; + qwy + rws) the simple sl;C-module of highest weight pwoy + gwog + rws
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1322 F. BUTIN

with (p, ¢, 7) € N3. Then we get an irreducible representation 7,4, : SLyC — GL(V (pwy +
+ gqwa + rws3)). The restriction of m, 4 » to the subgroup I' is a representation of I', and by complete
reducibility, we get the decomposition

!
7Tp7‘177’|r = @ ml(pa q, 7")'7@',
i=0
where the m;(p, ¢, 7)’s are non negative integers. Let £ := (eq, ..., ¢;) be the canonical basis of
C'*1 and

l

Up,q,r *= Zmi(pv%r)ei € (Cl+1-
=0

We have in particular vy 00 = eg as 7o is the trivial representation. Let us consider the vector

[© < 2ENNe olNe o]

Pf(t, U, U)) = Zzzvp,q,rtpquT S (C[[tv u, w]])l+17

p=0 ¢=0 r=0

and denote by Pr(t, u, w); its jth coordinate in the basis £, which is an element of C[t, u, w].
Note that Pp(t, u, w) can also be seen as a formal power series with coefficients in C'*!. The aim
of this article is to prove the following theorem.

Theorem 1. The coefficients of Pr(t, u, w) are rational fractions in t, u, w, ie., the formal
power series Pr(t, u, w); are rational functions

Pr(t, u, w); = m ieo, 1,
where the Ny (t, u, w); s and Dy (t, u, w) are elements of Q[t, u, w].

The proof of this theorem uses a key-relation satisfied by Pr(t, u, w) as well as a so-called
inversion formula. Two essential ingredients are the decomposition of the tensor product of m, , ,
with the natural representation of SL4C and the simultaneous diagonalizability of certain matrices.
The effective calculation of Pr(t, u, w) then reduces to matrix multiplication.

In [2] we applied a similar method for SLoC — recovering thereby in a quite easy way the results
obtained by Kostant in [6, 7], and by Gonzalez— Sprinberg and Verdier in [4] — and for SL3C in
order to get explicit computations of the series for every finite subgroup of SL3C.

The general framework of that study is the construction of a minimal resolution of singularities of
the orbifold C™/T". 1t is related to the McKay correspondence (see [1, 3, 4]). For example, Gonzalez —
Sprinberg and Verdier use in [4] a Poincaré series to construct explicitly minimal resolutions for
singularities of V = C?/T" when T is a finite subgroup of SLyC. To go further in this approach, our
results for SL4C could be used to construct an explicit synthetic minimal resolution of singularities
for orbifolds of the form C*/T" where I is a finite subgroup of SL4C.

2. Properties of the matrices AV, A?)| ABG), 1In order to compute the series Pr(t, u, w),
we first establish here some properties of the matrices A1), A® AG) The first proposition essen-
tially follows from the uniqueness of the decomposition of a representation as sum of irreducible
representations.
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BRANCHING LAW FOR THE FINITE SUBGROUPS OF SL,C AND THE RELATED ... 1323

Proposition 1. (i) A®) = AW (i) A® is a symmetric matrix. (iii) A, A® and AG)
commute. In particular, AY) is a normal matrix.
1 _ 1 i )
= (Xi | x7@v;) = ﬁz o Xi(9)x(9)x;(9), we have v @ 55 = @i a;; Vi

! ! 3
In the same way, (7 A7) @ v; = D;_, Ej)% and v* ® v; = D;_, az(j)fyi.

Proof. Since a;;

Then
3
az('j) = (Xi [ Xv;07+) |F| ZXZ 9)xi(9)x-(9) ]F[ ZX’ xs(9)x(g™") =
gel gel’
2ol 2T =
=1 2 00l = g 2 il "

gel gel

hence A®) = tA(),
% 3
We also have (v, ® 7) ® v* = (@i —0 EJ)%> ®y = @z =0 zj (@k 0 aéz)%) =
! ¢ 3 ! 3 !
= Bio <Z i al )> e and 72 (73 877) =7 (Do afy 7 ) =Dh-oaly (Bl ) =
=P, (Z L a,(clz) EJ)> vk, hence A AN = AW AB) The proofs of the other statements are
the same.

Since A, A AG) are normal, we know that they are diagonalizable with eigenvectors forming
an orthogonal basis. Now we will diagonalize these matrices by using the character table of the group
I'. Let us denote by {Cy, ..., C;} the set of conjugacy classes of I', and for any j € [0, [], let g; be
an element of C';. So the character table of I' is the matrix 71 € M C defined by (T1); ; := Xi(g;)-

Proposition 2. (i) For k € [0, 1], set wy := (xo(gr)--., xi(gx)) € CHL. Then wy, is an
eigenvector of A®) associated to the eigenvalue X(gx). Similarly, wy, is an eigenvector of AD
associated to the eigenvalue x(gy).

1
(i) For k € [0, 1], wy, is an eigenvector of A®) associated to the eigenvalue 5 (x(gr)* + x(g7)) -

. l l
Proof. From the relation v; ® v = ijo aﬁ)yj, we get XiX = Xy = Z 0 gl)x] By

! 1
evaluating this on gj, we obtain x;(gx)x(gx) = Z o ;l)xj (9x) = Zj GEJ)XJ (gx) according to

Proposition 1. So wy, is an eigenvector of A®) associated to the eigenvalue x(gz). The method is
similar for the other results.

As the w;’s are the columns of 7T, which are always orthogonal, the matrix 7t is invertible
and the family W := (wp, ..., w;) is a common basis of eigenvectors of A, A2 and A®). Then
A = T* AW Ty, A( ) = T{l AP T and AG) = Tlfl AG) Tr are diagonal matrices, with

3
A =X(g7), A = 2(><(9j)2 — x(g?)) and A = x(g;).
Now, we make use of the Clebsch—Gordan formula

71,00 ® Tp,g;r = Tp+1,g, D Tp,gr—1 D Tp—1,g+1,r D Tp,g—1,r+1,
7-[-071»0 ® ﬂ‘p,q,’f‘ = Trp7q+1zr @ Wp}qfl,r @ 7Tp+1,(I71,T’+1 @ 7Tp717q+177‘71 @ 7Tp717q77"+1 @ 7Tp+17q>7'717 (1)

70,0,1 @ Tp,gr = Tp,qr+1 D Tp—1,g0 D Tp,g+1,—1 D Tpt1,g-1,r
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1324 F. BUTIN

Proposition 3. The vectors vy, 4, satisfy the following recurrence relations:

1
A( ),Up7q7r = Up+17q7r + /Up7q7r_1 + /Up_]-7q+17r + /Up7q_17r+17
2
A( )/Up7q7r = /l)pzq+17r + /Up,q—l,T + /Up_i'_]_’q_]_,r_'_l + /Up_]-7q+17r_1 + ,Up_]-7q7r+1 + Up+17q7r_17
3
A( ),Up7q7r = ,Up7q7r+1 + ,Up717q7r + ,Up,q+1,1”71 + Up+17q717r'

l
Proof. The definition of wv,,, reads wvp,, = E , Omi(p, q, r)e;, thus AWy, . =
1=

l 1 L
- Zi:() <Z]0 m](p? q, 7“)0,5])> €;. Now

l l l
1
(7100 © Tpar) I = Tpgrlt @7y =S mi 0 @ v =3 | S my(p, ¢, r)all) | 5

j=0 i=0 \j=0
and

7Tp+1,q,r‘l“ + ﬂ'pvqm—lh“ + 7717—17t1+1,rh“ + 7Tp,q—l,ﬂrl‘F =

l
=Y (milp+1,q,7) +milp, ¢, = D) +milp—1, g+ 1,7) +mi(p, g — 1, 7+ 1)) 7.
i

(2
By uniqueness,

l
1
§ :m](pa q, T)az(j) = mz(p+ 17 q, T) +mz(pa q, T — 1)+
Jj=0

+m1(p_ 1> Q+1> T)—&—mz(p, q— 17 T+1)

3. The series Pr(t, u, w) is a rational function. This section is mainly devoted to the proof
of Theorem 1.

3.1. A key-relation satisfied by the series Pr(t, u, w).

Proposition 4. Set

J(t, u, w) := (1 —u?) (1 +ut?) (1 4 uw?) — tw(l 4+ u?)) I, + twu(l — u?)A®) -

—tu(1 4+ uw?)(A®) — uAD)) — wu(1 4 ut?)(AD — 4A®)),
Then the series Pr(t, u, w) satisfies the following relation:

J(t, u, w)vg oo =
- (1 AW 24D 3 AB) t4> (1 —wA® § w2 A® 3 A0 w4> X
X ((1 +u?)(1 —u?)? —u(l —u?)2A®) 424N — 4 A®))(AB) — uA(l)))Pp(t, U, w).
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Proof. Set x := Pr(t, u, w). Setalso v, g1 :=0,vp 1, :=0and v_y 4, :=0 for (p, ¢, 7) €
€ N3, such that, according to the Clebsch—Gordan formula, the formulae of the preceding corollary

are still true for (p, ¢, r) € N3. So we have (by denoting ZOO 0 ZOO 0 ZOO 0 by Z )
p= 9= r= par

(1 —wA® 4 w?A® —3AM 4tz =

_ r r+1
= E :Up,q,rtpqu - E (Vp,gr+1 + Vp—1,,7 + Upg1,r—1 + Vpt1,g-1,7) P ulw™™ +

par pqr

E r+2
+ (fUp,qul’r + /Up,(I71,7' + /Up+1,(I71,T'+1 + Upflzq‘i»lyril + ,Upflvq:r‘i»l + ,Up+17q7r71)tpqu -

pgr

r+3 r+4
- E :(Uerl,qﬂ" + Vpgr—1 + Up-tgt1r + Vpg1rp)tPulw™ 4 E :Up,q,rtpqu ,

pgr pgr

hence
(1—wA® +w?A® — 34D 4wtz =

o0 o0 (o)
= (1 — tw 4 uw?® — t~Luw) Z Z Up, g0t u? + tuw Z v0,g,0u’.
p=0¢=0 q=0

In the same way (by denoting Z:;O Z:io by qu )

(1= tAW +£2A@) — 346G 1) N "N "o, o otPul =
p=0 q=0

_ D, p+1,.q
= E :Up,q,ot u = E :(Up+17q,0 + Up—1,¢+1,0 + Vp,g—1,)t" i+
Pq Pq

+2
+ E (Up,g+1,0 + Vp,g—1,0 + Upt1,g-1,1 + Vp—1,42 )t "0~
Pq

+3 +4
- E (Up,g,1 + Vp—1,¢,0 + Vp+1,g-1,0)7 "u? + E :Up,q,Otp uf,
pq Pq

hence

(1= tAW 4 £2A@) — 346G 14N "N ", g otPu? =

p=0 ¢=0
o0 o0
2
= (1 4+ tu) E vo,q,0u? — tu g V0,107
q=0 q=0

Moreover, we have
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(1 —tAW + 24 — $346) 4 44) Y "y 4 out =
q=0

[e.e] [e.e]

F. BUTIN

[ee]
2
= v0q0u! =Y (V1,40 + 01t D> (V06410 + V0.g-1,0 + V1,911 uI—
q=0

q q

o0 o0
3 4
= (vog1 +v1g-10)2uT + v g0ttul,
q q

hence

(1 —tAW + 240 —$346) 4 41) Y "y 4 out =
p=0

[e.9] o0
= (14" + 2u™" + t2u) Z vo,g.0u? — t2u " vg 00 — (¢ + t3u) Z v1,q,0u!—
q=0 q=0

o0 o
—(tu+1%) Y vogiul + 1wy vrgaul.
q=0 q=0

By combining equations (2), (3) and (4), we get
(1—tAD 4+ 24P — 340 1 1H(1 —wA® 4 w2 AP — P AB) 4wtz =
= (1—tAM 1242 —340) L4ty

o0
x | (1 —tw+uw? -t tuw) E Up,q0tPu? + ¢~ tuw E vo,g0ul | =
Pq q=0

o0 o0
= (1 —tw + uw? — t  uw) | (1 + t2u) Z vo,q,0u! — tu Z vo,g1u? |+
q=0 q=0

“

[e.9] oo
(14t a4 Pu)t uw Z v0,4.0u? — twvg o — (1 + t2u)uw Z v1,g,0ul—

q=0 q=0
o0 o0
—(u+ t*)uw g 0,10 + tutw E v g1ul,
q=0 q=0
hence

(1—tAM 424 — 340 191 — wA® 4 w2 AP — P AN 4wtz =
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BRANCHING LAW FOR THE FINITE SUBGROUPS OF SL,C AND THE RELATED ...

(o.9) (o.9]
= (14 ut?)(1 4 uw?) Z vo.g0u? — tu(l 4 uw?) Z vo,g 10—

q=0 q=0
00 (o]
—wu(l 4 ut®) > vy gou? — twvgpo + tutw Y vy gl
q=0 q=0

Besides, we have the two following equations:

S oo [eS)
A( ) U07q70uq = vlzqvouq + u U07q71uq’
q=0 q=0 q=0
and
S oo [eS)
A(g) E U07q,0uq = E Ug7q,1uq +u E ULq’qu.
q=0 q=0 q=0

From these two equations, we deduce

Z vo,g1u! = (1 — u?)~ I(A(3) — uA(l)) ngyq,ouq.
q=0 q=0

Now, we have

oo o0

o0 o0
1
AW " gaud = v gaul + > vogoul +uy | vgg2ul,

q=0 q=0 q=0 q=0
and
oo [ee} oo o0
3 —1 —1
ABN g gaut = wvogout +uTt Y vog0ul +ud vigiul —u v,
q=0 q=0 q=0 q=0
therefore

Z vy gaud = (1 —u?)” AWM —AG Z vo,gaud — (1 —u?)~t

So, according to equation (8), we deduce

Zvlﬂﬂuq =(1—u?)72(AW —yAB)(AB) — AW Zv07q70uq — (1 —u*) g 00

q=0

By using equation (11), we may write equation (5) as

(1—tAM 4+ 24@) — 340 1191 —wA® 4 w2 AP — P AN )z =

- ((1 +ut?)(1 + uw?) + tuPw(1 — u?)2(AD — g A®)(AB) A )) 3 v g0ul—
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1328 F. BUTIN

o0 o0
—tu(1 + uw?) Z v0,g1u? — wu(l + ut?) Z v1g0u! — (tw + tu*w(l — u?) v, (12)
q=0 q=0

From equations (6) and (7), we also deduce

> vrgou’ = (1—u?) (AW —uAd®) Y "og 4 oul. (13)
q=0 q=0

So, by using equations (8) and (13), we obtain

(1—tAM +24@ — 340 11— wA® + w2 A?) — 34D )z =
= ((1 + ut?) (1 + ww?) — tu(1 + uw?)(1 — u?) 7 (AB) — AW
—wu(l 4+ ut?)(1 —u?) 1AM —uA®))4
+tulw(l —u?) 72 (AN — uA®)(ABG) - uA(l))) Z v0,q,007—
q=0
—(tw + tu*w(1 — u?) Mg 0.0, (14)

i.e., by multiplying (14) by (1 — u?)?,

(1 —u?)?(1 —tAD + 24 — $3A0) 1111 — wA®) + w2 AP — 3 AW 4 whz =

- ((1 —u)2(1 + ut?) (1 + ww?) — tu(l + uw?)(1 — u2)(A® — AL -

—wu(1 + ut?) (1 — u?)(AY — uA®) + tu2w(AD —uA®) (4B - uA(l))> Z v0,q,0u—
q=0
—(tw(1 —u*)? + tuPw(1 — u?))vo 0,0- (15)

Consider now the following equation:

(o] o (o] oo
_ —1
A®?) E Uo’qpuq =u! E v(],q,ouq +u E Uo’qpuq +u E vl,q,luq — U "0,0,0- (16)
q=0 q=0 q=0 q=0

Then, according to equation (11), we have

00 0 0
A Z vo,g.0u? = u L Z vo,q,0u? + u Z v0,q,0u?+
q=0 q=0 q=0
o0
tu(l —u?) HAYD — ud®) (A —uAW) Y v gou’ —u(l —u?)tugg0 —u w000,
q=0
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1.€.,

<A(2)—u’l—u—u(l—u2)72(z4(1)—UA( NAB) — AW )ZUOqouq

= —(u(l —u®)™ +u g0 (17)
This last equation reads
[e.e]
(—u(l —u2)2A (14 u?)(1 - u2)? + u2(AD — uA®)A®) uA<1>)) Y o q0uf =
q=0
= (1 —u?)vo00- (18)

Now, by using equations (15) and (18), we get

(1= u2)2(1 = tAD 4 24O — BA®) LY (1 — wA®) 4w AR _ B AW 4 )
x(—u(l = u?)24@ 4 (14 w?)(1 - u?)? + (A — uAD) (A —uaD)) =
= —tw(l —u?) (—u(l = w)?A@ + (1+ ) (1 - u?)+
(A = uA®)(AD — wAD))vg00+
(1= w2201+ u?) (1 4+ uw?) = a1+ u?)(1 - u?) (AP - uA®)-

—wu(l +ut?)(1 — u2)(AD — uA®)) 4 tulw(AD — wAB)) (A — uA<1>)) (1 —u2)vop0, (19)
i.e., after simplification by (1 — u?),
(1—tAM 4+ 2A@ — A0 1111 — wA®) + w2 AP — 34D 1 wh)x
x ((1 Fu2)(1 —u?)? — u(l — u2)2A® 4+ u2(AD — yA®))(A®) - uA<1>)) z=
- ((1 — @) (1 + wt?) (1 + uw?) — tw(l + u?)) + twu(l — u2)A® -

“tu(1 + ww?)(A® — uAD) — (1 + w?)(AD — yA®) ))vw,o. (20)

Proposition 4 is proved.
3.2. An inversion formula. In order to inverse the relation obtained in Proposition 4 and get an
explicit expression for Pr(t, u, w), we need the rational function f defined by

f:C¥ = Ct, u, w),
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1330 F. BUTIN

(di, dao, d3) — (1 —tdy + t2dy — t3d3 + t4)_1(1 — wds + w?dy — widy + w4)_1><

-1
X ((1 Fu2)(1—u2)? — u(l — u2)2dy + u2(dy — uds)(ds — udl)) .
According to Proposition 4, we may write

J(t7 Uu, ’U)) V0,0,0 =
— T (1 —tAD £ 20 _3AG) 4 t4> (1 —wA® £ p2A®@ 3 4 w4) X

x ((1 Fu?)(1—u2)? —u(l — u?)2A® 4 2(AD — yAB)A®) uA@)))T;lPF(t, u, w).
We deduce that

Pr(t, u, w) = Tr A(t, u, w) Tp t T (t, u, w) vop0 =

= (Tr A(t, u, w) Tr) (TF2J (¢, u, w) vo,0,0), @1

where A(t, u, w) € M;11C(¢, u, w) is the diagonal matrix defined by

1) 42 (3 — 1
A(t, u, w)j; = f(A§j), Agj), A§j)) =f (X(gj), §(X(gj)2 - x(9)), X(gj)> :
This last formula proves Theorem 1.
Remark 1. The Poincaré series Pr(t) of the algebra of invariants C[z1, 22, 23, 24" is given by

Pr(t) = Pr(t, 0, 0)g = Pr(0, 0, t)o.

3.3. Remark for SL,,C. In this section, we consider an integer n > 2 and a subgroup I' of SL,,C.
As in Section 1, let {~,..., 71} be the set of equivalence classes of irreducible finite dimensional
complex representations of I', where 7 is the trivial representation. The character associated to v; is
denoted by x;.

Consider v: I' — SL,C the natural n-dimensional representation, and Y its character. By

complete reducibility we get the decomposition v; ® v = @220 ag;)

(1) .= (D)
set AW . (am el € M4 1N.
Let b be a Cartan subalgebra of sl,C and let wq,..., wy_1 be the corresponding fundamental

weights, and V(piw1 + ... + pr—1@n—1) the simple sl,C-module of highest weight pjw; + ...
coo + Pn_1wn_1 With p := (p1,... pn_1) € N1, Then we get an irreducible representation Tp
SL,,C — GL(V(p1wi1+. ..4+pn—1@n—1)). The restriction of 7, to the subgroup I" is a representation
of I', and by complete reducibility, we get the decomposition 7p|r = @2:0 m;(p)y;, where the
m;(p)’s are non negative integers. Let £ := (e, ..., ¢;) be the canonical basis of C'*!, and

~; for every j € [0, I], and we

!
Vp 1= Zmi(p)ei € CHtl,
=0

As 7y is the trivial representation, we have vg = egy. Let us consider the vector (with elements of
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C[t1, ..., th—1] = C[t] as coefficients)
Pr(t):= ) optP € (CIt)'™,
peNn—1
and denote by Pr(t); its jth coordinate in the basis £.
Given the results from Kostant [6, 7] for SLoC and our results [2] about SL3C, we then formulate
the following conjecture:

Conjecture 1. The coefficients of the vector Pr(t) are rational fractions in t, i.e., the formal
power series Pr(t); are rational functions

Pr(t); == ]l\gl;((?)i ;

where the Ny (t); s and Dr(t) are elements of Q[t].

4. An example of explicit computation. The classification of finite subgroups of SL4C is given
in [5]. It consists in infinite series and 30 exceptional groups (types I, I1,..., X X X). We give here
an explicit computation of Pr(¢, u, w) for one of these exceptional groups. Consider the matrices

i €[0,1],

1 0 0 0 3 0 0 0
0 1 0 o0 1 0 -1 2 2
F = s Fé =3 ’

0 0 4 0 31l o 2 -1 2
0o 0 0 42 0 2 2 -1

-1 V15 0 0

L V15 1 0 0

T4l 0 0 0 4 |
0 0 4 0
and the subgroup I' = (Fy, Fj, F3) of SL4C (type I1 in [5]).
Here | = 4,

oS = O O O

0
0
1
1
1

= = O = O
e e
N = = = O
o O R o= O
N = O = =
I =
NN = = O
NN N O

rank(A™M) = rank(A®) = 4, and the eigenvalues of A1), A®) AG) are 61 = OB) =
=(4,0, -1, 1, =1),0@ = (6, =2, 1, 0, 1).
According to formula (21), we get

Dr(t, u, w):(w—1)4(u+1)3(u—1)5(t—1)4(w2+w+1) (w* +w® + w* + w+ 1) x
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x(w+ 12 (P +ut1) (B +ut D) (B t4+1) (P2 t+1) (1) =

= (u—1)(u+ 1)(u? + u+ 1)Dp(t) Dy (u) Dr(w),

with Dr(t) = (t — 1)*(t + 1)2(t2 + t + 1)(t* + 3 + £ + ¢ + 1). Moreover,

Bo(t) = -0t -2 41
r 12 910 49 148 L 4T 1 4h ppd 43 92 1 17

Because of the too big size of the numerators Nt (¢, u, w);’s, only the denominator is given in the

text:

all the numerators may be found on the web (http://math.univ-lyonl.fr/homes-www/butin/).
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