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t-GENERALIZED SUPPLEMENTED MODULES
t-Y3AT'AJIbHEHI JOITIOBHEHI MOAYJII

In this paper, t-generalized supplemented modules are defined by starting from the generalized @-supplemented modules. In
addition, we present examples separating the t-generalized supplemented modules, supplemented modules, and generalized
@-supplemented modules and also show the equality of these modules for projective and finitely generated modules.
Moreover, we define cofinitely t-generalized supplemented modules and give the characterization of these modules.
Furthermore, for any ring R, we show that any finite direct sum of ¢-generalized supplemented R-modules is ¢-generalized
supplemented and an arbitrary direct sum of cofinitely ¢-generalized supplemented R-modules is a cofinitely ¢-generalized
supplemented module.

JloBezneHo, mio t-y3arajbHEHI IOMOBHEHI MOIYNi BH3HA4YCHI HAa OCHOBI y3aralbHEHHX B-IOMOBHEHHX MOXymiB. Kpim
TOTO, HABEJCHO MPHKIAIU, IO BiIOKPEMIIOIOTH t-y3arajbHEHI TOMOBHEHI MOMYJN, JOMOBHEHI MOy Ta y3araibHEeHi
-IONOBHEHI MOIYIi, a TaKOX JOBEICHO PIiBHICTh IIMX MOAYJIB IJIS MPOCKTUBHHUX Ta CKIHYEHHOIOPOIKCHUX MOJIYIIB.
Takox BU3HAYEHO KO(DIHITHO t-y3arajbHEHI JOMOBHEHI MOAY/I Ta HABEACHO XapaKTePHCTHKY IIMX MOAYJiB. BimbIr Toro,
JUISE KO)KHOTO KiNbIsE R TOBEIEHO, 10 OyAb-sKa CKIHYEHHA TIpsMa CyMa t-y3arajJbHCHHX JONOBHEHHX R-MOAyMiB € t-
y3arajbHEHOIO JOTIOBHEHOIO, a TAKOXK Oy/Ib-sIKa MpsiMa cyMa KO iHITHO t-y3aralbHeHHX TOMTOBHEHUX [R-MOyIiB € KO(iHITHO
t-y3araJbHEHHM JIOTIOBHEHUM R-MOIyseM.

1. Introduction. Throughout this paper all rings will be associative with identity and all modules
will be unital left modules.

Let R be a ring and M be an R-module. We will denote a submodule N of M by N < M
and a proper submodule K of M by K < M. Let M be an R-module and N < M. If L = M for
every submodule L of M such that M = N + L, then N is called a small submodule of M and
denoted by N <« M. Let M be an R-module and N < M. If there exists a submodule K of M
such that M = N 4+ K and N N K = 0, then N is called a direct summand of M and it is denoted
by M = N & K. For any module M we have M = M & 0. Rad M indicates the radical of M. An
R-module M is said to be simple if M have no proper submodules with distinct zero. Let M be an
R-module. M is called a (semi) hollow module if every (finitely generated) proper submodule of M
is small in M. M is called local module if M has a largest submodule, i.¢e., a proper submodule which
contains all other proper submodules. A module M is called distributive [10] if for every submodules
K,L,Nof M, N+(KNL)= (N+K)N(N+L), orequivalently, NN(K+L) = (NNK)+(NNL)
holds. Let U and V be submodules of M. If M = U + V and V is minimal with respect to this
property, or equivalently, M = U 4+ V and U NV <« V, then V is called a supplement [12] of U
in M. M is called a supplemented module if every submodule of M has a supplement. M is called
@®-supplemented [6, 8] module if every submodule of M has a supplement that is a direct summand
of M. Let M be an R-module and U, V' be submodules of M. V is called a generalized supplement
2, 11, 13]of Uin M it M =U +V and U NV < RadV. M is called generalized supplemented
or briefly GS-module if every submodule of M has a generalized supplement and clearly that every
supplement submodule is a generalized supplement. M is called a generalized ®-supplemented [4,
5, 9, 10] module if every submodule of M has a generalized supplement that is a direct summand in
M. In this paper we generalize these modules. A submodule N of an R-module M is called cofinite
if M/N is finitely generated. M is called cofinitely supplemented [1] if every cofinite submodule
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of M has a supplement in M. M is called semiperfect module if every factor module of M has a
projective cover.

In the next section, we will define ¢-generalized supplemented modules and examine the rela-
tionship between these modules, supplemented modules and generalized @-supplemented modules.
For any ring R, we will show that any finite direct sum of ¢-generalized supplemented modules is
a t-generalized supplemented module and find conditions for ¢-generalized supplemented modules
which make factor modules of these ¢-generalized supplemented modules.

In the last section, we will define cofinitely ¢-generalized supplemented modules and investigate
the relationship with cofinitely supplemented modules. We also show that any direct sum of cofinitely
t-generalized supplemented R-modules is also a cofinitely ¢-generalized supplemented R-module for
any ring R.

Lemma 1.1. Let M be an R-module and N, K be submodules of M. If N + K has a generalized
supplement X in M and N N (K + X) has a generalized supplement Y in N, then X +Y is a
generalized supplement of K in M.

Proof. See [4], Lemma 3.2.

Lemma 1.2. Let M be a projective module. Consider the following conditions:

(1) M is a semiperfect module.

(1) M is a generalized ©-supplemented module.

Then (i) = (i1) holds and if M is a finitely generated module then (ii) = (i) also holds.
Proof. See [10], Lemma 2.2.

2. t-Generalized supplemented modules.

Definition 2.1. Let M be an R-module. M is called a t-generalized supplemented module if
every submodule of M has a generalized supplement which is also a supplement in M. Clearly
generalized ®-supplemented modules are t-generalized supplemented. But the converse implication
fails to be true. This will be shown in Example 2.4.

It is also clear that although every supplemented module is a ¢-generalized supplemented the
converse of this statement is not always true. We will show this situation in Examples 2.1-2.3.
Since hollow and local modules are supplemented, they are ¢-generalized supplemented modules.

It is well-known that every @-supplemented module is generalized &-supplemented (see [4],
Example 3.11). Now we will give a situation when the converse is true.

Lemma 2.1. If M is a finitely generated R-module then M is generalized ®-supplemented if
and only if M is ®-supplemented.

Proof. (=) Let N be a submodule of M. Since M is generalized @®-supplemented, there
exists a generalized supplement K of IV such that K is a direct summand in M. Hence there exists
submodules K and L of M suchthat M = N+ K, NN K <Rad K and M = K & L. Since M is
finitely generated, we have K is finitely generated and Rad K < K. Therefore N N K < K and K
is a supplement of N in M. As a result M is G-supplemented.

(<) Clear.

The following lemma will be used to prove Theorem 2.1.

Lemma 2.2. Let M be an R-module with M = My & My and K, L be submodules of My such
that K is a supplement of L in M. Then K is a supplement of Ma + L in M.

ISSN 1027-3190.  Yxp. mam. sicypu., 2015, m. 67, Ne 11



t-GENERALIZED SUPPLEMENTED MODULES 1493

Proof. Let Mo+ L+ N =M with N < K. Hence M1 = MiNM =M, N(L+ N+ M) =
=L+ N+ (M;NMs)=L+ N.Since N < K and K is a supplement of L in M;, we get N = K.
Therefore K is a supplement of My + L in M.

Lemma 2.3. Let M = My & Ms. If K is a supplement submodule in M and T is a supplement
submodule in My, then K + T is a supplement submodule in M.

Proof. Suppose that K is a supplement of U in M; and T is a supplement of V' in Ms. In
thiscase Mi = U+ K, UNK < Kand My =V +T,VNT <« T. Since M; = U + K and
My=V+T, M =DM +My=U+V+K+T.Itis easy to check that (U + K+ V)NT <« T and
(V4+T+U)NK <« K.Hence (U+V)N(K+T)C (U+V+T)NK+(U+V+K)NT <« K+T.
Therefore K + T is a supplement of U + V in M.

The next result generalizes Lemma 2.3 which is easily proved.

Corollary 2.1. Let M = M1 Ma®...®&M,. For 1 <1 < n,if K; is a supplement submodule
in M;, K1 + Ko + ...+ K, is a supplement submodule in M.

Theorem 2.1. For any arbitrary ring R, the finite direct sum of t-generalized supplemented
R-modules is t-generalized supplemented.

Proof. Let n be any positive integer, {M;},.,.,, be any finite collection of ¢-generalized
supplemented R-modules and M = M; & My & ... ® M,,. Assume that n = 2. Let M = My & M,
and N be any submodule of M. Then M = M; + M+ N. Since M, is t-generalized supplemented,
we can say that My N (M7 + N) has a generalized supplement K in Ms such that K is a supplement
in M>. So K is a generalized supplement of M7 + N in M. Since M is t-generalized supplemented,
M; N (K + N) has a generalized supplement L in M; such that L is a supplement in M;. Thus we
get K + L is a generalized supplement of N in M (see [4]). Since K is a supplement in M and L is
a supplement in M7, then by Lemma 2.3 K + L is a supplement in M. Therefore M is t-generalized
supplemented. The rest of the proof can be completed by induction on n.

The relationship between the concepts “¢-generalized supplemented” and ”supplemented” is ex-
pressed in the following lemma.

Lemma 2.4. Let M be a finitely generated module. Then M is t-generalized supplemented if
and only if M is supplemented.

Proof. (=) Let N be any submodule of M. Since M is t-generalized supplemented then there
exists K < M such that M = N 4+ K, NN K C Rad K and K is a supplement in M. Since M is
finitely generated, we obtain Rad M < M. Hence N N K C Rad K C Rad M <« M and it follows
that N N K < K. This means that K is a supplement of N in M and so M is supplemented.

(<) Clear from definitions.

Lemma 2.5. Let M be an R-module. If Rad M = M, then M is t-generalized supplemented.

Proof. Let N be any submodule of M. Since N+ M = M and NN M C M = Rad M, we
get that M is a generalized supplement of /N. On the other hand M is a supplement of 0. Hence M
is a t-generalized supplemented.

It is easy to see that every semihollow module is t-generalized supplemented. Now we give
some examples of modules, which is ¢-generalized supplemented but not supplemented. Thus the
following examples are given to separate the structures of ¢-generalized supplemented, supplemented
and generalized ®-supplemented.

Example 2.1. Consider the Z-module Q. Since Q has no maximal submodule, we have Rad Q =
= Q. By Lemma 2.5, QQ is t-generalized supplemented module. But it is well known that QQ is not
supplemented (see [3], Example 20.12).
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Example 2.2. Let M be a non-torsion Z-module with Rad M = M. Since Rad M = M then
M is t-generalized supplemented. But M is not supplemented [14].

Example 2.3. Consider the Z-module M = Q @ Z/pZ, for any prime p. In this case Rad M #
=% M. Moreover, M is t-generalized supplemented but not supplemented [4].

Example 2.4. Let R be a commutative local ring which is not a valuation ring. Let a and b
be elements of R, where neither of them divides the other. By taking a suitable quotient ring, we
may assume that (a) N (b) = 0 and am = bm = 0 where m is the maximal ideal of R. Let F be
a free R-module with generators x1, 2, and x3, K be the submodule generated by ax; — bxs and
M = F/K. Thus,

Rxy @ Rxo & Ruxs

M = = (Rz1 Ty T3.
R (az1 — bas) (RZ1+ R73) ® R73

Here M is not &-supplemented. But F' = Rz @ Rxa & Rx3 is completely €-supplemented [6].

Since F' is completely ®-supplemented, F' is supplemented. Since a factor module of a sup-
plemented module is supplemented, we have M is supplemented. So M is t-generalized supple-
mented. Separately, since M is finitely generated and not &-supplemented, M is not generalized
@-supplemented by Lemma 2.1.

Lemma 2.6. Let M = M @ Ms. Then M is t-generalized supplemented if and only if for every
submodule N /M of M /M, there exists a supplement K in M such that K < My, M = K + N
and N N K C Rad M.

Proof. (=) Assume that M, is t-generalized supplemented. Let N/M; < M/M;. Since
My is t-generalized supplemented, there exists a generalized supplement module K of N N M,
such that K is a supplement in M. Hence there exists K’ < My such that My = N N My + K,
NNMy;NK CRadK and My = K+ K', KN K' < K. The equality M = M + M implies that
M = M;+ NN M+ K =N + K. On the other hand N N K C Rad M. Since K is a supplement
of K’ in My and M = M & M>, we obtain that K is a supplement of M7 + K’ in M by Lemma 2.2.
Therefore K is a supplement in M.

(«<=) Suppose that M /M satisfies hypothesis properties. Let H < Ms. Consider the submodule
(H @ My) /M, < M/M,. By hypothesis, there exists a supplement L in M such that L < My,
M=(L+H)®M,and LN (H+ M;) C Rad M. Since LNH < LN (H+ M;)C Rad M and
LNH <L wehave LN H < LNRadM = Rad L. Hence L is a generalized supplement of H
n Mg.

Suppose that L is a supplement of 7" in M. In case M = T + L and T N L < L. Note that
My=MyNM=MyN(L+T)=L+MyNT.Since Mo NTNL<TNL <K L, it is easy to see
that L is a supplement of M N7 in M.

The following theorem can be written as a consequence of Lemma 2.6.

Theorem 2.2. Let M = M & My be a t-generalized supplemented module and K N My be
a supplement in M for every supplement K in M with M = K + My. Then M, is t-generalized
supplemented.

Proof. Assume that N/M; < M/M;. Consider the submodule N N My of M. Since M is
t-generalized supplemented, there exists a generalized supplement K’ of N N My such that K’ is
a supplement in M, i.e., there exists a supplement K’ in M such that M = (N N M) + K’ and
(NNM;)N K" <Rad K’. Since M = (N N M)+ K', we get M = Mo+ K'. Let K = My N K.
Then My = (NN M) + (MaNK') = (NN M,y)+ K. From M = My + My and M7 < N, we
have M = N+ My =N+ (NNMy)+ (MaNK') =N+ K. Since M = My + K" and K’ is a
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supplement in M, K = K’ N M> is a supplement in M by hypothesis. Therefore My is t-generalized
supplemented by Lemma 2.6.

Now we will investigate some conditions which will ensure that a factor module of a (distributive)
t-generalized supplemented module is t-generalized supplemented.

Lemma 2.7. Let M be a t-generalized supplemented module and N < M. If (N + K) /N
is a supplement submodule in M/N for every supplement submodule K in M, then M/N is a
t-generalized supplemented.

Proof. For any submodule X of M containing N, since M is t-generalized supplemented, there
exists D' < M suchthat M = X + D =D+ D', XND <RadD and DN D' < D for some
submodule D of M. Since M = X+Dand N < X, M/N = (X +D)/N=X/N+(D+ N)/N.
Note that X N D < RadD, X/ NN (D+ N)/N = (XND+N)/N < (RadD+ N)/N <
< Rad((D + N)/N). This implies that (D 4+ N)/N is a generalized supplement of X/N in M/N.
On the other hand, D is a supplement in M and (D + N)/N is a supplement in M /N by hypothesis.
Therefore (D + N)/N is a generalized supplement of X/N in M/N such that (D + N)/N is a
supplement in M /N. Hence M /N is t-generalized supplemented.

Theorem 2.3. Let M be a distributive t-generalized supplemented module. Then for every
submodule N of M, M/N is t-generalized supplemented.

Proof. Let D be a supplement submodule in M. Then there exists D’ < M such that M = D+D’
and DN D" < D. Since M = D + D', we can write that M/N = (D + N)/N + (D' + N)/N.
From M is distributive, N + (DN D’) = (N + D) N (N + D’). This implies that (D + N)/N N
N(D'+N)/N=[D+N)n(D'+N)]/N = (N+(DnD")/N. Note that D N D’ < D. So,
we get (D+N)/NN(D'+N)/N=(DND'+N)/N < (D+ N)/N. Hence for every supplement
submodule D in M, (D + N)/N is a supplement submodule in M/N. Therefore by Lemma 2.7
M/N is t-generalized supplemented.

3. Cofinitely t-generalized supplemented modules.

Definition 3.1. Let M be an R-module. We say that M is called cofinitely t-generalized sup-
plemented module if every cofinite submodule of M has a generalized supplement such that it is a
supplement in M.

Clearly every cofinitely generalized ¢-supplemented modules are cofinitely ¢-generalized supple-
mented.

Lemma 3.1. Let M be a finitely generated module. Then M is t-generalized supplemented if
and only if M is cofinitely t-generalized supplemented.

Proof. Since M is finitely generated, the proof is clear.

Lemma 3.2. Let M be an R-module and Rad M < M. Then M is cofinitely t-generalized
supplemented if and only if M is cofinitely supplemented.

Proof: (=) Let N be any cofinite submodule of M. Since M is cofinitely ¢-generalized
supplemented, there exists K < M such that M = N+ K, NN K C Rad K and K is a supplement
in M. Since NNK C Rad K C Rad M and Rad M < M, NNK <« M. Hencewe get NNK < K.
So K is a supplement of N in M. Therefore M is cofinitely supplemented.

(<) Since M is cofinitely supplemented, for any cofinite submodule N of M, there exists K < M
such that M = N+ K and NN K <« K. From NN K C Rad K, K is a generalized supplement of
N in M. Therefore M is cofinitely ¢-generalized supplemented.

As a result of Lemma 3.2, we can obtain the following corollary.

Corollary 3.1. Let M be a finitely generated R-module. M is cofinitely t-generalized supple-
mented if and only if M is cofinitely supplemented.
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The Corollary 2.1 together with Lemma 2.2 gives the following important theorem.

Theorem 3.1. For any ring R, the arbitrary direct sum of cofinitely t-generalized supplemented
R-modules is cofinitely t-generalized supplemented.

Proof. Let {M;}, ; be any collection of cofinitely ¢-generalized supplemented R-modules and
M = ZGEBIMI Let N be any cofinite submodule of M. In this case M/N is finitely generated and
there exists k € Z*, z; € M, 1 <14 < k, such that M/N = ({z1 + N, 2o+ N,..., 2+ N} ). So
M = Rx1+Rxo+...+Rxi+N. In here, there exists finitely subset F' = {i1, i2, ..., 4, } of I such that

x; € @® Mj for every 1 <14 < k. Hence it is clear that M = M;, + (N + Zn 2Mij) has trivially
jeF i=

a generalized supplement 0 in M. Consider the submodule M;, N <N + Zn 2Mij) < M;,. Since
J:

n n n
Mo /[0 0 (N + 300 ) 2 00y (N 4+ 307 ) = i /(84 3000 ) /)
n
M;, N (N + Z 2M,‘j> is a cofinite submodule of M;, . From M;, is cofinitely ¢-generalized
]:
supplemented then M;, N (N + Zn 2Mij) has a generalized supplement S;, such that S;, is a
J:

supplement in M;,. By Lemma 1.1, .S;, is a generalized supplement of N + Zn ) in M. Similarly
J:

we can show that for 1 < j < n, N has a generalized supplement S;, +S;, + ...+ 5;, such that
S, is a supplement in M;;. In this case by Corollary 2.1, S;; + S;, + ... +5;, is a supplement
in M;, ® M;, ® ... ® M,;,. Since M;, ® M;, ® ... d M;, is direct summand of M, then by

Lemma 2.2, S;, +S;,+...+S5;, is a supplement in M. Consequently, & M; is cofinitely ¢-generalized
i€l

supplemented.

Theorem 3.2. Let M be a projective and finitely generated R-module. Then the following
assertions are equivalent:

(i) M is a semiperfect module,

(1) M is generalized ®-supplemented,

(ii1) M is cofinitely generalized ®-supplemented,

(iv) M is t-generalized supplemented,

(v) M is cofinitely t-generalized supplemented.

Proof. (i) < (ii) Clear by Lemma 1.2.

(i) = (iv) Clear from definitions.

(iv) = (ii) Since M is t-generalized supplemented and finitely generated, by Lemma 2.4 M is
supplemented. On the other hand, since M is projective then M is @-supplemented. Hence M is
generalized @-supplemented.

Since M is finitely generated then (ii) <> (iii) and (iv) < (v) are clear.

The following remark shows that a cofinitely ¢-generalized supplemented module need not to be
cofinitely generalized @®-supplemented.

Remark 3.1. In Example 2.2, from M is t-generalized supplemented, M is cofinitely ¢-generalized
supplemented. But since M is finitely generated and not generalized &-supplemented, M is not
cofinitely generalized @-supplemented.
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