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VARIATIONS ON GIUGA NUMBERS AND GIUGA’S CONGRUENCE

BAPIALII YMCEJ TA KOHI'PYEHIIII I'FOTA

n—1
A k-strong Giuga number is a composite integer such that Z ) 47" = —1 (mod n). We consider the congruence
j=

n—1
Z_ ) jkm*l) = —1 (mod n) for each k € N (thus extending Giuga’s ideas for k¥ = 1). In particular, it is proved
j=

that a pair (n, k) with composite n satisfies this congruence if and only if n is a Giuga number and A\(n) | k(n — 1). In
passing, we establish some new characterizations of Giuga numbers and study some properties of the numbers n satisfying
A(n) | k(n —1).

. n—1 m—1 .
k-Cupae uncio [fora — 1e cxitajieHe mijie 9rcIIo Take, Mo E g = —1 (mod n). Mu po3mIsIaEMO KOHTPYEHIIIO
Jj=1

n—1
Z_ ) R = (mod n) ms xkoxsoro k € N (TakuM YHHOM MH pO3IIHMpIOEMO inei [fora Ha Bumagok k = 1).
j=

SIK YaCTHHHHMI BHIAJOK JOBEACHO, 1o napa (m, k) 31 CKIageHUM 7 3aI0BOJIBHSE LF0 KOHIPYCHLi0 TOAl i TUIbKM Toxi,
ko n — uucino ['ora ta A(n) | k(n — 1). Kpim Toro, BcTaHOBIEHO NesAKi HOBI XapaKTepUCTHUKH dHcen [fora Ta BUBICHO
BIIACTHBOCTI YKCEJ 1, IO 3aJ0BONBHSIOTE A(n) | k(n — 1).

1. Preliminaries. The starting point of this paper is the following definition.

Definition 1. i) A Giuga number is a composite integer n such that p | (n/p — 1) for every p,
prime divisor of n.

i) A strong Giuga number is a composite integer n such that p(p — 1) | (n/p — 1) for every p,
prime divisor of n.

Strong Giuga numbers are counterexamples to Giuga’s conjecture [8]; i.e., they are composite
integers such that

Zj”fl =—-1 (mod n). (1)

There are several equivalent ways to define Giuga numbers [1, 5, 8, 10]. In particular we focus
on the following characterization of Giuga numbers [5, p. 41] that, in some sense, is analogue to the
one given in (1) for strong Giuga numbers.

Proposition 1. Let n be an integer. Then n is a Giuga number if and only if
n—1
Zj¢(”) =-1 (mod n),
j=1

where ¢ is Eulers totient function.
Clearly strong Giuga numbers are also Giuga numbers and, in fact, using the so-called Korselt’s
criterion [14] it can be seen that:

Proposition 2. An integer n is a strong Giuga number if and only if it is both a Giuga and a
Carmichael number.
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Much work has been done regarding these numbers [1, 3, 10, 13, 16, 17] and several generaliza-
tions and/or variations are possible [6, 9]. In this paper some new characterizations of Giuga numbers
will be established. This characterizations will lead to a generalization of both strong Giuga numbers
and Carmichael numbers.

2. New characterizations of Giuga numbers. This section is devoted to give a familiy of
characterizations of Giuga numbers that include Proposition 1. The following lemma will be our
main tool.

Lemma 1. For every natural numbers A, B and N we have that

Z GAAN) = Z BN (mod N).

Proof. Put N = 2%p|' ... p%s with p; distinct odd primes. Choose i € {1,...,s}. We have that

N-1 N p;i—1

709 = XI5 50 o g1,
j=1 Pi 5o
N-1 pii—1

jBoN) : PO (mod p).
j=1

Now, since both AN(N), Bo(N) > r;, we get

piz 1
YoM=Y =g(p) +0 (mod p}Y),

1<j<p;i—-1 1<j<p;i—1
(pirg)=1 pilJ
pii—1
ST =S S ) Z ) +0 (mod 5.
J=1 1<j<p;i—1 1<j<p.i—1
(pi,j)=1 il
Consequently,

N— N-1
E FAAN) = ZjB¢(N) (mod p;*) forevery i=1,...,s.
, =

Clearly if N is odd the proof is complete. If n is even we have that

N—-1 N 2¢—1 N

ANN) — 1Y ANDN) — 1Y AMNN) | ga—1 a
Ely =0 .Elj =5 > +2 (mod 29),
J= J=

1<5<29—-1
j even

N-1

R =

S BN L 2em L (mod 27).

j=1 1<j<29-1
J even

ISSN 1027-3190.  Yxp. mam. sacypu., 2015, m. 67, Ne 11



VARIATIONS ON GIUGA NUMBERS AND GIUGA’S CONGRUENCE 1575

Now, if a = 1,2 or 3 it can be easily verified that

Z GAAN) = Z GBI (mod 2%).

1<j<2%-1 1<j<29-1
j even j even

Il
o

On the other hand, if @ > 4 we have that ¢(/N) > A(/N) > a and, consequently, GFANN) = jBé(N)
(mod 2%) for every 1 < j < 2%~ ! even. Thus

N-1 N-1
Z GAAN) = Z BN (mod 2%).
j=1 j=1

Lemma 1 is proved.

The following result extends Proposition 1. In particular it shows that we can replace Euler’s
totient function ¢(n) by Carmichael’s function A(n) or by any multiple of ¢(n) or A(n).

Proposition 3. Let n be any composite integer. Then the following are equivalent:

1) n is a Giuga number;

.. T =l gAm) _ "=l gen) _ )
ii) for every positive integer K, ijl Jj = ijl j = —1 (mod n);
. o n=lga) — N Ke(n)
iii) there exists a positive integer K such that Zj:l j = ijl ] = —1 (mod n).
Remark 1. If n is a Carmichael number, then A(n)|(n — 1). If we put k = 7;(;), then we have
n
n—1 n—1
S:::jz:jn—lzzjzzjkA@)
j=1 j=1

If, in addition, n is a Giuga number, we can apply Lemma 1 with A =k and B =1to get § = —1
(mod n). Hence, we have a new proof of Proposition 2 which avoids the use of Korselt’s criterion
replacing it by Carmichael’s criterion [7].

3. k-strong Giuga numbers and k-Carmichael numbers. As a clear consequence of Proposi-
tion 3 we have the following result.

Corollary 1. Let n be a strong Giuga number. Then

n—1
ij(”_l) =—-1 (modn)
j=1

for every positive integer k.
Proof. 1f n is a strong Giuga number, then it is both a Carmichael and a Giuga number. Being
k(n—1)

A(n)

ne1) n—1

) — z:j'k')\(”)7
j=1

and, since n is a Giuga number, it is enough to apply Corollary 1 and Proposition 3 to get S = —1
(mod n).

Corollary 1 is proved.

This result motivates the definitions below. In some sense we are stratifying strong Giuga numbers
and Carmichael numbers. A similar idea was used in [11] in the context of Lehmer numbers [15].

a Carmichael number, we have that A(n) | (n — 1), so if =k’ € N we get

n—1 n—1

§i= YD 2§ R

j=1 j=1

(
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Definition 2. Let k € N.
1) A composite number n is a k-strong Giuga number if

ij(”_l) =—1 (mod n).

il) An integer n is a k-Carmichael number if A\(n) divides k(n — 1).

Remark 2. Observe that for £k = 1 we recover the classical Carmichael and strong Giuga numbes.

It is well-known that Carmichael numbers are square-free. This is no longer true for k-Carmichael
numbers with k£ > 1. Nevertheless we have the following result.

Proposition 4. Let n be a square-free positive composite integer and let k € N. The following
are equivalent:

1) n is a k-Carmichael number,

ii) for every prime divisor p of n, p — 1 divides k(n — 1),

iii) for every integer a, a*" =

a® (mod n).

Proof. 1f n is a square-free k-Carmichael number, then \(n) = lcm{p — 1 | p divides n} divides
k(n — 1). This proves that i) implies ii).

Now, if p — 1 divides k(n — 1) for every prime divisor p of n and given any integer a, it follows
that a*(»~1) = 1 (mod p) for every prime divisor p of n such that p does not divide a. If p divides
a the same congruence follows trivially and this proves that ii) implies iii).

Finally, to see that iii) implies i) it is enough to consider an integer a coprime to n.

Proposition 4 is proved.

We are now in the condition give an analogue of Proposition 2.

Theorem 1. Let n be a composite integer. Then n is a k-strong Giuga number if and only if n
is both a Giuga number and a k-Carmichael number.

Proof- Assume that n is a Giuga number and a k-Carmichael number. Since A(n) divides
k(n — 1) we have that

n—1 n—1
ij(nq) _ ij’)\(n) "
j=1 j=1
due to Proposition 3.
Conversely, assume that n is a k-strong Giuga number, i.e., Z;:ll jk(”_l) = —1 (mod n).

As a consequence (see [18], Theorem 2.3) we have that p — 1 divides k (n/p — 1), that p divides
n/p — 1 for every p, prime divisor of n and, moreover, that n is square-free. Since n is square-free,
A(n) = lem{p — 1 | p prime dividing n}. Thus, A(n) divides k(n — 1) and n is a k-Carmichael
number. To get that n is also a Giuga number, due to Proposition 2, it is enough to apply Lemma 1
with B=Land A = 00— 1),
A(n)
Theorem 1 is proved.
Associated to the idea of k-strong Giuga numbers, let us define the following sets:

G := {n € N | n is k-strong Giuga number},

Ky, :={k € N|n is k-strong Giuga number}.
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An) .
ged(A(n),n—1) 177
Theorem 1 gives a complete description of the set C,, for every n as stated in the following corollary.

Taking into account that the condition A(n) | k(n — 1) is equivalent to

Corollary 2. Let n be any composite positive integer. Then

NP
ICn = QCd()‘(n)a n—1
a, otherwise.

)’tGN}, if n isa Giuga number,

Moreover, since it is clear that n € Gy, if and only if k& € K,, we also have the following result.

Corollary 3. Gy, is nonempty if and only if \(n) divides k(n — 1) for some Giuga number n.

This last result can be used to find values of £ such that G is nonempty. To do so, we evaluate

A(n)
ky, =
ged(A(n),n — 1)

the On-line Encyclopedia of Integer Sequences). Thus, we will have thirteen values of k for which
Gy1 1s known to be nonempty for any t:

for every of the thirteen known Giuga numbers g1, . .., g13 (see A007850 in

kg, = 4,
kg, = 60,

kgs = 120,

kg, = 2320,

kgs = 1552848,

kge = 10080,

kg, = 139714902540,
kgs = 93294624780,

kgo = 228657996794220,

= 4756736241732916394976,

N~}
pary
[=}

g1 = 20024071474861042488900,
= 2176937111336664570375832140,

Q
fary
N

R~ B~ R ]

= 15366743578393906356665002406454800354974137359272

g13

445859047945613961394951904884493965220.
For these values and ¢ = 1 one gets:
Gry, = {915+ 1,
gk92 - {917925 e }7

gk93 - {91792a937 o }7

gk‘g4 — {91794a . '}7
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10.

11.
12.

13.
14.
15.
16.

17.
18.

Ok, = {91:95:--- }
Okgy = 191,92, 965 - - }
Gkg, = 191,97, };
Orkgy = {91, 92,98, --- },
Okgy = 191, 92,99, - },
Gk = 1915910, - - - 1
Oky,, = {91,911, },
Okyy, = 191,92, 912, .- },
Okgys = 191,92, 913, .- }-

Finally observe that, with this notation, Giuga’s conjecture can be stated as G; = &.
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