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FIXED POINT THEOREMS FOR MULTIVALUED GENERALIZED
NONLINEAR CONTRACTIVE MAPS IN PARTIAL METRIC SPACES

TEOPEMM ITPO HEPYXOMY TOUYKY IS BATATO3HAYHUX
V3ATAJIbHEHUX HEJIIHIMHUX CTUCKAIOUYUX BIJIOBPA’KEHB
B YACTKOBO METPUYHMUX ITPOCTOPAX

We prove some fixed point results for multivalued generalized nonlinear contractive mappings in partial metric spaces
which generalize and improve the corresponding recent fixed point results due to Ciri¢ [Ciri¢ L. B. Multivalued nonlinear
contraction mappings // Nonlinear Anal. — 2009. — 71. — P. 2716-2723], and Klim and Wardowski [Klim D., Wardowski
D. Fixed point theorems for set-valued contractions in complete metric spaces // J. Math. Anal. and Appl. — 2007. — 334. —
P. 132-139].

JloBeneHo fesiki TeopeMH PO HEPYyXOMY TOYKY B YaCTKOBO METPHUYHHX IIPOCTOpPAaxX, IO Y3arajJbHIOIOTH Ta MOKPAILYIOTh
BIJMOBiHI HOBI pe3yNbTaTd MPO HEPYXOMY TOUKY, OoTpuMaHi Yipiuem (Ciri¢ L. B. Multivalued nonlinear contraction
mappings // Nonlinear Anal. — 2009. — 71. — P. 2716 -2723) ta Kiimom i Bapnoscekum (Klim D., Wardowski D. Fixed point
theorems for set-valued contractions in complete metric spaces // J. Math. Anal. and Appl. — 2007. — 334. — P. 132-139).

1. Introduction and preliminaries. Let (X, d) be a metric space, 2% the collection of nonempty
subsets of X, C1(X) be the subcollection of nonempty closed subsets of X. Investigations on the
existence of fixed points of multivalued contractions in metric spaces were initiated by Nadler [15]
and has been extended in many different directions by many authors, in particular, by Reich [19], Mi-
zoguchi, Takahashi [14] and Feng, Liu [8]. In this context Klim and Wardowski proved the following
nice result:

Theorem 1.1 [12]. Let (X,d) be a complete metric space and let T: X — Cl(X). Assume
that the following conditions hold:

(i) there exist a number b € (0,1) and a function k: [0,00) — [0,b) such that for each
t €[0,00),

limsup k(r) < b,

r—stt

(ii) for any x € X there is y € T(x) satisfying
bd(z,y) < d(z,T(x))
and

d(y,T(y)) < k(d(z,y))d(x,y).

Then Fix(T) # @ provided the real-valued function g on X, g(x) = d(z,T(x)) is lower semicon-
tinuous.
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Recently, Ciri¢ [6] extended the above result and proved the following two interesting theorems:
Theorem 1.2. Let (X, d) be a complete metric space and let T: X — Cl(X). Assume that the
following conditions hold:

(i) the map f: X — R, defined by f(x) = d(z,T(x)) is lower semicontinuous,
(ii) there exists a function ¢: [0,00) — [b,1), 0 < b < 1, satisfying
limsup¢(r) <1 for each t € [0,00),

r—stt

(iii) for any x € X, there is y € T(x) satisfying

o(f(x)d(x,y) < f(x)

such that

f(y) < o(f(x))d(z,y).

Then, there exists z € X such that z € T'(z).
Theorem 1.3. Let (X, d) be a complete metric space and let T: X — Cl(X). Assume that the
following conditions hold:
(1) the map f: X — R, defined by f(x) = d(x,T(x)) is lower semicontinuous,
(ii) there exists a function ¢: [0,00) — [b,1), 0 < b < 1, satisfying
limsup p(r) <1 for each t € [0,00),

r—stt

(iii) for any x € X, there is y € T (x) satisfying

o(d(z,y)d(z,y) < f(z)

such that

f(y) < p(d(z,y))d(z,y).

Then, there exists z € X such that z € T'(z).

Note that Theorem 1.3 is a generalization of Theorem 1.1.

The aim of this paper is to prove generalized corresponding theorems in the setting of partial
metric space which includes as a special case the standard metric space. Also we present an example
to show that our results improve on the above results.

Here we present some definitions and properties of partial metric spaces, for more detail see [4,
7,9, 13, 16, 17].

A partial metric space is a pair (X, p), where X is a nonempty set and p is a partial metric on
X. A partial metric is a function p: X x X — R such that for all z, y, z € X we have:

(p1) ==y plz,z)=p(x,y) =py,y),

(p2) p(z,z) < p(z,y),

(p3) p(z,y) =p(y, @),
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(pa) p(z,y) <p(,2) +p(2y) —p(z, 2).

It is clear that, if p(z,y) = 0, then from (p;) and (p2), = = y. But if = y, p(x,y) may not
be 0. A basic example of a partial metric space is the pair (R, p), where p(z,y) = max{z,y} for
all z, y € R*. Additional references, mainly from the computational point of view, may be found in
[1-3,5,7,9-11, 17, 18, 20].

Each partial metric p on X induces a T topology 7, on X which has as a base the family open
p-balls {B,(z,€): € X,e > 0}, where By(z,e) = {y € X: p(x,y) < p(z,z) + €} forallz € X
and € > 0 (see [13]).

Let (X, p) be a partial metric space, then we have the following:

(i) A sequence {z,} in a partial metric space (X, p) converges to a point x € X if and only if
p(z,x) = lim, o p(x, zp).

(if) A sequence {z,} in a partial metric space (X, p) is called a Cauchy sequence if there exists
(and is finite) limy, ;00 P(Zm, ) ([13], Definition 5.2).

(iii) A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X
converges, with respect to 7, to a point € X such that p(x,z) = limy ;m—oo P(Tm, zn) ([13],
Definition 5.3).

(iv) Amap f: X — X is 7p-continuous if lim ,__, x, = = with respect to 7, implies
lim o fz, = fo with respect to 7,,.

It is easy to see that, every closed subset of a complete partial metric space is complete. The
following lemma is crucial for the proofs of our results.

Lemma 1.1 [4].  Let (X, p) be a partial metric space, A C X and xo € X. Define p(xo, A) =
= inf{p(zo,z): x € A}. Then a € A if and only if p(a, A) = p(a, a).

2. Main results. In this section, we prove some fixed point results for multivalued generalized
nonlinear contractive maps in partial metric space which generalize and improve the mentioned
corresponding results of Ciri¢ [6], Klim and Wardowski [12] and several authors.

Theorem 2.1.  Let (X, p) be a complete partial metric space. Let T: X — Cl(X). Assume
that the following conditions hold:

(i) there exist a constant b € (0,1) and two functions «: [0,00) — [b,00) and (3: [0,00) —
— (0, 00) such that for each t € [0,00), B(t) < «a(t) and

lim sup Blr)
r—tt O‘(T)

<1,

(ii) the map f: X — R, defined by f(x) = p(xz,T(x)) is lower semicontinuous,
(iii) for any x € X, there exists y € T'(x) satisfying

a(f(x))p(z,y) < f(x)

and

fy) < B(f(x))p(x,y).

Then there exists vy € X such that f(vg) = 0. Further, if p(vo, vo) = 0, then vy € T'(uvp).
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Remark 2.1.  Notice that a complete metric space (X, d) is a complete partial metric space
(since every metric d is a partial metric).

Therefore, taking 5(t) = ¢(t), a(t) = \/¢(t) and p(z,y) = d(z,y) in Theorem 2.1, we get
Theorem 1.2.

Proof of Theorem 2.1. Let xo € X. From condition (iii) there exists z; € T'(xg) such that

ol f(@0))p(@o, 1) < f(z0) 0
and
Flar) < B(F(@o)p(ao, ). @
From (1) and (2), we get
fla) < m,}”(xo)- 3

Similarly, there exists x5 € T'(x;) such that

a(f(z1))p(r, z2) < f(21)

and
f(z2) < B(f(z1))p(z1,22),

B(f (@)
()’ @)

By induction we get an orbit {x,,} of 7" in X such that for all integers n > 0

a(f(@n)p(Tn, Tnt1) < fn) 4)

which imply f(z2) <

and

B(f(zn))

mf(xn)' (5)

Since by condition (i) we have

<1 for all r e X.

From (5), we get f(2n41) < f(an)-

Thus {f(z,)} is a nonincreasing sequence of real numbers which is bounded from below by 0,
so is convergent to a L > 0. We show that L = 0. Suppose to the contrary that L > 0. From (5) and
taking the limit when n — oo we obtain

L < limsup (f(zn))

L<L,
Flan)—sr+ ([ (zn))

which is a contradiction, so L = 0.
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Now, from condition (i), we can choose ¢ such that

limsup —————5 <g< 1.
f(zn)—0+ a(f(wn))

B(f(2.))
30 a(f(n))

Again using (5), we get f(z,41) < qf(zy) for all n > ny. Hence, by induction, we have

< q forall n > ng, for some ng € N.

f(@ns1) < @0 f () for all n>ng. (6)

From (4), (6) and the fact that a(t) > b > 0 for all ¢ > 0, we obtain
1
P(Tn, Tpt1) < gqnfnof(xno) for all n > ng. (7

In this step of the proof, we show that {z,,} is a Cauchy sequence. For any m,n € N,m > n > ny,
and using property (p4) of the partial metric p we get

m—1 m—1
1 . 1 (gm0
antn) € 3 plansned) < 30 n) < (= ) Flon)
k=n k=n

Since ¢ < 1, we conclude that the sequence {z,,} is a Cauchy sequence. Due to the completeness
of X, there exists v9p € X such that lim, oz, = vg, with respect to 7,. Since f is lower
semicontinuous and have in mind that { f(x,)} is convergent to 0, we have

- i _
0 < f(vo) < liminf f(a,) = 0,

and thus, f(vo) = p(vo, T (vg)) = 0. Now if p(vg,v9) = 0, since T'(vg) is closed, it follows from
Lemma 1.4 that vy € T'(vp).

Theorem 2.1 is proved.

Theorem 2.2.  Let (X, p) be a complete partial metric space. Let T: X — Cl(X). Assume
that the following conditions hold:

(i) there exist a constant b € (0,1) and two functions «: [0,00) — [b,00) and 3: [0,00) —>
— (0, 00) such that for each t € [0,00), 5(t) < a(t) and

lim sup Blr)
r—stt O‘(T)

<1,

(i) assume that inf{p(z,v) + p(z,T(z)): x € X} > 0, for every v € X withv & T(v),
(iii) for any x € X, there exists y € T (x) satisfying

a(f(x)p(z,y) < f(z)

and

fy) < B(f(x))p(x,y).

Then Fix(T') # @.

ISSN 1027-3190. Yxp. mam. scyph., 2014, m. 66, Ne 1



8 A. AGHAJANIL R. ALLAHYARI

Proof. As in the proof of Theorem 2.1, we can obtain a Cauchy sequence {x,} with x, €
€ T(xp—1). Since (X,p) is a complete partial metric space, there exists some vyg € X such that
limy,—,00 @, = v, With respect to 7,,. Also by property (p4) of partial metric p on X

P(Tn,v0) < P(Tny Tm) + P(Tm, v0) — P(Tm, Tim)-
By taking the limit when m — oo we get

p(Tn,v0) < lim p(zp,Tm) + lim p(zm,v0) — Hm  p(Xm, ).
m—ro0 m—ro0 m—ro0

Now, since z,,, — vg € X, with respect to 7;,, we have
m p(xm,v0) = lm p(zm, zm) = p(vo, vo).
m—r0o0

m—ro0

Therefore, it follows that for all n > ng

. 1(q
plan) < i plenon) < 5 (4 ) fan
and
qnfno
p(xnaT(xn)) < p(xna 13n+1) < f(xno)

Assume that vy & T'(vg). Then, we obtain
0 < inf{p(z,vo) + p(z,T(x)): x € X} <

< inf{p(fnyvO) +p(£n,T(Jin)): n > nO} <

_ {i (i:g) f(xno)} inf{g"" :n > ng} =0,

which is impossible and hence vy € Fix(T').

Theorem 2.2 is proved.

Theorem 2.3. Let (X,p) be a complete partial metric space. Let T: X — Cl(X). Assume
that the following conditions hold:

(i) there exist a constant b € (0,1) and two functions «: [0, 00) — [b o) and B: [0,00) —
— (0, 00) such that for each t € [0,00), B(t) < min{a(t),a?(t)} an

B(r)

limsup —= < 1,
r—st+ Oé(?")

(ii) the map f: X — R, defined by f(x) = p(z,T(x)) is lower semicontinuous,
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(iii) for any x € X, there exists y € T(x) satisfying

a(P(z,y))p(x,y) < p(z, T(x))

and

p(y, T(y)) < B(p(z,y))p(z,y).

Then there exists vy € X such that f(vg) = 0. Further, if p(vg, vo) = 0, then vy € T'(uvp).
Proof. Let xy € X. From condition (iii) there exists z1 € T'(xg) such that

a(p(xo, 1))p(zo, 1) < p(xo, T(20))

and
p(x1, T(x1)) < B(p(wo,x1))p(T0, 1)

From (8) and (9), we get

6(17(1'07 1'1))

p(xy, T(x1)) < a(p(xo, 1))

p($0, T(ZL‘()))
Similarly, there exists o € T'(x;) such that

a(p(z1, z2))p(z1, 22) < p(w1,T(21))

and

p(x2,T(z2)) < B(p(z1,72))p(71, 72),
which imply

B(p(w1,72))

e

p(z1, T(21)).
By induction we get an orbit {x,,} of 7" in X such that for all integers n > 0

Oé(p(l‘m $n+1))p($n, anrl) < p(mn, T($n))

and
B(p(wn, Tni1))

O‘(p(xn’ $n+1))p(xm T(xn))

P(Tpy1, T(Tny1)) <

Since by condition (i) we have

™

(t)
t)

<1 for all t €10,00),

L

from (11), we get
p($n+1a T(ajnJrl)) < p(CEn, T(:Cﬂ))
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Thus {p(zn,T(x,))} is a nonincreasing sequence of real numbers which is bounded from below
by 0, so is convergent to an L > 0. From (10) and the fact that «(¢) > b > 0 for all ¢ > 0, we
obtain .

P(Tn, Tpt1) < gp(xan(‘rn))- (13)
By using (13) and the convergence of {p(x,,T(x,))}, we have that {p(z,,x,+1)} is bounded.
Therefore, there exists K > 0 such that

liminf p(zy,, xp41) = K. (14)

n——~oo

Since x, 1 € T(xy), we have p(xy,, xpy1) > p(en, T(xy,)) for each n > 0, which implies that
K > L. We claim that K = L. First suppose that L. = 0. Again using (13) and the convergence of
{p(xn, T(xy))} we get lim, o0 p(Tn, Tny1) = 0.

Hence, if L = 0, then K = L. Now, suppose that L > 0 and assume to the contrary that K > L.
Then K — L > 0. So from (14) and the fact that {p(z,,T(z,))} is convergent to an L > 0 there
exists an ng € N such that

L < p(xp,T(x,)) < L+ for all n > ny (15)

and
K—-L

K — < (X, Tpg1) for all n > ng. (16)

From (10), (15) and (16) we have

aplenn) (K = 57 ) < alplananin)plnnin) <

K—-L
< pln, Tlan)) < L+ =
This implies that
K +3L
a(p(Tn, Tpt1)) < SK 1L for all n > ng. (17)
K + 3L o
Take h = SK L Now, From (11), (17) and condition (i) we get

B(p(xn, Tnt1))
o? (p(l'ny xn+1))

P(@nt1, T(@n41)) < a(p(xn, Tn41))p(@n, T (2n)) <

B(p(zn, Tni1))
N min{O‘Q(p(xm $n+1)), a(p(xn, Tn+1

))} Oé(p(&?n, xn+1>)p(xn7 T(xn)) <
< a(p(@n, Tng1))p(@n, T'(2n)) < h(p(zn, T(0))) for all n > ng. (18)
By using (15) and (18), we have for any § > 1

L < p(xn0+5vT(xno+5)) < hép(:EnO,T(l‘no)). (19)
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Since L > 0 and h =

K+3L _ (, 2(K-1L)
3K +L 3K+ L
h‘sop(wno,T(xno)) < L. From (19), we get

> < 1, there exists a g € N such that

L < p(xno+5aT($no+5)) < h(sop(l‘no,T({Eno)) < L:

which is a contradiction. Hence, assumption K > L is wrong, so L = K. Now, we claim that K = 0.
Since K = L < p(xn, T(xy)) < p(Tn, Tn+1), then from (14) we have

gggp(xm anrl) =K.
Hence, we can choose a subsequence {p(zp;, Tnz+1)} of {p(zn, xn+1)} such that

lim p(zns, Tngi1) = K.
d—ro0

By condition (i), we get

lim sup 6(]9(1'”5’ xns-H))

<1 (20)
p(xn(;:xng-kl)HK'k a(p(xngﬂxn5+1))

and from (11), we obtain

ﬁ(p(xn,;a xn5+1))
a(p(a:n(; ) xna-i—l))

p<$n5+17T(xTL(5+1)) S p(xnzS?T(x”&))'

Taking the limit as 6 — oo and have in mind that {p(z,, T (x,))} is convergent to L > 0, thus, we
get

L = limsup p(zn;+1, T (Zns41)) <

d—>00

lim sup p(@ps, T(xns)) =

§—r00

< <lim sup B(p(xnéﬂ xn5+1)) )

d—00 a(p(l‘n(; ) $n5+1 )

6<p<:cn5,xn5+1>>) .

= lim sup
p(mng 1In5+1)—>K+ Oé(p(l'n5 ) xnts-‘rl))

If we suppose that L > 0, then from high inequality, we have

lim sup /B(p(xn(s ) xng-i—l))
P(fn(g ,ﬂ?n5+1)—>K+ O‘(p(wnm xna—i—l))

> 1,
which contradicts (20). Thus L = 0. Obviously, {p(x,, T (zy))} is convergent to L > 0, and since
1 .
p(xm xn+1) < gp(xm T(xn))7 then we obtain
lim p(zy, T(z,)) = 0" 21
n——~oo

and
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Jm plen o) =0

Now, from condition (i), we can choose ¢ such that

lim sup Bp(@ns) Tns+1))
p(wn5»1n5+1)*>0+ O‘(p(xngaxnﬁ-l )

<qg<1

B(p(wn, Tni1))

a(p(mn, Tny1))
Again using (11), we get

So < q forall n > ngy, for some ng € N.

P(Tnt1, T(Tnt1)) < q p(en, T(xy)) for all n > ng.
Hence, by induction, we have

P(Tnt1, T(Tnt1) < q"H_"Op(an, T(Zn,)) for all n > ng. (22)

From (13), (22) and the fact that x,,.1 € T'(x,), we obtain

P(Tn, Tnt1) < —¢" " p(Tng, T(Xn,)) for all n > ng.

S| =

In this step of the proof, we show that {x,,} is a Cauchy sequence.
For any m,n € N,m > n > ng, and using property (p4) of the partial metric p we have

m—1 m—1 n—no
p(xn,a:m) < Zp(xévxé—&—l) < % Z qé;nof(xno) < % (q > f(xm))'

d=n d=n 1- q

Since g < 1, we conclude that the sequence {x,,} is a Cauchy sequence. Due to the completeness
of X, there exists v9p € X such that lim, oz, = vo, with respect to 7,. Since f is lower
semicontinuous and from (21), we get

0< f(UO) < lim inff(xn) = lingnfp(me(xn)) =0,

n—aoo

and thus, f(vg) = p(vo, T (vg)) = 0. Now if p(vg,vg) = 0, since T'(vg) is closed, it follows from
Lemma 1.1 that vy € T'(vp).

Theorem 2.4.  Suppose that all the hypotheses of Theorem 2.3 except (ii) hold. Assume that
inf{p(z,v) +p(x,T(z)): v € X} >0, forevery ve X with v¢T(v).

Then Fix(T') # @.

Proof. Since the proof of this theorem can be completed essentially on the line of the proof of
Theorem 2.2, hence details are omitted.

ISSN 1027-3190. Vkp. mam. scyph., 2014, m. 66, Ne 1



FIXED POINT THEOREMS FOR MULTIVALUED GENERALIZED NONLINEAR CONTRACTIVE MAPS ... 13

3. Examples.
Example 3.1.  Let X = [0,1] and p(z,y) = max{z,y}, then it is clear that (X, p) is a complete
partial metric space. Note that function p is not a metric. Let 7: X — Cl(X) be defined by the

following formula:
1, 1 1
{633 } for x € |:O, 2> U<2,1:| s

9 9 1
— — for x = —.
120" 20 2

T(z) =

Define a: [0, 00) — (0, 00) by

for ¢t € [0, 1],

N |

a(t) =
1
§t for t € (1, 00),

1
and, (5:[0,00) — (0,00) by S(t) ga(t).
Since T'(z) < x, we have f(x) = max{z,T(x)} = x for all x € [0,1] and f is lower semicon-
) U <;, 1] , we have T'(x) = {éazg} , 80 y € T'(x) implies

N

tinuous. Moreover, for each = € [0,

=—z?. H
y = gx". Hence
L, L,
p(z,y)=p z, 52" | =max{z, =z €[0,1].

1 1
Now, forall z € X — {2} and y = 6302

and

1 1 1
Ifz = 3 then we have T'(x) = {9 9} ,and p(z,T(x)) = 7 Thus, for x = 5 We can choose

9
=—2¢cT h th
y=190 € (x) such that

and

p(y, T(y) = 1%0 <p <;> % = % = B(p(z,y))p(z,y).

Hence, T satisfies all the conditions of Theorem 2.3 and note that Fix(7") = {0}.
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Example 3.2.  Consider z,, = 1 — 1 for n € N and zo = 1. Suppose N, N, N, denote
the sets of all positive integers, even posigve integers and odd positive integers, respectively. Let
X = {xo, 1, 22,23, %4, ...} that is a bounded complete subset of R. Let p(z,y) = d(zx,y), for all
x,y € X. Define a mapping 7" from X into C1(X) by

Zo if n=20,
T(xn) =<{ {@n-1,2,2} ifne{neN.:n>2},
1 if n eN,.
It is easy to verify that
(0 if n € {0,1},
! ! if Ne:n>2
f(m’n):p(xn,T(xn)): n—l_ﬁ 1 nE{nG e- N =2 },
1 :
1—-- if ne{neNy,:n>2}
n

So, f is lower semicontinuous in X.
Suppose a(t): [0,00) — (0,1) and 5(¢): [0,00) —> (0, 1) are defined by

i if ¢ € {0} UL, 00),
a(t) =
Vit ooift e (0,1),
and
t iftelo,1),
0= 1 if t € [1, 00).
3 ;
Since
Vit oift € (0,1),
8@ )] o ifte{o}
a(t)
% if t € [1,00).

Then, we have for each ¢ € [0,00), B(t) < a(t) and
B(r)

limsup —= < 1.
r—stt 05(7’)
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For x = z1, xg let y = x € T'(z), so

a(f(x)p(z,y) =0=f(z),  fly) =0=5(f(2)p(z,y).

For z = x,, n > 2, and n € N, if we let y = x,,2 € T'(x) then

o) =a (-t -1) (2= 5) -
(G5 G- B) < (Y -

10 = (- 2) < (21— 1) (5 &) = BU@hten),

Forz = x,,n > 2,and n € Ny, let y =1 € T'(z), so

MﬂMMawza@—;>@—;>:<1—;)@_i)<0_i):ﬂu

r=0<(1-1) (1- 1) = 8@

Therefore, all the assumptions of Theorem 2.1 are satisfied and x1, x are two fixed points of T". Let
us observe that 7' does not satisfy the assumptions of Theorem 1.2 provided p(z,y) = d(z,y), for
all z,y € X. Indeed, for any function ¢ : [0,00) —> [b,1), b € (0,1), there exists n > 2, n € N,
such that for = x,, if y = z,2 € T'(z), we have

fo) = = 2 < VB (- o ) < Ve,

n—1 n n2

and if y = x,,_1 € T'(x), we have

1 - 1
n—1" nn-1)

fly) =d(y,T(y) =1~ > o(f(x))d(z,y),

which does not match the assumptions of Theorem 1.2.
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