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ON KROPINA CHANGE OF m-TH ROOT FINSLER METRICS
PO 3AMIHY KPONIHOI JUI1 m-KOPEHEBUX ®IHCJIEPOBUX METPUK

We study the Kropina change for m-th root Finsler metrics. We find necessary and sufficient condition under which the
Kropina change of an mth root Finsler metric is locally dually flat. Then we prove that the Kropina change of an mth root
Finsler metric is locally projectively flat if and only if it is locally Minkowskian.

Posrsinyto 3aminy Kporminoi ms m-kopeHeBux QiHcaepoBHX MeTpHK. BeraHoBIeHO HEOOXiqHI Ta JOCTAaTHI yMOBH TOTO,
o 3amina Kporminoi st m-kopeHeBoi metpuku PiHciIepa € JOKaIbHO JyalbHO IUIOCKOK. TaKoXk JOBEICHO, L0 3aMiHa
Kpomninoi nyist m-xopeneBoi metpuku PiHcepa € T0KaIbHO MPOSKTUBHO IJIOCKOIO TOAI 1 TINBKU TOA1, KOJIM BOHA € JTOKAJIEHO
MIHKOBCBKOIO.

1. Introduction. Let M be an n-dimensional C*° manifold, 7'M its tangent bundle. Let F' = A
be a Finsler metric on M, where A is given by A := a;, ;. (x)y'y™ ...y with a;,. ;, Symmetric
in all its indices [3, 8—11]. Then F' is called an m-th root Finsler metric. Suppose that A;; define a
positive definite tensor and A¥ denotes its inverse. For an m-th root metric F, put

2
0A A 0 A A 0A

A() = szyl

Then the following hold:

A2
9ij = — 3 [mAAy + (2 —m)Aidy],

. , 1 2
yZAi = T)’LA, yZAij = (m - 1)Aj, Yi = EAmilAi’

y, AAAT =

m — m—1"

ATAy =6l AYTA =

Let (M, F) be a Finsler manifold. For a 1-form 3(z,y) = b;(z)y" on M, we have a change of Finsler
which is defined by following:

F(w,y) —>F<l’,y) :f(FaB)a

where f(F,3) is a positively homogeneous function of F. This is called a 3-change of metric. It is
easy to see that, if [|3||p := supp(z =1 |bi(2)y’| < 1, then F is again a Finsler metric [7].
In this paper, we consider a special case of S-change, namely
= F2(@,y)
F(z,y) = ———=- ey
’ Bz, y)
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which is called the Kropina change. If F reduces to a Riemannian metric «, then F reduces to a
2

Kropina metric F' = 2 Due to this reason, the transformation (1) has been called the Kropina

change of Finsler metrics. It is remarkable that, the Kropina metrics are closely related to physical
theories. These metrics, was introduced by Berwald in connection with a two-dimensional Finsler
space with rectilinear extremal and was investigated by Kropina [5].

In [2], Amari, Nagaoka introduced the notion of dually flat Riemannian metrics when they study
the information geometry on Riemannian manifolds. Information geometry has emerged from in-
vestigating the geometrical structure of a family of probability distributions and has been applied
successfully to various areas including statistical inference, control system theory and multi terminal
information theory [1]. In Finsler geometry, Shen extends the notion of locally dually flatness for
Finsler metrics [6]. A Finsler metric F' on an open subset U C R" is called dually flat if it satisfies
(F2) ey = 2(F?) 1.

In this paper, we find necessary and sufficient condition under which a Kropina change of an
m-th root metric be locally dually flat.

Theorem 1.1. Let F = /A be an m-th root Finsler metric on an open subset U C R", where
2

_ F ) _
A is irreducible. Suppose that F' = 5 be Kropina change of F where 3 = b;i(x)y'. Then F is
locally dually flat if and only if there exists a 1-form 0 = 0;(x)y' on U such that the following hold:

BB — 38180 = 2B, 2)

Ay = L[7711401 + 404, 3)
3m

BoA; = —B1 Ao, 4)

where By = Byryy", Bo = (bi)uy's Bo = Buy’ and By = (bi)o-

A Finsler metric is said to be locally projectively flat if at any point there is a local coordinate
system in which the geodesics are straight lines as point sets. It is known that a Finsler metric
F(x,y) on an open domain U C R" is locally projectively flat if and only if G* = Py, where
P(z, \y) = AP(x,y), A > 0 [4].

In this paper, we prove that the Kropina change of an m-th root Finsler metric is locally projec-
tively flat if and only if it is locally Minkowskian.

Theorem 1.2. Let F' = %/A be an m-th root Finsler metric on an open subset U C R", where
2

_ F . _
A is irreducible. Suppose that F' = — be Kropina change of F where = b;(x)y"'. Then F' is

locally projectively flat if and only if it is locally Minkowskian.

2. Proof of Theorem 1.1. A Finsler metric F' = F'(z,y) on a manifold M is said to be locally
dually flat if at any point there is a standard coordinate system (x, %) in TM such that L = F?(z,y)
satisfies

kayzyk =2L,.

In this case, the coordinate () is called an adapted local coordinate system. It is easy to see that
every locally Minkowskian metric satisfies in the above equation, hence is locally dually flat.
In this section, we are going to prove the Theorem 1.1. To prove it, we need the following lemma.
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Lemma 2.1. Suppose that the equation ®A? + WA + © = 0 holds, where ®, U, © are polyno-
mials in y and m > 2. Then ® =¥ =0 = 0.

Proof of Theorem 1.1. Let F be a locally dually flat metric. We have

4
_ Am _ 1 4 2 4
2 2 —1
_ 4
ot () (e
2

4 4 6 4
[ A LAB + Am A051+Amﬁoz+4z4mﬁoﬁz]-

o B

Thus, we get

Am =214 4
3 [BQ << - 1> AoAy + AAg — 2AAxl> - éAﬁ(Alﬁo + Aof)+
m m m

+2A? (35051 + 288, — 5501)} =0

By Lemma 2.1, we obtain

(; — 1) AjAo + AAg = 2AA,,, (%)
BoAi = —Aofi, (©)
BoiB = 3B1Bo = 2B, 8- (7
One can rewrite (5) as follows:
A2A — Ag) = <:L — 1> A Ap. (8)

Irreducibility of A and deg(A;) = m — 1 imply that there exists a 1-form = ;3 on U such that
Ay =0A. ©)
Plugging (9) into (8), yields
Ay = A0+ 0A; — A (10)

Substituting (9) and (10) into (8) yields (3). The converse is a direct computation.
Theorem 1.1 is proved.
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3. Proof of Theorem 1.2. A Finsler metric F'(x,y) on an open domain U C R" is said to be
locally projectively flat if its geodesic coefficients G are in the form G*(z,y) = P(z,y)y’, where
P:TU =U x R™ — R is positively homogeneous with degree one, P(x, A\y) = AP(z,y), A > 0.
We call P(z,y) the projective factor of F.

In this section, we are going to prove the Theorem 1.2. To prove it, we need the following
proposition.

1
Proposition 3.1. Let F' = Am be an m-th root Finsler metric on an open subset U C R™,
2

_ F .
n > 3, where A is irreducible. Suppose that F' = ? be Kropina change of F where 3 = b;(x)y".

If F is projectively flat metric then it reduces to a Berwald metric.
Proof. Let F be projectively flat metric. We have

= 2 2 1 2
ka:mi/BAm lAwk_@AmIBII“
= 112 2 2 2 2
fos = [0 () (21 40 -
112 2 2 2 2 2 2
3 [mAm Ao+ — Am 1A051+Am501+6314m5051}

Thus, we get

Am=272 ([ 2
IB'?’ |:ml8 <<m - 1> AOA[ + AA(][ - AAxl> -

2
—EAB(Azﬁo + AoBy) + A% (2808 + BBy — Bﬁ(]l)} = 0.
By Lemma 2.1, we obtain
mA(Ay — Ay) = (m —2)ApA;.

Then irreducibility of A and deg(A4;) = m — 1 < deg(A) implies that Ay is divisible by A. This
means that, there is a 1-form 0 = Hlyl on U such that the following holds Ay = 2mA6. Then
G' = Py', where P = #. Then F is a Berwald metric.

Proposition 3.1 is proved.

Proof of Theorem 1.2. By Proposition 3.1, if F' is projectively flat then it reduces to a Berwald
metric. Now, if n > 3 then by Numata’s theorem every Berwald metric of non-zero scalar flag
curvature K must be Riemaniann. This is contradicts with our assumption. Then K = 0, and in this
case I reduces to a locally Minkowskian metric.

Theorem 1.2 is proved.
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