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VERTEX OPERATOR REPRESENTATIONS OF TYPE Cl(l)
AND PRODUCT-SUM IDENTITIES

BEPIIMHHI OITEPATOPHI 306PA’KEHHS TUITY Cl(l)
TA TOTOKHOCTI TUITY CYM I JOBYTKIB

The purposes of this work are to construct a class of homogeneous vertex representations of Cl(1>, [ > 2, and to deduce a
series of product-sum identities. These identities have fine interpretation in the number theory.

o6 iBHOMi 6 cM 1>2.0 i i 106Gy TKi
00y/10BaHO K1Iac PiBHOMIPHUX BepIIMHHHX 300paxens C) /, [ > 2. OTpuMaHO HH3KY TOTOXHOCTEH THITy CyM i 106yTKiB.
i TOTOX)KHOCTI MarOTh 3MICTOBHY iIHTEPIPETAIIII0 TEOPii YMCEI.

1. Introduction. It is well known that there is a close relationship between representations of affine
Lie algebras and combinatorics. For example, the Jacobi triple product identity can be obtained as the
Weyl-Kac denominator formula for the affine Lie algebra sAlg [7]. The famous Rogers— Ramanujan
identities can be realized from the character formula of certain level three representations [8]. Like
the Jacobi triple product identity, the quintuple product identity is also equivalent to the Weyl —Kac
denominator formula for the affine Lie algebra Aéz)' In [6], the following infinite product:

o0

1
11 (1 — ¢on=1)(1 — ¢on—5) (I.D)

n=1 q q

is expressed by a sum of two other infinite products in four different ways.

I. Schur [12] (see also [1]) was probably the first person who studied the partitions described
by (1.1). He showed that the number of partitions of n into parts congruent to +1(mod 6) is equal
to the number of partitions of n into distinct parts congruent to £1(mod 3) and is also equal to the
number of partitions of n into parts that differ at least 3 with added condition that difference between
multiples of 3 is at least 6. His first result can be briefly described by

ﬁ 1 _ﬁan (1.2)
_ obn—1 _ o6n—5) 3n’ :
L (=g (1 —¢f2) A1+ gn

Motivated by product-sum identity provided by [6], we study a generalized product-sum relations
of some special partitions. Our method uses the vertex representations of affine Lie algebras of type
C’l(l). For the related topics, one can refer [4, 5, 10, 11, 13] and references therein.

Theorem 1.1. For any odd | > 3, the following product-sum identity holds:

-1

oo 2
1+ qg" (1—25)2—1 1
= 8
H 1+qln Zq H (1_q2n)(1_qln)’
n=1 s=0 nZ+(s+1),0(mod [+2)

particularly, it covers the first result of [6] when | = 3.
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VERTEX OPERATOR REPRESENTATIONS OF TYPE C’l<1) AND PRODUCT-SUM IDENTITIES 227

Our result in Theorem 1.1 implies the following partition theorem.
Theorem 1.2. Suppose that | = 2r + 1 > 3 is an odd number, A;(n) is the number of partitions
of n into distinct parts without multiples of 1, and B s(n) is the number of partitions of n into

(1—-25)%2 -1

2k1+...+2k:i+l7”1+...+lrj+ 3

with constraints ky,r, # £(s + 1), 0(mod ! + 2). Then for any positive integer n, we have

Al(n) = Blyo(n) + Blyl(n) +...+ Bl,r(n).

o0 n : o 144"
Proof. Let1 + g - Apa” be the power series of 1_[71:1 W Because
o
1+4q" n .
5= I a== ¥ e
n=1 n>1 is not a multiple of [ ny>ng>..>np>1

n; is not a multiple of I, k>0

Then A,, is the number of partitions of 7 into distinct parts without multiples of [ and 4,, = A(n).
A similar argument on B; ;(n) shows that Theorem 1.1 is equivalent to the relation

Aj(n) = Bio(n) + Bi,i(n) + ...+ By ,(n), for all positive integer n.

Theorem 1.2 is proved.
For example,

As(15) = 16 Bso(15) =3  Bsi(15) =7 Bs2(15) =6
1+14 1+6+8 22x3)+3 2(1x7)+1 2(1 x 5) +5(1)
2413 2+4+9 2244)+3 2(1x4+3)+1 2(1 x 3+2) +5(1)
3+ 12 24+6+7 23+3)+3  2(1+3x2)+1 2(1+2x2)+5(1)
4+11 34+4+8 2(1x3+4)+1 2(5) +5(1)

6+9 1+2+3+9 2(146) +1 5(1 x 3)

7+8 14+24+4+8 23+4)+1 5(1+2)
1+2+12 1+3+447 2(1x2)+5(1 x2)

1+3+11 24+3+4+6

Table 1.1 lists the values of As(n), Bso(n), Bs1(n), Bsa(n) for n < 15.

The above results will be proved by the irreducible decompositions of vertex module V(P) =
= S(H™) ® C[P] of C’l(l), where 1 ® 1 has weight Ag. If we assume that 1 ® 1 has weight A;, then
our method also gives the following result.
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228 LI-MENG XIA, NAIHONG HU

Table 1.1
n | As(n) | Bso(n) | Bsi(n) | Bsa(n)
1 1 0 1 0
2 1 0 0 1
3 2 1 1 0
4 2 0 0 2
) 2 0 1 1
6 3 0 1 2
7 4 1 2 1
8 4 0 1 3
9 6 1 3 2
10 7 0 1 6
11 8 2 4 2
12 10 0 2 8
13 12 3 6 3
14 14 0 3 11
15 16 3 7 6

Theorem 1.3. For any even | > 2, the following product-sum identity holds:

H >1(1 —q( (l+ ))(2n 1))( q(l+2)(2n—1))

ﬁ 1+qn 1/2)

= +
1+ 1+ In _2n _ ,ln
w1 LT+ a") [y, 0 -aa=-d
l/2-1 1
> R ==

n#Z=+(s+1),0(mod [42)

or equivalently,

0 (1 n 2n—1)2 H (1 . q(l(l+2)(2n—1))(1 _ q2(l+2)(2n—1))
q n>1
e +
e ==

1
(1—=¢*")(1 =g

H(éﬂ)){n
11

s=0 nZ=+(s+1),0(mod I+2)

Throughout the paper, we let C, Z present the set of complex numbers and the set of integers,
respectively.

2. Affine Lie algebra of type C’l(l). 2.1. Let G be a finite-dimensional simple Lie algebra of
type C;, A = C[t*!] the ring of Laurent polynomials in variable ¢. Then the affine Lie algebra of
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VERTEX OPERATOR REPRESENTATIONS OF TYPE C’l<1) AND PRODUCT-SUM IDENTITIES 229

)

type Cz(l is the vector space

G=C®A & Ccd Cd,
with Lie bracket:

[zt y@t"] = [z,y] @ t" " +m(z | y)dmtnoc,
[Cvg] =0,
[dyx @t ] =maxt™,

where x, y € G ,m,n € Z and (- | -) is a nondegenerate invariant normalized symmetric bilinear
form on g

2.2. Suppose that H is a Cartan subalgebra of G, and H* the dual space of H. Then there exists
an inner product (- | )] Hy, and an orthogonal normal basis {e1, ea,...,¢;} in Euclidean space Hy
such that the simple root system

1 1
IT= {041 = ﬁ(el _62)7 sy 01 = ﬁ(el—l _el)a ap = ﬂel}a

the short root system

. 1 1 .
Asz{iﬂ(ei—ej), :l:\/i(ei+ej)’1§z<j§l},

1 1
where —=(e; —€j) =a;+...+aj_1for1 <i<j<Il, —(ej+e)=a;+...+a;forl <i<l,

) V2 V2
ﬁ(ei—l—ej) =a;+...+oj1+205+.. .+ 201+ for 1 <i < j < [;and the long root system
Ap={£V2e |1 <i <],

where v2e; = 2a; + ... 4+ 2041 + oy for 1 < i < [.
Then the root lattice is l
Q=P 7z,
i=1

(aila;) =1,1<i<l—1,and (og | ;) = 2.
Let v : H — H* be the linear isomorphism such that

ai(v N ey) = (i | o), i, 5=1,...,1,

and
y(a) = 20y, i=1,...,01—1, &) =aq.
Then we have (o |af) = (v(ay)[v())). As usual, we identify H with H* via ~, ie., oV =
2a
~(afa)

For any weight A € (H & Cc @ Cd)*, let L(A) denote the irreducible highest weight G-module
with highest weight A.
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2.3. Define a 2-cocycle €p: Q x Q@ — {£1} by

eo(a+b,¢) = ey(a,c)e(b, c), eo(a, b+ c) = eo(a,b)ep(a,c), a, b, ceL,

_1) Z:j—’_l)
€0, o) =

1,  other pairs (i, ).

1
Let P = ®§=1—1 Z o; @ §Z ay. Extend ¢g to Q@ x P with

1
€0 (ai, 2al> =1.

! . . . : :
2.4. Fora = Z;l kici; € AU{0}, define maps p : AU{0} — AgU{0} and s : AU{0} — Q.

=1

1 I -1
p (Z k‘i%) ZP ), s (Z ki%‘) = Z(kz — p(ks)) v,

where Q7 = Spany, A and p(k;) € {0, 1} such that p(k;) = k; (mod2). It is straightforward to
check the following statements.

p(a

Set

Lemma 2.1. (i) p(ALu {0}) =0, and p(—a) = p(a) for any o € As.

(i1) Supposg that o, B, a4+ B € A, then we have:

(1) if a € Ag, then (a | B) = =1, p(a+ B) = p(B), s(a + ) = s(a) + s(B);

) ifa, B € Ag, a+p € A, then (a | 5)1— 0, p(er) = p(P), s(a +ﬂ) s(a) —s(f) = 2p(a);
@B) ifa, B, a+ € Ag, then (| f) = —= and |(p(a) | p(B))] = 2 ; moreover,

@ (p(a) | p(B)) = % then p(o + ) = p( ) = p(B), s(a+ B) — s(@) = s(B) = 2p(B), or
+8) = —pla) +p(B), 81(04 +8) = s(a) = s(8) = 2p(e);

(b) if (p(@) [ p(B)) = =5, then p(a + B) = p(@) +p(B), s(a + B) = s(a) + ().

(iii) For any o € A, we have.
(1) s(a) € {:I:\/?(ei —e)|1<i<l} CQr;

) P(a>€{\2(ei—eg’>]1§z‘§jsz}cAsu{O};

@3) s(a) +s(—a) = —2p(a) € Qr;
(4) a£pla) € Qr.
2.5. Defineamap f: @ x Q — {£1} by

fla, B) = (—=1)E@B)+P()Ip(B)+p(ath))

e =€ o f,then e: Q x Q@ — {£1} is still a 2-cocycle, which has the property (ii) in the

following lemma.

Lemma 2.2. () Fora, € A, we have

co(a, B) = (—1)@A+E@PE)+HE@ID+B)) . ¢(3, a).
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VERTEX OPERATOR REPRESENTATIONS OF TYPE C’l<1) AND PRODUCT-SUM IDENTITIES 231

(i) For o, B, a+ B € A, we have e(a, B) = —e(3, a).
2.6. We have the following proposition.
Proposition 2.1. The affine Lie algebra G of type Cl(l) has a system of generators

{af @t" eq@t"|1<i<l, neZ}
and c, d with relations
[ @™, O‘Jv ® "] =m(o] | O‘;‘/)(Sern,Oc,

[af @™, ea @1 ] = a(a)) eq @™,

[ea Rt e_q ® t”] =e(a, —a) [’y*l(a) ® tmtn 4 m5m+n7oc],

(a]a)
[€a®tm, €B®tn} :6(()4,,8)(1—}—(51’(17(0[”17([3))) 6a+g®tm+n Ya,B, a+ € A,
[ea®tm, eg@t"}:o Va,Be A, a+B&AU{0},

where 7y is the canonical linear space isomorphism from H to H*.
3. Vertex construction of Lie algebra of type Cl(l). 3.1. Let H(m), m € Z, be an isomorphic

copy of H. Set Hg := Spanc{a; |1 <i<1-1} and Hg <n— 5

1
>, n € 7, is an isomorphic copy

of H S.-
Define a Lie algebra

~ 1
H= @H(m)@@Hg <n—2> ® Ce,
meZ neZ

with Lie bracket

[a(m),b(n)] =m (a|b)dm,—nc.

Let

H = P Hm) o P Hs <n+;)

meZ_ nez._

and let S (ﬁ ~) be the symmetric algebra generated by H~. Then S (ﬁ ~)is an H-module with the
action
c-v=wv, a(m)-v=a(m)v ¥Ym <D0,

and
a(m) -b(n) =m(a,b) dpmino Ym >0, n<O0,

1
where a,b € H, m,n € iZ.

ISSN 1027-3190. Yxp. mam. xcyph., 2014, m. 66, Ne 2
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3.2. We form a group algebra C[P] with base elements ", h € P, and the multiplication
eMeh? = hithe Vhi, ho € P.
Set R
V(P):=S(H™) ® C[P]
and extend the action of H to space V(P) by
1
a(m)-(v®e") = (a(m) -v)®e" Vme §Z*;
and define
a(0)-(vee)=(a|r)ve",

which makes V (P) into a H-module.
3.3. Forr € P, a € @, define C-linear operators as

e (vee)=v®e,
2 (wee)=2Myge,
€ - (V@) = (=)@ g (a, v @ e,

a(z) =Y _a(j)z%,

JET

Ef(a,2)-(v@e) = (exp (:F Z izﬂ”a(in)) -v> ®e",

n=1

> 2 2n+1
+ . Ty F(2n+1) . r
F¥(a,2)- (v®e) (exp <:F ngzo o1’ o (:I: 5 )) v) ®e’.

Then a(z), E*(a, 2), F¥(a, 2) € (EndV (P))[[z, 27 1]].
As usual, we shall adopt the notation of normal ordering product
a(i)b(j), if i <7,

b(j)a(i), if j <1,

- a(i)b(j) =

1
where a,b € L and ¢,j € §Z.

3.4. Let V(P) be the formal completion of V(P) = S(H~) ® C[P]. We give some vertex
operators on V'(P):
(1) For a € AU {0}, set

Y(a,z) = E (a, Z)E+(av 2)F~ (p(a), Z)F+(p(0z), z),
Z¢(a, z) = 2@ 2,
X(a,2) =Y (,2) ® Z(a, 2).
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(2) For o, 3 € A, define

X, B, z,w) = Y(a,2)Y(B,w) : @ Z°(a + B, w).

3.5. The Laurent series of operators X («, z) is denoted by

X (a,2) = Z X,E/Q(a)z_k.

k=—oc0
Then for all k € Z, X,Z/2(oz) is an operator on V' (P). Note that X («) acts as an operator on V' (P)
in the following way:
X (a)-(vee)=¢ea,nr)Y (@) (v) @e*™™ Yo®e € V(P).
n+g(ale)+(alr)

3.6. Forv = ai(—ni)az(—n2)...ap(—ny)®@e" € V(L), define the degree action of d on V' (P)
by

d-(vee) = (deg(v) - %(r | r)) vee,

n;.

where deg (v) = — Zil
The number deg (v)

— 5(7“ | 7) is called the degree of v ® e” and denoted by deg (v ® e").
3.7.  We have the following proposition.

Proposition 3.1. The affine Lie algebra G of type Cl(l) is homomorphic to the Lie algebra J
generated by operators o (n), X¢(a),c,d (a € A,@ €Z)onV(P)=S(H")®CIP], i.e., there
exists a unique Lie algebra homomorphism 7 from G to the Lie subalgebra J of End(V (P)) such
that

w7 @) =

2
(a Tan) i)

m(eq ®@t") = X; (o),

that is, V(P) is a G-module.

4. Some computations needed.

Lemma 4.1. For any [, if A is the basic weight of Cl(l), then we have
dimg (L(A,)) = dimg(L(Ar_)),

‘ o0 (1 — 202y (1 _ 20+2)n-2-2s)(] _ 2(+2)n—2-2+2s
1

n

1—qgn
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For the definition of dim,, one can refer [7, p. 183] (Proposition 10.10).
Define ¢-series

2—7"71
Rg(l,r) = ¢" ™, (4.1)
nez
for0 <r <Il.Ifr =1, then
0 1— q4n 2
re(,1) =2]] (1_213 (4.2)
n=1 q
by Gauss identity
2n%—n - (1 B q2n)2
> =1l 5—x
neZ n=1 1- q

Suppose that V' = S(a(—1), a(—2),...) ® C[Za] with (a]a) = 2, then V is an irreducible A(ll)-
module isomorphic to L(Ag) (one can see [4] for details). The degree of v = a(—ny)...a(—ng) @
® e € V is defined as —ny — ... — ng — n? and weight of v is —(ny + ... + n, +n?)é + na.
Hence

1 2
_ Ao —n?f+na
chV =e = - eims) g e .
| |n—1 nez

Moreover,

Z 6—(3n2+n)6+3na _ Z e—(3n2+n)6—(3n+1)a
nez nez

hL(Ag) = eo
¢ Hoo_l(l - efn(s)(l o efn5+a)(1 _ 67(n71)67a)

If e=9, e~ are specialized as ¢!, ¢, respectively, then V = L(Ag) implies the following lemma.
Lemma 4.2. If0 <1r </, then

Ke(l,m) = H (
n=1

Proof. This lemma can easily be proved using the quintuple product identity (see [3]).
5. The module structure. 5.I. Let og € H* such that {ap,a1,...,qq} is the simple root
system of affine Lie algebra G and ag(ay) = 2, ap(ay) = —2, ag(d) = 1 and ap(e)) = ag(c) =0,

_ q2ln)(1 o q4lnf2(lfr))(1 _ q4l(n71)+2(l77‘))
(1 _ q2ln—l—r)(1 _ q21(n*1)+l+r) .

2 < j <1.Then § = ap + 201 + 202 + ... + 20,1 + oy is the primitive imaginary root of G. Let
A; € H* be such that
Ai(a)) =65, Ai(d)=0, 0<j<L

Lemma 5.1. With respect to the Cartan subalgebra H of G , V(P) has the weight space decom-
position

viPy= Y V(P

Aeweight(V (P))

and the weight space V (P)y has a basis v ® e, where r € P, v € S(H ™), and
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/\=A0+<deg(v)—;(r\r)>6+r,

so deg (v) and r are uniquely determined by \.
5.2. The following describes the possible distribution of the maximal weights of G-module

V(@) |
Lemma 5.2. For any A € P(V(Q)), we have

AgAj—i&

for some j € 7, where 0 < j <.
-1

1
Proof. By Lemma 5.1, A = Ay — <k + 5(7" | r)>6 + r, where r = Z,_l kioy; + %al € P and

1
ke 3 N. At first, we have

1
§(r|r)6—r:

S

-1
k
(k% + (kg — k1)2 + ...+ (kl—l — kl_2)2 + (le — kl_1)2)5 — E ko — ilal =
=1

1
= 1 [(k:%(; —2k1 (200 + 200 + ...+ 201 + al))Jr
+((k2 — k1)2(5 — 2(k2 — kl)(2a2 + ...+ 201 + al)) —+ ...

oot ((k‘l_l — kl_2)25 —2(kj—1 — ki—2)(2ay_1 + Oél)) + (ky — /61_1)25 —2(k; — k—1) oy

Suppose that
a=2q;+ ...+ 2051 + o < 6.

If n < 0, then n?6 — 2na > 0. If n > 1, then
(n* —1)6 —2(n — Da = (n—1)((n +1)§ — 2a) > 0.

Hence we get
n%5 — 2na >0

or
n%8 — 2na > 6 — 2a.
So
1
§(r|r)5—r2
1
z25—5[(2%1+...+2alf1+al)+...+(2aps+...+2a,,1+al)} >
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>5[ +.. 20 ta)+. o+ Ras+ . 20 )] =

N

S
4
1
= 5(’75 ‘ 73)5 — Vs
for some s, where

s
fys:a1+2a2+...—|—(s—1)a571+s(as+...+al_1)+§alEP,

and it clear that Ay = Ag + s, (7s | 7s) = g Then we have

1 1
)\:Ao—(k+2(r|r)>5+r§A0—2(7‘r)6+7“§

S

1
<Ap— ¢ 1

2( 0

73’75)5+75:As—

for some s, 0 < s < [.
Remark 5.1. By the result above, we know that any highest weight of V' (P) belongs to the set

l
s P
— - —= > = .
slzol {AS 1 25‘1)_0, s=0,1, ,l}

More precisely, any highest weight vector has the form v ® e7* for some s.
Theorem 5.1. V(P) has the decomposition

where V(P)M is the sum of those irreducible submodules whose highest weights A\ < Ag — Z

6. Highest weight vectors. 6.1. Define operators

a(-n+1/2) 4, 4 a(n—=1/2) 9,44
S(OJ,Z) —exp(Z Wz exp —Zmz ,
n>0 n>0
with series expansion
S(a, z) = Z S, (a)z2m,
nE%Z

Lemma 6.1. Fori=1,...,1 — 1, we have
{Sn(ai), Sm(ai)} = Sn(@i)Sm(ai) + Sm(i)Sn(ai) = —26m+4n,0

and

Su(a) = (—1)2"Sp(—a), ne %z.
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6.2. Define 5; = q; fori=1,...,1 —1 and
also let

Define

ZM(2) =3 25 =D S = Y Sy 2),
j=1 ‘

1E€EL

for even s. Particularly, ZU(z) = —Z0(2).
Remark 6.1. The operators Z!*! are the same as (or isomorphic to) those defined by Lepowsky

and Wilson in [8, 9], where they are generating operators of vacuum spaces of standard Agl)—modules
of level /. For more details, one can refer to those two papers.

1
Lemma 6.2. For any n € EZ’ if v ® e is a highest weight vector and Zr[f]v ® €7 is not zero,

then Z,[f]v ® €7 is also a highest weight vector.
Proof. At first, we give the proof for s = 0. For ¢ < [, we have

Sn(yi) + Sn(yit1) = Zsj(ﬁi)sn—j(ﬂi + 26541 + ... +26),

JEZ
and (y;|a;) =0, j # ¢,7+ 1. Hence
~X§(ai)ZP (v ®1) =

= X5(ci) < D> Sulye) + > Si(B)Sn—j(Bi +2Bip1+ ... +28) pr@1=

r#iit+l JEZ

=Vi(@)§ D Su(r) + D0 Si(B)Sn(Bi+ 281+ 4 28) pu@ e =

r#ii+1 JEZ

o

() Z Sn(@/r)v(geai"'

P it1

+Y%(az’) Z Si(ai)Sn—j(Bi +2Bit1+ ... + 2B v @Y =
jez

= 3 Sulp) X @ 1+
riit1
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+ Ex(aq)Sy_y(ai) Y Sj()Snj(Bi + 2Bir1 + ...+ 28)v @ e =
keZ jez

== 8i(ci)Sn—j(Bi +2Bix1+ ... + 2B) X§(i)v @ 1 = 0.
JEZ

Moreover, operators X{(a;) and X§(—(2a1 + ...+ 20y—1 + oy)) commute with Z,[LO], so Z9y ® 1
is still a highest weight vector.
The proof for s = [ is the same as above.

For Z}f] with 0 < s < I,

Su(Wi) = Sn(yir1) = > Si(Bi)Sn—i(Bi +2Bit1 + ...+ 28),
JEZ+1/2

then

X§(as) 2B (v @ ) =

:XS(OZS) < > Z Sj(ﬁs)snfj(ﬁs ‘|’255+1 + ... +25Z) U®€% =

<s JEZ+1/2

e ( ) () +ZS (Bs)Sn—j(Bs +2Bs41 + ... +20) pv@er T =
r<s r>s+1

JEZL

(z 5 ) s e

r<s r>s+1

+}/1(a1) Z Sj(Ols)Sn_j(,BS + 2Bs+1 +...+ 2ﬁl)v X e’ySJraS =
JEZ

= 2 Sn(yr)XS(QS)U@)e%“‘
riitl

+ Z Ep(0;)S1—k(v) Z S;i(as)Sn—j(Bs +2Bs41 + .. +2B8)v @ ¥ =
kezZ JET+1/2

== " Si(0s)Sn—j(Bs + 2841 + .. + 28) X (rs)v ® €7 = 0.
JEZ

For other X¢(cy;) and X§(cv), X{(— (201 +... 4201 + o)), the proof is similar to the first case.

Then ZLS]U ® €7¢ is also a highest weight vector.
Lemma 6.2 is proved.

l
For A = Ag — Z'—o k;cu;, define
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l
deg A => ki,
=0

and

then

The g-character ch, is a map from V (P) to Z[g*] (to Z [qil/ 2] if [ is even) defined by
chyV(P) =) dimV(P)q'.

Define the highest weight vector space of V(P)I¥ as Q, ® €. Then we have the following
theorem.

1
Theorem 6.1. (), is generated by operators Zi[s], 1€ iZ,. Moreover,

0 (1 _ ql(l+2)n)(1 _ ql[(l+2)nfsfl})<1 _ ql[(l+2)nfl+sfl])
ch Qs = H 1= gn .

n=1

7. Proof of Theorem 6.1. Let
= @ s (n+ )
= g 5 )
nez_

Theorem 6.1 will be proved by the following lemmas.

—~— 1
Lemma 7.1. S(Hg ) ® 1 can be generated by operators ZT[ZS}, ne §Z, s=0,...,0,on1®1.
Proof. At first, by the definition of operators Z!¥](2),

ZW -z = 25(y,),

Z13 — z[ = 25(yp),

Z070 = 27 = 28 (y,y),

1 1
moreover, for 0 < s < land m € 7Z, ys (m + 2) can be generated by operators Sy, (ys), n € §Z.

So S(Hg ) ® 1 can be generated by the Zks,

Lemma 7.2. Suppose that v € S(}TS—), then v ® €7 is a highest weight vector if and only if
for all positive integers m,

Sm—1p(@)v®@1=0, 0<i<l, i#s, Sm(as)v®@1l=0 (when (as|as) =1).
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Proof. As we know that v ® e is a highest weight vector if and only if
Xo(a)v@e’ = X{(—2a0 — ... —20q—1 —aq)v®@e’* =0, i=1,...,1.
For any v € S (Ifltgi), it always holds that
Xo(a)v®e’ = X{(—2a1 — ... — 2041 —ap)v @€’ = 0.

Let
E(a,2) = E (o, 2)Et(a, 2) = ZE
JEZL
then for 0 < 7 < [,

Xola)v @ e™ = €4, Y1 ja(i)v ® T = ¢, Z Ej(a;)S1/a—j(ai)v @ gVste
JEZ
for ¢ # s and
X§(oi)v @ e = e, Yi(as)v @ € = 0, Y Ej(ai)Sij(ai)v @
JEZ
for i = s. Thus this lemma holds.
Lemma 7.3. Ifv € S(Hg ) and for all positive integer m,
Sm—1/2(1)v® 1 =0,

P

(1] —
Z n/2 —

then v belongs to the subspace W generated by Z [0}2, zP /2

(0]
)20 Z/Q,nEZ.
Proof. Notice that

n/2 Z Snya( yr) Z Sj(ﬁl)sn/%j(ﬁl +2B2+...4+26) =

r#1,2 JEZL

= — Z Sj(a1)Syjo—j(B1 + 282 + ... +25;) + terms commuting with S(a1),
JEZ

ZT[LI/2 Z Sit1/2(01)Sp/2—j—1/2(B1 +2B2 + ... + 2/;) + terms commuting with S(a1),
JEZ

and

Z[s/}Q _ Z Sj(01)Sn 2—j(B1+ 262+ ...+ 26;) + terms commuting with S(ay ),
JET

for s > 2. Since (a1|51 + 262 + ... + 26;) = 0, a homogeneous non-zero vector

vm0o1 =Y g2 2 s

can be written as
Z bih___?irSil (041) . . SiT(ozl) ®1, n<...<i <0,
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where b;, . ;. is a non-zero polynomial commuting with S(a;). Then v € W if and only if
i1,...,% € Z for any b;, .. ;.. It is easy to show that if b;, _; ©® 1 # 0, then

S_ji(ar)...5_; (c)v =ascalar of b;, ;. ®1#0.

Condition S,,, 1 /5(c1)v ® 1 = 0 implies all i1, ..., i, € Z, so v € W7,
Lemma 7.3 is proved.
A similar argument shows the following two lemmas.

Lemma 7.4. [fv € S(I/{\Si) and for all positive integer m,
Sm—1/2(01)v®1=0,8,,_1/(a2)v®1=0,

then v belongs to the subspace generated by ZT[LO/]Q, ZE)/]2, ey Zg/_;], Zg]ﬂ = —ZT[LO/]Q.

Lemma 7.5. Ifv € S(f/I\S_) and for all positive integer m and 1 < i <1,
Sm—1/2(ci)v® 1 =0,

then v belongs to the subspace generated by Z,[lo].
Similarly to the proof for s = 0 above, for general s, we have the following lemma.

Lemma 7.6. Suppose that v € S(f/I\S_) and 0 < s <. If
Sm—1p()o®1=0, 0<i<l, i#s, Sm(as)v®1=0 (when (as|as) =1),

for all positive integer m, then v belongs to the subspace generated by Z,[f !
Lemma 7.7. Forany 0 < s <, the element 1 ® €7 is a highest weight vector.
Lemma 7.8. For odd | > 3, Qs has basis

1
{Z,[fl] ) ..Z,[fg ®1 ‘ ny, € §Z_’ np < Npi1s Np < Npir — 1, Np_g(s) < —1} .

For even | > 2, Qg has basis

1
{ZLSE,,.Zlfg@l‘np€2Z, Ny —Npir < —1 =

.
= an+i € Z, Ny < Npyyr — 1, Nk—o(i) < _1}7
=0

-1
herer:l

l
ifl odd and r = 3 if l even, o(s) = s for s < r, otherwise, o(s) =1+ 1 — s.
Lemma 7.9. Forany 0 < s <,

0 (1 _ ql(l+2)n)(1 _ ql[(l+2)nfsfl})(1 _ ql[(l+2)nfl+sfl])
ch, Qg = .

For Lemmas 7.8 and 7.9, one can refer [8] (Theorem 10.4), [9] (Section 14) and [2] (Section 3).
Lemmas 7.1-7.9 prove Theorem 6.1.
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8. Product-sum identities. Since

l
-y oL (AS _ 25),
s=0
we have the specialized character

l

chyV(P) = chyf chyL (A, - Z(s)

s=0
the left-hand side is

§ : q%(ln?—n1+ln%—3n2+...+ln12—(2[—1)71;)
ny,...,NEL

HZOZI(l _ qln)l—l(l _ q2ln)

which equals

q_l2/8[5q1/2 (lv 1)’{(11/2([7 3)7 R "‘{ql/?(lal - 1) 2 12/8 H 1 +q" 1/2)
Hoo_l(l _ qln)l—l(l _ qQZn)

for even [, and equals

?-1
q_T [qu1/2 (l, 1)I€q1/2 (l, 3), sy Rglyz (l,l — 2)]2Kq1/2 (l, l) _ 21

[ee]
I[I_ a-d"a-e" i

for odd I. Where &, is defined by Egs. (4.1) and (4.2).
The right-hand side is

l

ZcthhL( ) Zq 2 “ch,Q, dimg L(A,).

s=0

Then by the computation of Q2 and dim, L(A;) before, the proof for our main theorems is finished.
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