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FUNCTIONS AND VECTOR FIELDS ON C(CP™)-SINGULAR MANIFOLDS
®YHKIIII I BEKTOPHI ITOJISA HA C(CP™)-CUHI'YJISPHUX MHOT'OBHUJIAX

Let M?"*! be a C(CP™)-singular manifold. We study functions and vector fields with isolated singularities on M>""1. A

C(CP™)-singular manifold is obtained from a smooth manifold M>""" with boundary which is a disjoint union of complex

projective spaces CP™ U CP"™ U ... U CP" and subsequent capture of the cone over each component of the boundary.

Let M?™*! be a compact C'(CP™)-singular manifold with & singular points. The Euler characteristic of M?"*! is equal
k(1—

to X(M2n+1) — ( 5 TL)

on M?"*! there exists an almost smooth vector field V' (z) with finite number of zeros mi,...,mk, x1,...,x;. Then

X(M2”+1) = Zl: ind(z;) + Z ind(m;)

Hexait M>"" — C(CP™)-cuarynapauit MHOTOBHI. MU BUBYaeMO (YHKII i BEKTOPHI 1O 3 130/Ib0BAHMMH CHHIYIISPHO-

. Let M?"*! be a C(CP™)-singular manifold with singular points my, ..., m. Suppose that,

cramu Ha M2, C(CP™)-cunrynspHuii MHOTOBH BUHHKAE 3 MIAAKOro MHOroBumy M2"+! 3 kpaewm, sxuii € He3B’ 13HUM
00’€IHAHHAM KOMIUIEKCHOTO IpoekTuBHOTO0 npoctopy CP™ UCP™U...UCP™ i nocimiqoBHOCTI KOHYCIB HaJl KOXHOI KOM-

noHeHTok Kpato. Hexait M>" ! — xomnaxruuii C'(CP™)-cHHIryispHuii MHOTroBu i3 k cunryniapHauMu Toukamu. Eiineposa

. k(1—n N N .
xapakrepuctuka M>"T! nopismioe x(M2"11) = Q Hexaii M>"*! — C(CP™)-cunrynspHuii MHOTOBHJ i3 CHH-
TYNAPHAME TOYKAMH 1M1, . . . , M. 1IpumycTumo, mo Ha M>"T icHye maiixe rnamce BekTopHe Tone V () i3 cKiHdeHHnM

l
YHCIIOM HYJIB M1, . .., Mk, T1,...,T;. Tomai x(M%H) = E - ind(z;) + E 1nd (m;)
i=1

1. The functions on C(CP™)-manifolds. Let M>"*2 be a closed smooth manifold with semifree
St-action

0 Sl % M2n+2 N M2n+2

which has only isolated fixed points. It is known that every isolated fixed point m of a semifree
Sl-action has the following important property: near such a point the action is equivalent to a certain
linear S' = SO(2)-action on R?"*2, More precisely, for every isolated fixed point m there exist
an open invariant neighborhood U of m and a diffeomorphism h from U to an open unit disk
D?"+2 in C™*! centered at origin such that h is conjugate to the given S'-action on U to the S'-
action on C" with weight (1,...,1). We will use both complex, (z1,. .., z,+1), and real coordinates
(1, Y1y -+ s Tnt1, Ynt1) on C* = R?"2 with 2; = z; + /—1y;. The pair (U, h) will be called a
standard chart at the point m.
Let M?"*2 be a manifold with finite many fixed points m, ..., may. Denote by

g M2n+2 — MZn-i—Q/s].

the canonical map. The set of orbits N2t = M27+2/G1 is a manifold with singular points
w(my),...,m(meg). It is clear that a neighborhood of any singular point is a cone over CP™.

In general, a C'(CP")-singular manifold is obtained from a smooth manifold /2" +! with bound-
ary which is a disjoint union of complex projective spaces CP" UCP" U...U CP" and subsequent
capture of the cone over each component of the boundary. For this type of C(CP")-singular manifold
parity of the number of singular points depends on parity of the number n.
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Lemma 1.1. Let M?"*' be a compact C(CP"™)-singular manifold with k singular points. The

Euler characteristic of M*"*! is equal x(M?*"+1) = M

Remark 1.1. For n even, the complex projective space CP™ can not be the boundary of a smooth
compact manifold X27+1,

Lemma 1.2. Let M?"*! be a compact C(CP"™)-singular manifold with k singular points. If n
is an odd number then the number k of singular points can be any number. If n is an even number
the number k of singular points is an even number.

Since C'(CP™)-singular manifolds are topological spaces we can consider continuous functions
on them and because of the nature of C(CP"™)-singular manifolds it is appropriate to consider
continuous functions which are smooth on the complement of the set of singular points. Also it
makes sense to study such functions on a C'(CP")-singular manifold whose singular points of the
manifold are critical points of these functions. More precisely, this means the following.

Let M?"*! be a compact C(CP")-singular manifold M?"*! with singular points my,...,my
and U(my),...,U(my) the respective closed neighborhood homeomorphic to the cone over CP™.
D??H-Q

For any neighborhood U (m;) there is a disc and a semifree action of the circle

2n+2 1 2042
9: D" x S' — D7t
such that performed
D2 5 D2t /8 ~ U(my).

We introduce in the disc D?"H complex coordinates z1, ..., z, and recall that the circle is the
set of complex numbers of modulus one. We assume that the action of the circle on the disc is defined
by the formula

0(21,...,2n) =€z, ... e,

Consider an arbitrary S'-invariant smooth function f: D?"*? — R with a single critical point in the
center of the disk. For example, let f be given by

e Y i M VT R P

Notice that the index of the nondegenerate critical point 0 € Df"” of such function f is always
even.
Let m.(f): U(mi) — R be the continuous function induced on U(m;) by the natural map

m: D2 D2 /SN~ U(my).

It is clear that the function 7. (f) is smooth on the manifold U (m;) \ m;.
Definition 1.1. The function m.(f): U(m;) — R is called almost smooth function on the neigh-
borhood U(m;) with a singularity at the point m,.

If f is given by
f=—lal —...—|al+lolP+ .+

then the function . (f): U(m;) — R is called almost Morse function on the neighborhood U (m).
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Definition 1.2. The function f: M?"*1 — R is called almost Morse function on the C(CP™)-
singular manifold M"Y if f is an almost Morse function in the neighborhoods U(m;) of singular
points m; of M*" ! and f is a Morse function on a smooth manifold M1\ | J, m;.

From Definition 1.1 follows that on any compact C(CP")-singular manifold M2"+! with singu-
lar points my, ..., my there exists an almost Morse function [1, 2].

The number of critical points of an almost Morse function is dependent of the structure of such
function in the neighborhood of singular points of the C'(CP™)-singular manifold. Let us examine
this issue in more detail.

Definition 1.3. Let f be an almost Morse function on the C(CP™)-singular manifold M?"+!
with singular points my, ..., my. Denote by

me(fi): U(mi) — R

its almost Morse function in the neighborhood U(m;) of singular point m; of M*"*1. The state
of the almost Morse function f is the collection of all almost Morse functions in the neighborhood
U(my;) me(f1), me(f2)s - - o, ™ (i), which we will be denoted by St(f).

Consider the case where M?"*1 2n > 5 is a compact simply connected C(CP")-singular
manifold.

Recall that for a simply connected smooth manifold we can calculate the Morse number via
its homology groups. More precisely, if we consider a closed manifold N" and Morse functions
f: N™ — R then to count the Morse number for the class of such functions we can use the homology
group H;(N™,Z).

If we consider a compact manifold N™ with boundary ON"™ = 9; N™|J o N™ and Morse func-
tions f: (N" 01 N™ 9;N™) — R such that f~1(0) = 9;N™ and f~!(1) = 92N then to calculate
the Morse numbers for this class of functions we use the group H;(N",01N",Z) [6].

Let M?"*1 2n > 5, be a compact simply connected C'(CP")-singular manifold with singular
points my, ..., mk. Let o be a permutation of (1,2,..., k). We split the singular point my, ..., my
in two disjoint sets A and B consisting of s and k& — s points, respectively:

A= Ma(1), Mo (2)) - -+ Mo(s), B = Ma(s+1) Mo (s+2)5 - -+ Mo (k)
The case when A or B is empty set is not excluded. Consider the homology groups
H;j(M*t1\ B, A, 7).

Remark 1.2. 1f 7 is another permutation of (1,2,..., %) and

A= My (1), M (2)y - -+ Mr(s), B = My (s41) Mor(s42)5 -+ Mr(k)
is another splitting of the singular points m, ..., my, in two disjoint sets A and B then, in general,
H;j(M*" 1\ B A, Z) # H;(M*"\ B, A, 7).
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Theorem 1.1. Let M?"*1, 2n > 5. be a compact simply connected C(CP™)-singular manifold

with singular points m1, ..., my. Let o be a permutation of (1,2, ...,k) and let A (with s points)
and B (with k — s points) be the split of the singular points m1, ..., my in the two disjoint sets:
A= Mg (1) Mg (2)s -+ s Ma(s)s B = Mo (s4+1) Mo (s42)) -+ s Mo (k)-

We fix a collection of almost Morse functions

St = m(f1), m(f1), - - T (f1), T (f2), T (f2)s - oo ma(f2)

TV
s k—s

in the neighborhoods U(ma(l)), U(mg@)), ey U(ma(s)), U(ma(sﬂ)), ey U(mg(k)) respectively,
where
2n 2n

f=>lul, fo=1=> |zl
i=1 i=1

Then
MM St) = p (HA(M?" T\ B, A, Z)) + p (TorsHy_(M**1\ B, A, 7)),

where u(H) is the minimal number of generators of the group H.

2. Vector fields on C(CP™)-manifolds. Let V' (x) be a smooth vector field on a smooth compact
manifold N?"*! with boundary with a finite number of points C(CP") in the interior of the manifold
N2+ where V (x) are zero. Suppose that the restriction of the field V' (x) on the boundary O N2"+!
of the manifold N2"*! is outwardly directed to the manifold N2"*1. Recall the definition of a index
zero of vector field V' (z) on a smooth manifold N2+,

Definition 2.1. Let N?"*! be a cone over C(CP™) and let V(z) be an almost smooth vector
field on N?"*1 such that the singular point n € N*"*1 is an isolated zero point of V (x), the field
V() has finite number of zeros na, . ..,n; and such zeros points belong to N*"*1\ ON?"*1 and
V() on the boundary of the manifold N?"*1 is pointed out to the manifold N*"*'. The index
ind(n)y (g of the vector field V (x) at the point n is defined as the

l

ind(n)y(zy = X(N*") = " ind(ns)y(y)-
=1

For definition of the index at a singular point of an arbitrary vector field on cone over C(CP")
we will need to build additional. First we prove the following lemma.

Lemma 2.1. Let N?"*! be a cone over C(CP™) and let V (z) be an almost smooth vector field
on N?"*1 such that the singular point n € N*" ! is an isolated zero point of V (z). Then on singular
manifold N*"*! there exists an almost smooth vector field W (x) such that:

1) W (z) coincides with the field V () in some neighborhood of singular point n € N?"+1;

2) W(z) has finite number of zero points and such zero points belong to N*"*1\ gN?"+1;

3) W(z) on the boundary of the manifold N*"*1 is pointed out to the manifold N*"*1.

We must show that so defined index at the singular point n € N?"*! does not depend on the
choice of the vector field W (x).

We prove the following lemma.
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Lemma 2.2. Let N*"! be a smooth closed manifold and let V (x) and W (x) be smooth vector
fields on N?"+1 x [0, 1) such that:

1) the vector field W (x) coincides with the vector field V(x) on N*"*1 x [1 — ¢,1), where
0<e<;

2) vector fields V (x) and W (x) have finite number of zeros;

3) vector fields V(x) and W (x) are not zero on the boundary N?"*1 x 0 of the manifold
N2+ %[0, 1) and pointed out to the manifold N*"*1 x [0,1).

Let x1,...,x5 and yi1, ...,y be zeros of the vector fields V (x) and W (x) respectively. Then

s t

Z ind(l‘i)v(x) = Z ind(yi)W(x)'

i=1 =1

Proposition 2.1. Let N2t be a cone over C(CP™) and V (z) is an almost smooth vector field
on N2 such that the singular point n € N*"*1 is an isolated zero of V (). The index of the zero
n of the vector field V (x) in Definition 2.1 does not depend of the almost smooth vector field W (x).

Theorem 2.1. Let M?"*! be a C(CP™)-singular manifold with singular points my, ..., mg.
Suppose that on M*"*! there exists an almost smooth vector field V (x) with finite number of zeros
mi, ..., Mk, T1,...,T;. Then

k

(M2 = Zind(zi) + Zind(mi).

=1 =1
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