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GENERALIZED BOMBIERI - LAGARIAS’ THEOREM AND GENERALIZED
LI’S CRITERION WITH ITS ARITHMETIC INTERPRETATION

Y3ATAJBHEHA TEOPEMA BOMBIEPI - JIATAPIACA TA Y3AT'AJIbHEHU
KPUTEPIM JII 31 CBOEI0 APUOGMETUYHOI) IHTEPIIPETALIIEIO

We show that Li’s criterion equivalent to the Riemann hypothesis, viz. the statement that the sums &k, =

1Y 1 d"
=X, 1= 1-= over Riemann xi-function zeroes and derivatives A, = — (2" 'In (é(z)))‘ _» where
P (n—-Dldz 2=l
n=1,2,3,..., are nonnegative if and only if the Riemann hypothesis is true, can be generalized and the nonnegativity of

certain derivatives of the Riemann xi-function estimated at an arbitrary real point a , except a=1/2, can be used as a
a n
criterion equivalent to the Riemann hypothesis. Namely, we demonstrate that the sums k,,, = Z,|1- [pil for
p+a—
any real a and any a<1/2 are nonnegative if and only if the Riemann hypothesis is true (correspondingly, the same

derivatives with a >1/2 should be nonpositive). The arithmetic interpretation of the generalized Li’s criterion is given.

Similarly to Li’s criterion, the theorem of Bombieri and Lagarias applied to certain multisets of complex numbers is also
generalized along the same lines.

n
PR . . - 1
ITokasano, wo kpurepiit Jli € ekBiBaleHTHNM TinoTesi PiMaHa, TOOTO TBEpAXKEHHS, o cymu k, = X, [ 1- ( 1-— mno

1 " _ ..
= D2 (" Un (é(z)))‘z_1 , ne n=1,2,3,..., € HEBiI'eMHUMH TOfi i
—!dz -

TIIBKY TOJ1, KOJIM crpaBejuuBa rinoreza Pimana, Moxe OyTH y3arajibHeHe, a HeBijl' EMHICTD JIeSIKUX MOXIJHUX PIMAHOBOT Xi-

HYJISIX PIMAHOBOI Xi-(OyHKUIT Ta MOXigHi A,

(YHKIT, IO OLIHIOIOTBCS Yy 006iAbHIlL TOUI a , KpiM a =1/2, Moxe OyTH 3aCTOCOBaHa, SIK KPUTEPill, eKBIBaJICHTHNUI
n
. A p—a .
rinoresi Pimana. A came, nokasauo, mo cymu k, , = Zp 1-|—— sl OyAb-SIKUX MIACHUX @ Ta OY/b-SIKUX
pta-—1
a<1/2 € HeBii’éeMHUMH TOJIi 1 TINBKY TOM1, KOJM ClpaBevBa rinmore3a PiMaHa (BiAMOBIHO Taki X MoxigHi 3 a >1/2

noBMHHI OyTu HepopaTHiMu). HaBeneHo apucgmeruuHy inTepnperauito y3araabHeHoro kpurepito Jli. ITopi6HO fo kpuTepito
JIi Teopema Bombiepi Ta Jlarapiaca, y 3acTocyBaHHI [0 A€SKUX MYJbTUMHOXMH KOMIIJIEKCHUX YHCEIl, TAKOX MOXKe OyTu
y3arajJbHeHa aHaJIOTiYHIM UMHOM.

1. Introduction. In 1997, Li has established the following criterion equivalent to the Riemann hy-
pothesis concerning nontrivial zeroes of the Riemann { -function (see, e.g., [1] for standard defini-

tions and discussion of the general properties of this function) and now bearing his name (Li’s crite-
rion) [2]:
Li’s criterion. Riemann hypothesis is equivalent to the nonnegativity of the following numbers:

1
(=)' dz"

n

(" mE@)|_ ) M

for any nonnegative integer n .

© S. K. SEKATSKII, 2014
ISSN 1027-3190. Ykp. mam. aypHh., 2014, m. 66, Ne 3 371



372 S. K. SEKATSKII

Here &(z) is the Riemann xi-function related with the Riemann -function by the well-

known relation [1]
@) = 5 (= D 2600, @)

Two years later, Bombieri and Lagarias generalized Li’s criterion [3]. If p=1/2+iT, T real

and i=+-1, than |[(p—1)/p|=1 and hence can be written as exp(i};), where ¥; =

T . 1Y p—1Y"
———— . Let us introduce the sum k, =%, 1—-| 1-— =25 1-| — over
T -1/4 p p

nontrivial Riemann function zeroes (n is nonnegative integer, zeroes are counting taking into ac-
count their multiplicity, for n=1 contributions of complex conjugate zeroes should be paired
when summing). For two complex conjugate “correct” Riemann function zeroes p=1/2+iT we

= arctan

easily see that their contribution to sum k, is 2(1—cos(n9;)), and hence nonnegative; corre-
spondingly, the sum k, is also nonnegative. Quite the contrary, if some nontrivial Riemann func-
tion zero with Rep #1/2 exists, for large enough n we will have an arbitrary large (by module)

negative contributions from these zeroes, and it is straightforward to show that for infinitely many
n this contribution can not be compensated by all other “correct” 1—cos(n¥;) terms of the sum

[3], whence infinitely many sums k, are to be negative.

This consideration immediately shows that the nonnegativity of the sums &, is equivalent to
the Riemann hypothesis. Li also demonstrated that these sums are equal to derivatives presented in
eq. (1) (certainly, this is the most technically difficult part of his work; another derivation of this re-
lation will be given shortly below).

2. Generalized Li’s and Bombieri — Lagarias’ criteria. Now we note that for p=1/2+iT

p—a | _|—a+1/2+iT
pt+ta-1 a—-1/2+iT

w3 ) ] )

To demonstrate that on RH all these sums are nonnegative, just replace ; = arctan

and any real a

‘ =1 and introduce the sum

iven
2 _14 ©

T(2a-1)
T?—a’+a-1/4
implication, let us briefly reproduce a slightly modified argument of Bomberi and Lagarias [3]; see
their original paper for some more details.

above by U; = arctan and repeat all the abovesaid. To demonstrate the inverse

p-a |

pt+a-1

Let a<1/2. We observe that for any Riemann zero p=0+iT, ‘

_ ., (1-20)6-1)

| |2 , and thus if o©>1/2 we may find at least one zero for which
pta-1
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- -2a)20-1 o .
_pza >1. Because u(oz) tends to zero when |py| tends to infinity, maximum of
pra-1 lp+a—1|
this expression over p is achieved and there are only finitely many, say K, zeroes p; for which
p—a p—a . .
———|=1+¢=max, forall others | ———<1+¢—3 for some fixed positive &. Clearly,
pta-1 pta-—1

n
taking n large enough, the term 1—(%] = 1= (1+1)" exp (ind;) (ﬁk is an argument
Pr+a—

of (Lal ]] can be made very large by module and negative. Then, due to the Dirichlet’s
Prta-—

n
. . . . . —a
theorem on simultaneous Diophantine approximation, the sum of 1- ( Pk—l over all pg
Py ta-—

can be made arbitrary close to K(1—(1+1¢)") while the sum over all other zeroes is of the order of

0(n2(1 +t—98)"), just due to their known density. The case a >1/2 is quite similar, so we have

proven the following theorem.
Theorem 1. Riemann hypothesis is equivalent to the nonnegativity of sums

p—a " 2a-1 "
fna = %{1_(ﬁ) J ) %(1‘(1‘WJ ]
taken over the Riemann xi-function zeroes for any real a, except a=1/2. Here n is nonnega-
tive integer, zeroes are counting taking into account their multiplicity, for n=1 contributions of
complex conjugate zeroes should be paired when summing.

Indeed, we proved this statement not only for the Riemann § -function zeroes but for certain
multisets of complex numbers, see [3]. For completeness, here we formulate this result as a follow-
ing theorem.

Theorem 2 (Generalized Bombieri — Lagarias’ theorem). Let a and © are arbitrary real
numbers, a <6 , and R be a multiset of complex numbers p such that

(i) 260—a¢R;

(i) Zp(1+|Rep|)/(1+|p+a—2<5|2) < too,

Then the following conditions are equivalent:
(a) Rep<o forevery p;

(b) sze[l—(p_ia] Jzo for n=1,2,3,...;

p—20+a
(c)  for every fixed €>0 there is a positive constant c(e) such that
z Re| 1-| —P—¢ >—c(e)e™, n=1,2,3,....
p p—20+a
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If at the same conditions a > G is taken, the point (a) is to be changed to
(a") Rep=0o forevery p,
points (b), (c) remain unchanged.
As you see, the statement of Theorem 2 is formulated for any &, not only for ¢ =1/2, pro-

- c—a+il
vided © #a. To demonstrate this, just note that for p=0c+iT , p—d = a l ‘ =1
p+a-20 a—oc+iT
- 4(0 — -
and for p=¢q+iT, _pma | _ 1+ Ho-a)g-0) , and then repeat all the abovesaid.
pt+a-20 |p+a—2d

If, additionally to the aforementioned conditions of the generalized Bombieri — Lagarais’ theo-
rem, also the following takes place:

(iii)) If peR, than pe R with the same multiplicity as p, one can omit the operation of
taking the real part in (b), (c), the expressions at question are real. (Here, as usual, p means a
complex conjugate of p.)

Following again the paper of Bombieri and Lagarais [3], we conclude this section with the fol-
lowing theorem.

Theorem 3 (Generalized Li’s criterion). Ler a is an arbitrary real number, a# 6, and R
be a multiset of complex numbers p such that

(i) 20—a¢ R, a¢R;
(ii) 2p(1+|Rep|)/(1+|p+a—2G|2)<+oo, 2p(1+|Rep|)/(]+|p—a|2)<+<>°;
(iii) if peR, than 26—-peR.

Then the following conditions are equivalent:
(a) Rep=o0 forevery p;

n
(b) sze[l—(p_ia] Jzo forany a and n=1,2,3,...:

pta-20

(c) for every fixed €>0 and any a there is a positive constant c(€,a) such that

n
sze[l—(p_iaj ]Z—C(S,a)e‘c‘",for n=12,3,....

pta-20

For clearly, in the conditions of the theorem we for all p have Rep<oc and Re(20-p) <
< 6, whence Rep=oc. If, additionally to the aforementioned conditions of the generalized Li’s

criterion, also the following takes place:

(iv) If pe R, than complex conjugate p € R with the same multiplicity as p,
one can omit the operation of taking the real part in (b), (c), the expressions at question are real.

Remark 1. Similarly to the Li’s criterion, generalized Li’s criterion can be applied also to nu-
merous other zeta-functions, as this was shown first by Li himself for Dedekind zeta-function [2],
and afterwards was the subject of a number of sequel papers by other authors. We will not pursue
this line of researches here.

3. Connection between generalized Li’s sums and certain derivatives of Riemann xi-
function. Our next aim is to establish relation “of the Li’s type” similar to eq. (1), viz. the relation
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between sums k,, and certain derivatives of the Riemann xi-function. For this we will use the

generalized Littlewood theorem concerning contour integrals of logarithm of an analytical function,
recently used by us to establish numerous equalities equivalent to the Riemann hypothesis [4], which
for completeness we reproduce below. The proof [4] is a straightforward modification of familiar
and well known corresponding Littlewood theorem (or lemma) proof (see, e.g., [5]). Actually, this
theorem has been more or less explicitly used in Riemann researches already by Wang who in 1946
established the first integral equality equivalent to the Riemann hypothesis [6].

Theorem 4 (Generalized Littlewood theorem). Ler C denotes the rectangle bounded by the
lines x=X;, x=Xp, y=Y1, y=Y,, where X;<X,, Y1 <Y, andlet f(z) be analytic and
nonzero on C and meromorphic inside it, let also g(z) is analytic on C and meromorphic in-
side it. Let F(z)=1In(f(z)), the logarithm being defined as follows: we start with a particular de-
termination on x = X,, and obtain the value at other points by continuous variation along
y=const from In(X,+iy). If, however, this path would cross a zero or pole of f(z), we take
F(z) tobe F(zxi0) according as we approach the path from above or below. Let also the poles
and zeroes of the functions f(z), g(z) do not coincide.

Then
Xp+iYy xpol+iy !
j F(2)8(z)dz = 2mi 2res<g(pg> Fo-2 | s@detd | g .
P, Py X+iv) P X, +iv !

where the sum is over all pg which are poles of the function g(z) lying inside C , all p(} =

= Xg + iYF? which are zeroes of the function f(z) counted taking into account their multiplicities
(that is the corresponding term is multiplied by m for a zero of the order m) and which lie inside
C, and all ppO] = XSOI + tip°1 which are poles of the function f(z) counted taking into account

their multiplicities and which lie inside C . For this is true all relevant integrals in the right-hand
side of the equality should exist.

Remark 2. Actually, the case of the coincidence of poles and zeroes of the functions f(z),
g(z) often does not pose real problems and can be easily considered. We have dealt with a few
such cases before [4].

The subtle moment related with this generalized Littlewood theorem is the circumstance that the
function arg(F(z)) (imaginary part of the In(f(z)) is not continuous on the left border of the

contour (segment X; +iY;, X;+iY,) if there are zeroes or poles of the function f(z) inside the

contour. This is explicitly stated in the theorem condition: If, however, this path would cross a zero
or pole of f(z), we take F(z) to be F(z=xi0) according as we approach the path from above

or below. In practice, this means that when calculating the corresponding part of the contour inte-
X +iY:

gral, viz. the integral — J Xl ,YZ arg (F(z))g(z)dz (minus sign comes from the necessity to round the
1+

contour counterclockwise), *2mil jumps should be added to an argument function at a point
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Xy +iY,, whenever a zero or a pole of an order [ of the function f(z) occurs somewhere at a
point X +iY, , inside the contour. Corresponding integral should be properly modified if the use

of a continuous argument branch is desirable. See our paper [7] for details, we also would like to
note that the appropriateness of the necessary modification of an argument has been numerically
tested (and confirmed) by us for a number of integrals, e.g., for the integral

oo

[ras i), _ g0 o oy ( ! ]
o (U/16+17) c(1/2) 0,051,150\ i +1/4

(similar equality in the form

oo

f rare /2+it)) ¢(314) 321

I =T
o (1/16+1%) c(3/4) 3

is equivalent to the Riemann hypothesis, our Theorem 5 from [4]) . However, for what follows the
asymptotic of the function g(z) for large values of X; tending to minus infinity makes this modi-
X +iY:
fication irrelevant, the value of the integral — J X l+ ,ZYZ arg (F(z))g(z)dz tends to zero anyway.
1+

First, as an exercise, we use this theorem to establish the Li’s relation (1). For this, let us con-
sider the rectangular contour C with vertices at X £iX withreal X — +oo, if some Riemann

zero occurs on the contour just shift it a bit to avoid this, and consider a contour integral

_[C g(z)In (§(z))dz where

n z ! n
= <) -2 3
8(2) (z—l)z(z—l) 1) (3)

Known asymptotic of the logarithm of the xi-function for large |z|, =O(zlnz) guaranties the
“disappearance” of the contour integral value (it tends to zero when X — oo due to the asymptotic

g = 0(1/13) ) thus we get, after division by 27mi ,

1 i n—1 _ g _ B _L n _ l B
g C @@ =g ® %(1 (1 1—p)] n%p -0 W
1

(Complex conjugate zeroes are to be paired when calculating ., and
p

1 n
Zp ( 1- ( 1- 1—) j for n= 1.) Here the first term is the contribution of the n+1 order pole
-p
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of g(z) at z=1, second term is the contribution of the second order pole arising from the term

n

2

- = occurring in (3), the third and fourth terms are the integrals —j g(z) dz . (Clearly,
7—

n (L)H:i 1_(1_L]"
z-1*\z-1 dz 1-z

which explains while function g(z) in form (3) is used; the term —

5 is added just to en-

(z=1)
sure the asymptotic g(z) = 0(1/13) necessary to bring the contour integral value to zero. Note also

evident

gl

We know that E M= —zp l [1], so that we have
p

1 d" n—1 _ _l !
i I p[l (1 p)]

which is a relation we have searched for.

Quite similar consideration is applied to our case, where now we introduce the function

n2a—-1)z—a)""! , nQa-1)
(z+a—1)""" (z+a—1)>

§() = - (5)
and consider contour integral _[C 2(2)In(&(z))dz taken round the same contour as above. Applica-

tion of Theorem 4 (generalized Littlewood theorem) gives

_n2a-=1) ﬂ

PR 3 g B
-1 " (z-a) ln(g(Z)))‘zzl_a+n(2a 1)) (Z)|Z=l—a

§

_2[ (pw 1) J+n(2a D%er — =0, (6)

(Again, complex conjugate zeroes are to be paired whenever necessary.) Using well known

&_ (z) =- _ [1] and reminding our Theorem 1 we have the following theorem.
| > pta-1
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Theorem 5. Riemann hypothesis is equivalent to the nonnegativity of all derivatives
14"
(n=D!dz"
respondingly, it is  equivalent also to the nonpositivity of all derivatives
14"
(n=D!dz"

((z— a)"_1 In (?';(z)))‘ | for all nonnegative integers n and any real a <1/2; cor-
z=l-a

((z— a)"_1 In (?';(z)))‘ | for all nonnegative integers n and any real a>1/2 .
z=l-a

Remark 3. Another possibility to arrive to the same conclusions is to see the formula
p—a —a+12+iT
pta-—1 a—1/2+iT

a<1/2 and Rez<1/2, module of s is always less or equal to 1; this equality is realized only

. Z—a
‘ =1 as a precursor for the conformal mapping s= ra_1’ For
z+a-

f—

j is analytic in the
z+a-1

on the line z=1/2+it. Correspondingly, on RH the function In é(

interior of the discus |s| <1. We will not pursue this line of researches here, see again [2, 3] and

our paper [8] where similar idea was used to generalize Balazard — Saias — Yor’s criterion equivalent

to the Riemann hypothesis [9]. Similarly, for more general case s = Z;az , if a<o and
Z+a—2Z0

Rez <o, module of s isalways lessorequaltol,andif a>c and Rez>¢, this module

also is always less or equal to 1. This illustrates again our Theorem 2 (the generalized Bombieri —

Lagarias’ theorem).

Remark 4. Along similar lines, analogous formulae connecting generalized Li’s sums and cer-
tain derivatives of the logarithm, can be established for numerous other zeta-functions. We will not
pursue this line of researches here.

Now we want to prove the following minor theorem.

Theorem 6. The statement that there are no nontrivial Riemann function zeroes with
Rep>0>1/2 is equivalent to the statement that for any a<o all derivatives

1 n B
(n—1! j” (z-a)'In (é(z)))‘ 26-a V¢ nonnegative and for any a>1-0 all derivatives
n=1):-daz z=26-a

1 d" n—1 o
(n=1)!dz" (z-a)""'In (&(Z)))‘Z=2—26—a are nonpositive.

Proof. From our Theorem 2 (generalized Bombieri — Lagarias’ theorem), we know that the con-
dition that there are no nontrivial Riemann function zeroes with Rep =6 >1/2 is equivalent to the

n
statement that for any a <o all zp[l—[pz_iaj ]20 for n=1,2,3,.... These sums
p—26+a

are calculated using our Theorem 4 (the generalized Littlewood theorem) exactly as above, with the

. 26 —2a)(z—a)""! 26-2
only difference that now the function g(z)= n(20 ~2a)(z i)l __n@o a)2 instead of the
(z+a-20)" (z+a—-20)

function g(z) given by (5) is exploited. Such change brings the equality between the sums
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—a Y n(26 —2a) d"
>, { 1- [ ﬁj ] >0 and derivatives =" SE (z—a)"'In (g(z)))\zzm_a which,

consequently, also should be nonnegative.

If there are no zeroes with Rep >0 >1/2, there are also no zeroes with Rep<1-¢ and we
are able to apply Theorem 2 with a >1—¢; all corresponding sums

s[-(2m) ]

n(2(1-0)-2a) ﬂ

and are given by
(n—=1)! dz"

(z—a)"'In (?V;(z)))‘ whence the derivatives
z=2-2G-a

1 d"
(n—=Dld"

Theorem 6 is proved.

(z—a)"'In (&(z)))‘ should be nonpositive.
z=2-206-a

3. An arithmetic interpretation of the generalized Li’s criterion. In Ref. [3], Bombieri and
Lagarias demonstrated the relation of Li’s criterion with the so called Weil’s explicit formula in the
theory of prime numbers and Weil’s criterion of the truth of the Riemann hypothesis (see [10, 11])
and gave an arithmetic interpretation of the Li’s criterion. Lately, such an interpretation has been
given for some other Zeta-functions (see, e.g., [12]). For completeness, we would like to conclude
this paper establishing an arithmetic interpretation of the generalized Li’s criterion. We closely fol-
low the lines used in [3] here.

For suitable function f, Mellin transform is defined as f(s) = J.: f ()c)xs_1 dx while inverse

1 - - . .
Mellin transform formula is f(x) = >t IR f(s)x"*ds with an appropriate value of ¢. The
Tti YRes=c
following is more or less a repetition of Lemma 2 from [3], which is a particular case corresponding
to a=1.
Lemma 1. For n=1,2,3,..., and an arbitrary complex number a the inverse Mellin trans-

2a—1 "
form of the function ky ,(s)=1- ( 1- a—) is
' s+a-1

gn,a(x) = Pn,a(x) if O0<x<l1,
gna(X) = g(Za—l) if x=1, (7

gn,a(x) =0 if x>1,

_ - (2a—-1)7 In/™! ; !
where P, ,(x)=x" IZZLIC,{(a ' x o eio_n

G-D! T =)

is a binomial coefficient.
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Proof. We have for Re(s+a)>1:

n o oqgi-1 1
Z ol (261 J(lnf 1 )xv+a 2dx _ ZCJ (2a-1)! d J st+a— de _
= 1>' 250G )

i jQa-1Y (1_ 2a-1 )”

- (s+a-1) s+a—1

If a is an arbitrary complex number with Rea >1, for the function g,(x) we can apply the so

called Explicit Formula of Weil (see [3, 10, 11]), which is, as given in [3]:
Y o) = [ fxydx+ [ Faoyde =Y, An)(fm)+ Fn) -
P 0 0 n=1

xdx
-1

~ (nm+y)f)- | {f(x) + ) - f(l)} ®)
1

S0 _ g A
m=1

Here A(n) is a van Mangoldt function (let us remind that for Res >1 ) .
G(s

m

[1]) , ¥=0.572... is Euler — Mascheroni constant and f(x) = lf(l j , thus in our case the
x7\x

< _ -’ 2a-1) In/™!
function P, ,(x)=x azl;_lc,{ D ((L_l 1))' T % Should be used whenever appropriate.
- Y

~ 2a—-1Y"
Surely, P, ,(x) isinverse Mellin transform of £, ,(1—s)=1-— ( 1- a j .
a-—s

Such an application is justified because this is easy to check that for Rea >1 the functions
&n.a(x) do possess the following necessary properties for eq. (8) can be used for a function f(x)
[3,10, 11]:

(A) f(x) 1is continuous and continuously differentiable everywhere except at finitely many

points a;, in which both f(x) and f’(x) have at most a discontinuity of the first kind, and in

which one sets f(a;) = %[f(a,- +0)+ f(a; —0)];

(B) thereis & >0 suchthat f(x)= O(xs) as x>0+ and f(x)= O(x_l_a) as x — too.,
The use of eq. (8) gives
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j=1 J ) ~ "
M Tl e ea-n dx
(2a D(nm+7y)- J{g G- In’"" x 3 a- 1)} - )

Now, in the second and third integrals in the right-hand side of (9) we make a variable transform x

1 .
to 1/x, after what these integrals take the forms [, = J.o x 2 I/ (x)dx and

j=2

n 1
ZJ{Z i“j_l)'(za D72+ n2a - D - x)} dx

Note, that when writing [; we move the summation term corresponding to j=1 from the sum
g 13 p g J

to the second term under the integral sign.) The first two integrals are handled by virtue of an
Example 4.272.6 of GR book [13]:

_ . 1

[ (/0x"dr=—T@; Repu>0 and Rev>0.
A%

0

Adopting for our case, we get

i1, \ a1 -n fit, s an /!
_O[ln] (x)x*dx = ”; j !, _O[lnj (x)x dx_(a—l)J(]_ D!.

The “second part” of the third integral 75 is, by virtue of an Example 3.244.3 of GR book [13]
equal to

L g-1
I3 =nQa-)[*—dr= —g(2a — D)y +y(al2);
b 1-x
v is a digamma function. In the first part of this integral we make the variable change
x=exp(—1):
l _] . n 2 R . —at
131_IZCJH —I)Jxal dx 2 )le tjlei_zldt.
0= U ot = G-D!'y  1-e

Applying Taylor expansion (1— Ny =14 v 4 ey we get further

S <2a D' G-D!
Iy = X, Ci=D™!
=2 >

Ci(-1y"1277(2a-1)/¢(j,al2),
o X amra) - 5O :
where ¢(s,a):= :_0(—)v is Hurwitz zeta-function.

“(m+ta)
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Using the relations

ic,{(—l)j_l(hz—l)ja_j = 1—ic,{(—1)1(2“_1)j = 1—(—1+1] ,
j=1 a

j=0

a—1

iCﬂ—l)f‘l(za—l)f(a—l)‘f=—1—(—1— : ]
j=1

and collecting everything together we have proven the following theorem.

Theorem 7. For n=1,2,3,... and an arbitrary complex a with Rea >1 we have
n n n n
s[i-(2z st )t (e
o pt+a-1 o p—a a a-1

L 1) & Am)In' ' m
+ ) ClQa-1) +
;2:1 a=b (1—1)!,%’1 m*

+ g(Za ~D(y(@/2)-Inm)+ Y, Cl(-1)/2772a-1)g(j,al2). (10)
j=2

Remark S. The case n=1 of the Theorem 1 gives well known equality

1 1 1 - A(m) 1
=—4+—- —+— 2)-1
YTt L @)
(see,e.g., [1]).

The same connection of Li’s criterion with Weil’s criterion of the truth of the Riemann hypothe-
sis that has been discussed in [3], takes place also for the generalized Li’s criterion. This can be
seen as follows.

The multiplicative convolution of functions f(x), g(x) satisfying conditions (A), (B) given

above, is defined as (f * g)(x) = J: f(x/ y)g(y)ﬂ , and Mellin transform of such a convolution is
y
]A‘(s) -&(s) . For the multiplicative convolution f *7 (signs of complex conjugation and definition

f(x) = 1 f(l) are used), Mellin transform is given by ]A‘(s) . j:f(l —s) — an expression which
xT\x
clearly is real and positive for Re s =1/2 . Correspondingly, for any function expressible as f *7 ,

on RH the sum over the nontrivial Riemann zeroes should be positive. Weil showed that this is also
a sufficient condition for RH to be true.
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Now let us remind that if A(s) = L“l then h(l—s)=1/h(s) and thus
s+a-—
kn,a(s)'kn,a(l_s) = kn,a(s)+kn,a(1_s)’ (11)

s—a

n
where k, ,(s)= 1—( 1 j . By construction, &, ,(s)= 8,.(s) and, due to general proper-

s+a-—
ties of the Mellin transform, (g%n’a ()= gnqa(1—s) thus (11) can be rewritten as g, ,(s)- (g%n,a (s) =

= gr,,,a(s)+§n,a(s). Whence, applying inverse Mellin transform, &n.a(X)+ &y.q(x)

= (&n.qa * 8n.a)(x), and this establishes the aforementioned connection: right-hand side of eq. (8) is

invariant with respect to the change of f(x) into f(x) .

4. Conclusion. Thus we see that to judge the truth of the Riemann hypothesis, evaluation of
certain derivatives of the Riemann xi-function can be effected at any point of the real axis apart from
the point z=1/2. In particular, such a point can lie arbitrary far to the right from the critical strip:

dn
(n—=Dld"
should be nonnegative for RH is true, and vice versa. The present author sincerely hopes that this,
and other related interesting possibilities might be useful for Riemann researches. Finally, we are

also sure that there is a room to use the approach presented in the paper to study other than Riemann
function analytic functions.

however large the number b >—-1/2 is, all derivatives

(@+o)" " @@,
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