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INEQUALITIES FOR EIGENVALUES OF A SYSTEM
OF HIGHER-ORDER DIFFERENTIAL EQUATIONS *

HEPIBHOCTI JJIsA BTACHUX 3HAYEHb CUCTEMH
JUOEPEHIIAJIBHUX PIBHAHDb BUIIIOT'O ITIOPAJAKY

We establish some sharper inequalities for eigenvalues of a system of higher-order differential equations. Moreover, we
give some sharper estimates for the upper bound of the (k + 1)th eigenvalue and the gaps of its consecutive eigenvalues.

BcraHoBneHo Aeski OLTBII TOYHI OLIHKU JJIS BIIACHUX 3HAYEHb CHCTEMH AH(EpeHIIaTbHUX PIBHAHB BUIOTO HOPSIKY. Mu
TaKOXK HABOAMMO [EsKi GBI TOYHI OLIHKU IS OLiHKH 3BepXy (k + 1)-ro BIACHOTO 3HAYCHHS i IIUIMH MK GyIb-SIKHMH
JIBOMA IIOCIIJOBHMMHY BIACHHUMH 3HAYEHHSIMU.

1. Introduction. Let [a,b] C R and [ > 1. We investigate the following Dirichlet eigenvalue problem
of a system of higher-order differential equations:

(-=1)'DM(a11(z) Dlug (z) + ... + aln(x)Dlun(x)) = \p(z)u(x),

(1.1)

D'uy(a) = D'uy(b) =0, for t=0,1,...,0—1 and ¢g=1,...,n,

d
where D = T p(z) is a positive function on [a,b] and 0 < a;j(z) = aj;(x) € C'[a,b] for

i,j =1,2,...,n. Assume that the coefficients a;;(z), 7, j = 1,2, ..., n, satisfy the uniform ellipticity

assumption: for any column vector £ = (51, . ,fn)T, there is a positive constant ¢ such that
n
3 ay@)il; > <le? Va € [a,b), (12)
ij=1
where |¢] = (£ + ... + £2)!/? denotes the Euclidean norm of £. Moreover, we assume that the
coefficients a;;(x), i,j = 1,2,...,n, satisfy
a”({ll‘) < < Vx € [avb]a (13)

where ( is a positive constant. Suppose that the weight function satisfies:
ot <plx) <! Vzelab], (1.4)

where o and 7 are two positive constants. This problem is significant in physics, mechanics and
engineering. Moreover, the weight function p denotes the density. Weighted estimates for eigenvalues
have many applications (see [6, 7]).
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There have been some results for some eigenvalues problems of systems of equations. Mokeichev
[8] derive some expressions for eigenvalues of a system of equations in Hilbert space. Kostenko [5]
investigated the spectrum of a system of second-order differential equations. In 2011, Jia, Huang and
Liu [4] established the following inequalities for eigenvalues of problem (1.1):

k 1/ 212 k -1
A STk 1-1/1
> AL-1/ 1.5
;)\kﬂ—/\r B 4l(21_1)C02<; ' (-
and
4121 — 1)¢o?
Mews < [1 + <§T2><0] A (1.6)

The goal of this paper is to give some sharper estimates for eigenvalues of problem (1.1). We
first establish the following inequality.

Theorem 1.1. Let A, be the rth eigenvalue of problem (1.1). Suppose that the coefficients a;j(x),
i,7 =1,2,...,n, and the weight function p(x) satisfy (1.2), (1.3) and (1.4). Then we have

k

_ 2 k
S s — A < ML DTS A (17)

ST

r=1 r=1
Furthermore, making a modification in the proof of Theorem 1.1, we can obtain another inequal-
ity.
Theorem 1.2. Under the same assumptions as Theorem 1.1, we have

k

D> ka1 = M) <

r=1

12 - 1)¢o* 1P VIREES NEVIR.
< z[gﬂ ;(Ak+1 — A)AY ;(Ak+1 — A2 (1.8)
Remark 1.1. When [ =1, (1.7) and (1.8) all become
b 4¢o?
Zl()\kH 2 < o2 Z (Aes1 —

When [ > 2, inequality (1.7) is better than (1.8). In fact, inequality (1.7) is always Yang-type (see
[1, 9, 10]) for any [. Using Chebyshev’s inequality, it is not difficult to get (1.5) from (1.8). That is
to say, (1.8) and (1.7) is sharper than (1.5).

Using (1.7), we can derive some explicit estimates for upper bounds of eigenvalues and gaps of
consecutive eigenvalues. In fact, noting that (1.7) is a quadratic inequality of A1, we can obtain
the following two corollaries.

Corollary 1.1. Under the same assumptions of Theorem 1.1, we have

(20 —1)
Ak+1 < 1—1—(@] Z)\—i—
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202 — 1)(o? 1 <~ . 1° 120 = 1)¢o2]1 & 1 1/2
B

Using the Cauchy — Schwarz inequality, we can get the following inequality from (1.9).
Corollary 1.2. Under the same assumptions of Theorem 1.1, we have

Aep1 < [1+l(2l_1gg] Z/\ (1.10)

Remark 1.2. Inequalities (1.9) and (1.10) give some estimates for upper bounds of \; in terms
of the first k eigenvalues of problem (1.1). Moreover, it is easy to find that (1.10) implies (1.6).

At the same time, an explicit estimate for the gaps of any two consecutive eigenvalues of problem
(1.1) can be obtained from (1.9).

Corollary 1.3. Under the same assumptions of Theorem 1.1, we have

2020 — 1)Co? 1 <~ . 1°
S

$T r=1
k 1/2
4121 — 1)¢o?] 1 1 9
-1+ —|- s — — r . 1.11
1 TS 0 3 0
2. Proofs of the main results. Let
u1 () Dluy () ain(z) ... ap(z)
u= : , Dla= : , Az) = . .
Un () Dluy, (1) an1(z) ... ann()

Then we can rewrite problem (1.1) as the following simpler form:

(—1)!D'(A(z)D'a) = Apu, on [a,b],
@.1)
D'u(a) = D'u(b) =0, for t=0,1,...,1—1.

In order to prove the main theorems, we first establish a general inequality for eigenvalues of
problem (2.1).

Lemma 2.1. Let u, = (up1(z), uro(2),. .. ,um(a:))T be the weighted orthonormal eigenvector
corresponding to the rth eigenvalue A\, of problem (1.1) for r = 1,2,... k. Then we have

k b
> (s = A [ o <
r=1 a
k b 1
<3 Ok — A+ Z (et =) [ 5 1Du, P, @2)
r=1 a P
where the positive constants 6., v =1,...,k, ..., construct a nonincreasing sequence and
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b b
Wy = ZQ/Dl_luTTA(x)Dl_lu,«dx —(l-1) /Dlqu(x)Dl_Qurda:.

Proof. According to (2.1) and the assumptions of Lemma 1, the weighted orthonormal eigen-
vector u, satisfies

(-1)!'D'(A(z)D'w,) = A, pu,,

D'u,(a) = D'u,(b) =0,

2.3)
b
/,ou?:usdx = s,
a
forr,s=1,...,kandt=0,1,...,] — 1. We define the trial vectors ®, by
k
®, = zru, — Z brsUsg, (2.4
s=1
where
b
brs = / prulugdr = bg,. (2.5)
a
Then we know that ®,. is weighted orthogonal with ug. That is to say
b
/pq)TTusdx =0, for r,s=1,...,k. (2.6)
a
It yields
b b
T _ 2
/p@r xu.dr = /p[@r\ dx. 2.7)
a a
Since

D'[aij () D (zurj(2))] =
= D" (asj(x) D' turj(x)) + D' (aij(x)zDuyj(x)) =
= D! (aij (x)Dl_lurj(x)) + 1Dt (aij (2) D'y (z)) + xD! (aij (x)Dlurj(:p)),
we can deduce

k
D'(A(z)D'®,) = D'[A(x)D'(zu,)] = bysD'(A(x) D'u,) =
s=1
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= D' (A(z)D"'u,) + D' (A(z)D"y,) + xD' (A(z)D'u,) —
k

—> by D'(A(z) D) =

s=1

k
= ID'(A(z)D''u,) + 1D (A(z) D'u,) + (1) Appru, — (=1)" ) broAspus.
s=1

Using (2.6), (2.7), and (2.8), we have
b
/ o] D' (A(z)D'®,)dx =

b b
— /q>$ [DI(A(x)Dllur) +DlI(A(x)Dlur)}dx—i—(—1)l>\r/p\¢7«]2dx.

a

Substituting (2.9) into the Rayleigh — Ritz inequality

(=1)! /b T D' (A(z)D'®, ) dx

b
/ oI, [2dz
a

A1 <

9

we obtain

b
(Akr1 = Ar) /P‘P%dl’ <
b
< (-1)’1/@3 [Dl (A(z)D''u,) + Dl_l(A(:c)Dlur)]dx =
b k
= (1)ll/xuf [Dl (A(x)Dl_lur) + D! (A(I)DZIIT)] dx + Z brscrs,
a s=1
where

b
crs = (=D)F [ wl'| DY (A(z) D! t,) + DY (A(z) Dla,) | da.
( ) ( )

It is easy to find that ¢,.s = —cg,.
Using integration by parts and making use of (2.3), we have

Arbrs = /bxuz [(—1)1Dl (A(:L‘)Dlllr):|dl’ = (—l)l/buZDl [A(x)Dl (xus)}dx

a

H.-J. SUN

2.8)

2.9)

(2.10)
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b
= (-4 / u’ [DZ(A(m)DZ_luS) + D' (A(z) D'uy) | da+

b
l/:cuTDl lus)d:c = Agbps — Cop.

It yields
Crs = ()\r - )\s)brs-

At the same time, we get

b
= l/Dl_lu,TA(x)Dl (zu,)dz — Z/Dlu;pA(ac)Dl_l(a:ur)dm —

a

b
= ZQ/Dl_lqu(x)Dl_lurd:v+l/le_1uZA(1:)Dlqux—

=l — 1)/Dlu?A(x)D12urdx - l/leuZA(x)Dllurd:r = W,

a

where
b b

wy = 12 / DYl A(z) D tupde — 1(1 - 1) / DT A(x) D' ?u,dx.

a a

Substituting (2.11) and (2.12) into (2.10), we derive

b k
st — )/ 1, 2de < w + 3 (0 — AV
a s=1
It is not hard to find
b 1 b
/quDqu:x = —z/yuTIde.

Hence, using integration by parts again, we obtain
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s=1 s=1

b b
_2/<I>fDurdx = —2/a:u Durdz+22bmdm —/|ur| dm+22bmdm, (2.15)

where

b
drs = / u! Du,dz = —d,,.
a

On the other hand, we have
b
—2(A\gy1 — A)? / &' Du,dr =

a

k
—2(Mjos1 — Ap)2 / Nz <\}ﬁ Du, —p>_ drsus> dz <
s=1

b b

k 2
Akl — Ar 1
< 5r()\k+1 - Ar)g/pq)r|2d(13 + kH_;/ (\/ﬁDur - \/ﬁz drsus> dr =
T a s=1

a

b k b

k b
Ak+1 — Ar
— B S / \Dur\ dr — QZdTS/uZDqux+ Z dedrq/puzuqd:p +

a s=1 a s,q=1

b
6 (g — AP / o[, Pz =

a

b b N
A — A 1
=6 eia = A [ ol a2 | [ 2D P LY PECAT

a a

Substituting (2.13) into (2.16), we obtain
b

—2(Mpg1 — M )? / ®I Du,dz <

a

Mewt — A | f1 b
< 6Ot — Ar)? w2 [ ipu e = Yo | @17)
s=1

Or

k
wr + Z()\
s=1

Combining (2.15) and (2.17), and taking sum on 7 from 1 to k, we derive

a

k
Ak—&—l /‘ur| dx + 2 Z )‘k—i-l brsdrs <

r=1 r,s=1
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k k
<D 5 (M1 = A+ > 5 (Akrr — AP = AbE+
r=1

r,s=1

k b k
1 1
#3050 = A [ S1DuPds = Y £ = A, 2.18)
r=1 r,s=1

a

Since the sequence {J, } is nonincreasing, one can get

k
D 0 (Mt = A2 (A = A2 < — Z Sr(Akr1 = Ar) (Ar = A) 7. (2.19)
r,s=1 r,s=1

Then we can eliminate the unwanted terms in both sides of (2.18) by using (2.19) and

k k
Z (Ak+1 - )\T)Qbrsdrs = - Z ()\kJrl - Ar)()\r - )\s)brsdrs‘

7‘78:1 T,S:1

Thereby, (2.2) is true.
Lemma 2.1 is proved.
Now we give the proof of Theorem 1.1.
Proof of Thereom 1.1. 1t is not hard to find

b
1
0<7< /\ur\zdx = / ~plu,2de < o. (2.20)
J p
By virtue of (1.2), we have

A\r = /buTT [(—I)ZDZ (A(l’)Dlllr)]d$ = /bDluTTA(;B)Dlurdx =

b n
= / > aij(@)D'uyi(2) D'y (2)da > / |D'u,|*dz.
Y ig=1
It yields
/ 1
/|Dlurl2dac < EAT. (2.21)
Using (2.21) and the following inequality (see Lemma 2.1 of [4])

b
l
/’Dtur|2d$ < Ulit/l <)\T>t/ )
S
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we can deduce
b

11
/1|DuT]2dx < g <)\r> ,
P S

a

b

b
1-1/1
/Dl—luIA(x)Dl—lqux < </ | D', de < ¢ot/! (Ag)

a

and

b b /2, 1/2
—/Dlu?A(as)Dl_Qurdx <( (/Dl2uT2d:1:> (/DluTde> <

a a

A\ 11/
< (ot (’”) .
< (o .

b b
Wy = ZQ/Dllqu(x)Dllurdx —1(l-1) /Dlu?A(a:)DZQurda: <

a a

1-1/1
<12l —=1)¢ol (A) .
S

Therefore, substituting (2.20), (2.22), and (2.25) into (2.2), we get

k
T Z()‘kJrl -
r=1

Using (2.23) and (2.24), we obtain

k A\ L
<120 = 1)¢o > 7 60 (Apgr — Ar)? (g) o2 Z (Mg — <g) :
r=1

r=1 r
Putting
0
Op = 1-1/1
1(21 _ 1)C01/l)\r §71+1/l
in (2.26), we have
k k 1 k
Mot = A2 <Y Nig1 — A2+ =120 = D% ™Y s — M)A
T;( k41 )" < 72—21( k+1 ) +5( )Co™s ;( k+1 )

Then, putting

in (2.27), we obtain

H.-J. SUN

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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k k k 1/2

T3 et = A% < 20120 = 1] o2 1S it = A2 S (et =AM (228)

r=1 r=1 r=1

This yields (1.7).
Theorem 1.1 is proved.
Proof of Thereom 1.2. Since the sequence {0, } is nonincreasing, we can obtain

k

TZ()‘kJrl - )‘7‘)2 <

k A 1—1/1 1 \ 1/1
<12 =1)¢oM16 D (k1 = Ar)? (g) ot Z (k1 — (g) (2.29)
r=1

by taking 6, = ¢ in (2.26) for r = 1,. .., k. Putting

k /2 ¢k -1/2
5= 12— 1)¢] P V2T S gt =AML Y (s — A)PAL Y

r=1 r=1

in (2.29), we can derive (1.8).
Theorem 1.2 is proved.
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