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DETERMINATION OF THE COEFFICIENT OF A SEMILINEAR PARABOLIC
EQUATION IN THE CASE OF BOUNDARY-VALUE PROBLEM
WITH NONLINEAR BOUNDARY CONDITION

BU3HAUEHHS KOE®IIIEHTA HANIBJITHIMHOI'O
MAPABOJITYHOI'O PIBHSIHHSA JJI1 TPAHUYHOI 3ATAYT
3 HEJITHIHHOIO TPAHUYHOIO YMOBOIO

The goal of this paper is to investigate the well-posedness of the inverse problem of determination of the coefficient of
a minor term of a semilinear parabolic equation in the case of nonlinear boundary condition. The additional condition is
given in the nonlocal integral form. A uniqueness theorem and a “conditional” stability theorem are proved.

JlocimKkeHO KOPEKTHICTh 00epHEHOT 3a1adi po BU3HAYEHHs KoedillieHTa MOJO/IIOTO YieHa HamiBIiHIHHOTO mapaboiy-
HOTO PIBHSHHS 3a HAasABHOCTI HENiHIAHOI rpaHW4YHOI yMOBH. J{0ZaTKOBY yMOBY HaBEICHO B HEJIOKAJIBHIA iHTETrpalibHIl
¢dopmi. JloBeaeHO TeOpeMy PO €AUHICTH Ta TEOPEMY IO ,,yMOBHY” CTIHKICTb.

Let R" be an n-dimensional real Euclidean space, ©+ = (x1,...,%,) be an arbitrary point of the
bounded domain D C R"™ with a sufficiently smooth boundary 9D, Q2 = Dx (0;T], S = 0D x[0;T],
0 < T be a fixed number.

The spaces C! (), Ctte (1), CH/2 (), ClHe+0)/2 (1) 1 =0,1,2, a € (0,1), and the norms
in these spaces are defined as in [1, p. 12-20]

HHZ = HHCl ) Hg (:Ea t, U’)HO = Sl(lzp |g (Z’, L, 'LL(.%, t))’ )
ou ou . |
Up = —, Uy, = i=1,n
t at ) Z; 8.’131 ) s 10y
0? 0
Au = ijl 81’? is a Laplacian, a—z is an internal conormal derivative.
We consider an inverse problem on determining a pair of functions {u (z,t),c(z)} from the
conditions
u—Au+c(z)u= f(x,t,u), (z,t)el, (1)
u(z,0) =¢(z), z€D=DUID, )
0
= vt (@b)es, 3)
T
/u(x,t)dt:h(m), v €D, (€))
0
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here f (z,t,p), ¢ (x), ¥ (x,t,p), h(z) are the given functions.

The coefficiental inverse problems were studied in the papers [2-4] (see also the references
therein).

For the input data of problem (1)—(4), we take the following assumptions:

19) for the function f = f (z,t,p), we shall assume the following:

the function f (x,t,p) is defined and continuous on the set

A={(z,t,p)|(x,t) €Q, peR'},

for each my > 0 and for |p| < my, the function f(z,¢,p) is uniformly Holder continuous in z
and ¢ of orders v and /2, respectively, for each compact subset of A,
there exists a constant mo > 0 such that

|f(:L‘,t,p1) - f(x7t7p2)| < mg ’pl _p2| )

holds for all py, py and (z,t) € €
2%) ¢ (z) € C*t* (D);
39) for the function 1) = 1(x, t, p), we shall assume the following:
the function ¢ (z, ¢, p) is defined and continuous on the set

B={(z,t,p)|(z,t) €S, pe R},

for each m3 > 0 and for |p| < ms, the function ¢(x,t,p) is uniformly Holder continuous in z
and ¢ of orders v and /2, respectively, for each compact subset of B,
there exists a constant m,4 > 0 such that

W(%tvpl) - ¢<$7t7p2>‘ S my ’pl _pQ‘ )

holds for all py,p2 and (z,t) € S;
4% h(x) € C>* (D).
Definition 1. The pair of functions {c(x) ,u (x,t)} is called the solution of problem (1)—(4) if:
1) c(z) e C(D);
2) u(x,t) € O (Q)nCH0 (ﬁ) ;
3) the conditions (1) —(4) hold for these functions, here the condition (3) is defined in the following
sense:

ou (z,t . Ou(y,t)

= lim ,

ov (x,t y—zdu (z,t)
YyEo

here o is any closed cone with a vertex x, contained in D U {x} .

The uniqueness theorem and the estimation of stability of the solutions of inverse problems occupy
a central place in investigation of their well-posedness. In the paper, the uniqueness of the solution
of problem (1)-(4) is proved under more general assumptions and the estimation characterizing the
,conditional” stability of the problem is established.

Define the set K, as

Ko = {(u, 0)|u(z, t) € C?T1H/2(Q) ¢(z) € C*(D),
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|U(ZL‘,t)|, |u$¢(x¢t)|7 ]umimj($,t)| < ms, Z)] = 17”3 (l‘,t) S ﬁ? ‘C(:‘U” <mg, T € ﬁ}

Let {u; (x,t),c; (x)} be the solutions (1)—(4) corresponding to the given functions.

Definition 2. A solution of problem (1)—(4) is called stable if for any € > 0 there is a § (€) > 0
such that for ||fi — fallg < 6, |1 — w2lly < 6, |1 —2lly < 6, ||h1 — ha|ly, < O the inequality
lur — uallg + l|c1 — cally < € s fulfilled.

Theorem 1. Let:

D) fi, i, Ui, by, i = 1,2, satisfy conditions 1°-4° respectively;

2) there exist the solutions {u; (z,t),c;(z)}, i = 1,2, of problem (1)—(4) in the sense of
Definition 1, and let they belong to the set K.

Then there exists a T* > 0 such that for (z,t) € D x [0, T*] the solution of problem (1)—(4) is
unique, and the stability estimation

lur — uallg + [le1 — callg <

<mz[llfi = fallo + llp1 — w2lly + 1 — Yallg + [h1 — hall,] (5)

is valid, here my > 0 depends on the data of the problem (1)—(4) and on the set K.
Proof. First, we prove the validity of the estimation (5). Taking into account (2) and the conditions
of the theorem, from equation (1) for the function ¢ (x) we have

T
clx)=—|u(z,T)—¢(x) — Ah(z) — /f (z,t,u)dt| (h (x))fl. 6)
0
Denote by
z(z,t) =y (z,t) —ug (z,t), ANx)=c1(z)—c2(x),
o1 (.%’ﬂf,p) = fl (.T,t,p) - f2 (iU,t,p) ) 2 (.%’) = ¥1 (.%’) — P2 (l’) )

93 (z,t,p) = 1 (x,t,p) — Yo (z,t,p), 04 (x)=hy(z)— ha(x).

One can verify that the functions A (z) , w (x,t) = z (x, t)—02 (z) satisfy the following conditions:

wy — Aw = F (z,t), (x,t) €Q, (7
w(x,0)=0, x€D; %(m,t):ﬁ/(x,t), (x,t) € S, ®)
Aa)=2(@,T)( (x)" = H (), wzeD, ©)

where
F(x,t) =61 (x,t,u1) + Ad2 () — 1 (x) 2 (2, ) —
—A(x)ug (x,t) + folx, t,ur) — folz, t,uz),
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063(z)

‘I/(.’I,',t) :(53 (xatvul) v

+ o (w,t,u1) — P2 (2,1, u2),

T
H(z)= 02 (z) + Ady (z) + /(51 (x,t,uq)dt +
0
T
+/[f2 (x,t,ur) — fo(x,t,uz)]dt| ho (z)+
0

T
+ {u2 (z,T) — @2 (x) — Ahg (z) — /f2 (z,t,up) dt| 64 (x) p [h1 (@) ho (z)] L.
0

Under the conditions of the theorem, if follows that there exists a classic solution of problem (7),
(8) on determination of w (,t) and it may be represented in the following form [5, p. 182]:

t
O// (x,t:6,7) F (€, dgdﬁu// (2.1:6,7) p (€. 7) dEodr. 10

0 0D

here I (z,t; £, 7) is a fundamental solution of the equation wy — Aw = 0, d§ = d&; ... d§,, d& is an
element of the surface D, p (z,t)is a continuous bounded solution of the following integral equation
[5, p. 182]:

t

2//6F LEET) pe 1) dedrt

v (z,t)
0

+2// or (=, t 5’ p(€,7) dEodT — 2 (2,1) . (11)

Assume, that
X = llur —uzllg + [ler — e2fg -

Estimate the function |z (x,t)|. Taking into account that z (z,t) = w (z,t) 4+ d2 (x), from (10)
we get

12 (2 1)] < Jw (2, 8)] + 16 ()] < 162 ()] + //ro:,t; €,7) |F (¢,7)| dédr+
0 D

t

+ / / P (2, :6,7) |p (€,7)| déodr. (12)

0 oD
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For the fundamental solutions following estimations are true [1, p. 444]:

/F(wvt;f,f)dﬁ < msg, (13)
Rn
/‘Dir(ﬂ%t; 577)‘ d§ < my(t — T)*FTQ, 1=1,2. (14)
R

Due to requirements imposed on the input data and on the set K, the integrand function F' (z,t) in
the second summand of the right-hand side of (12), satisfies the estimation

[F (2, )| < [01 (2,8, ua)| + [Ad2 (2)] + [ex ()] |2 (2, 1)] +

—|—|)\(ZL‘>HU2(5U,75)‘ + |f2(l',t,U1) - fQ(x7t7u2)’ <

< |lfy = fallo + llr = wally +m10x,  (,8) €, (15)

here m19 > 0 depends on the data of problem (1)—(4) and the set K.
From the Gauss — Ostrogradsky formula and (14) for s = 1, we have

[T g <mne-n3 (16)

oD

Taking into account expression (11), (14) for s = 1 and s = 2, the conditions of the theorem,
determination of the set K, for the function p (z,t) we get

lp (2, 1) < maa [[181]lg + 10215 + Id3llg + x] + mas llpll 272, (2.t) € S,

where m13, m13 > 0 depend on the data of problem (1)—(4) and on the set K.
The last inequality is fulfilled for all (z,t) € 9D x [0,T], therefore the following estimation is
true:

Iplly < maz [161llg + 11825 + 183llp + x] + mast™? [Ipll, -
Let 0 < T7 < T be a number such that mlnga/2 < 1. Then for all (z,t) € 9D x [0,T1] we have
[ollg < maallidillo + lld21lx + 1dsllo + X, (17)

where m14 > 0 depends on the data of problem (1) —(4) and on the set K.
Taking into account inequalities (13), (15), (16) and (17) from (12) for |z (z,t)| we get

|2 (2, )] < mas [0l + 1021l + [10s]lo] + maext®,  (z,1) € Q, (18)

where m15, mig > 0 depend on the data of problem (1)-(4) and the set K.
Now estimate the function |A (x)| . From (9) it follows

A @) < Iz (@, 0] b (@) 7| + 1H @)
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Taking into account the conditions of the theorem, definitions of the set K, inequalities (18) and
expressions for H (), from the last inequality we get

(A @) < maz[[l01llg + 102l + [10sllg + 0allo] +mast®x, = €, (19)

where m17, mig > 0 depend on the data of the problem (1)-(4) and the set K.
Inequalities (18) and (19) are satisfied for any values of (x,t) € D x [0,T].
Consequently, combining these inequalities, we obtain

x < mag [[[01llg + [[02]l5 + [103]lo + [|dall5] +ma20t%x; (20)

where m1g, Mmoo > 0 depend on the data of problem (1)—(4) and the set K.

Let 75 (0 < T3 <T') be a number such that mgoTs* < 1. Then from (20) we get that for
(x,t) € D x [0,T*], T* = min (T, T») , the stability estimation for the solution of problem (1)—(4)
is true.

Uniqueness of the solution of problem (1)—(4) follows from estimation (5) for fi (z,t,u) =
= fo(z,t,u), o1 () = @2 (z), ¥1 (2, t,u) = P2 (z,t,u), hi (z) = ha ().

The theorem is proved.
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