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LINEAR METHODS OF SUMMING FOURIER SERIES AND APPROXIMATION
IN WEIGHTED VARIABLE EXPONENT LEBESGUE SPACES

JIHIVHI METOIM MIACYMOBYBAHHS PAJIIB ®YP’E€ TA HABJIMKEHHS
Y 3BA’XKEHUX ITPOCTOPAX JIEBET'A 31 3SMIHHUM ITIOKASHUKOM

In the present work, we study estimates for the periodic functions from the linear operators constructed on the basis of
their Fourier series in weighted variable exponent Lebesgue spaces with Muckenhoupt weights. In this case, the obtained
estimates depend on the sequence of the best approximation in weighted Lebesgue spaces with variable exponent.

BuB4aloTbcs OLiHKK nepiogudHuX (QYHKLIM JIiHIHHKUX omeparopiB, mo 1oOyaoBaHi Ha OCHOBI psfiB Dyp’e y 3BaKEHHX
npocropax Jlebera 3i 3MiHHMM HOKa3HHKOM Ta Baroro MakeHxaynra. B jpaHOMy BHIIaJKy OTPUMaHi OLIHKU 3aJIekKaTh Bij
MOCITIOBHOCTI HAWKPAIIOro HaOMMKEHHS Y 3BaXKEHUX mpocTopax Jlebera 31 3MiHHHM MMOKa3HUKOM.

1. Introduction and the main results. Let T denote the interval [0,27], C complex plane, and
LP(T), 1 < p < o0, the Lebesgue space of measurable complex valued functions on T.
We consider the sequence of the functions {Ag(7)} defined in the set £ of the number line,
satisfying the conditions that
Xo(r) =1, limA,(r)=1

=70

for an arbitrary fixed v =0,1,2,....
Let

% + ) Ap(, f), Awl(x, f) = ap(f) cos kz + be(f) sin ka (1.1)
=1

be the Fourier series of the function f € Li(T), where a(f) and by (f) are Fourier coefficients of
the function f. The nth partial sums of the series (1.1) is defined

n
a
Sule, ) = 5 + DAk, ).

k=1
Let us denote by @ the class of Lebesgue measurable functions p: T — (1,00) such that
1 < ps = ess iTnfp(a:) < pti= ess sup p(z) < oo. The conjugate exponent of p(x) is shown by

xe xe
p(x

p'(z) = _pe)

pl@) ~1 N
T — C satisfying the condition

For p € p, we define a class Lp(')(T) of 2m-periodic measurable functions f :

/yf(:c)|p<w>dm < 0.
T

This class LPU)(T) is a Banach space with respect to the norm

p(z)
dr <1

HfHLp(‘)(T) := inf )\>0;/)f()\$)
T
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A functionw: T — [0, oc] is called a weight function if w is a measurable and almost everywhere
(a.e.) positive.

Let w be a 2m-periodic weight function. We denote by L% (T) the weighted Lebesgue space of
2m-periodic measurable functions f: T — C such that fw!'/? € LP(T). For f € L%(T) we set

1l ry = [ £177]

Lr(T)
Lff,(')(T) stands for the class of Lebesgue measurable functions f: T — C such that wf €
€ Lp(')(T). Lﬁ(')(T) is called the weighted Lebesgue space with variable exponent. The space

LY (T) is a Banach space with respect to the norm
1A oy = @l ey ny -

Its known [17] that the set of trigonometric polynomials is dense in F A (T), if [w(z)]P™) is integrable
on T.
We suppose that for an arbitrary fixed » € E and for every function f € f A (T), the series

[e.e]

Up(w, f:0) = 3 + Z r) Aul(a, f) (12)
k=

converges in the space L2 (T).
For each linear operator U, (z, f,\) we set

Rr(f? )LP() - Hf Ur (I’ fa )HLg(-)(T) . (13)

Let B be the class of all intervals in T. For B € B we set

1 1
o=\ a5

For given p € p the class of weights w satisfying the condition [1]

1
wp(x)

proc) — sup—t H p(z)

Ay Bes|BIP?

< 00
Blpr(y/p()

LY(B)

will be denoted by A, ).
We say that the variable exponent p(x) satisfies Local log-Hélder continuity condition, if there is
a positive constant ¢ such that

C1
Ip(z) = p(y)| < R (1.4)
log (e + )
[z =yl
forall z,y € T.
A function p € g is said to belong to the class '°%, if the condition (1.4) is satisfied.

We denote by E,,(f) 229 (1) the best approximation of f € Lg(') (T) by trigonometric polynomials

of degree not exceeding n, i.e.,
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En(F) ppo oy = LS = Tall oo oy * Tn € T

where II,, denotes the class of trigonometric polynomials of degree at most n.

In this study we obtain estimates of the deviation of the periodic function from the linear operators
constructed on the basis of its Fourier series in variable exponent Lebesgue spaces with Muckenhoupt
weights. In particular, we obtain the general estimate for the deviation R, (f, \) 29 (T of the function
f from its Abel—Poisson means U, (z, f,\) (0 <r <1, A\y(r) =7",v=0,1,2,3,...) in variable
exponent Lebesgue spaces with Muckenhoupt weights. Note that the estimate obtained in this study
depends on the rate of decrease of sequences of the best approximation E,, ( f) 20Ty

Lebesgue spaces with variable exponents have been investigated intensively by many authors
(see, for example, [21, 22, 24, 25, 27]).

The approximation problems in nonweighted and weighted Lebesgue spaces with variable expo-
nents were studied in [1, 2, 11, 16-20, 28].

Similar problems of the approximation theory in the different spaces have been studied by several
authors (see, for example, [4-10, 12-15, 23, 26, 29-32]).

Our main results are as follows.

Theorem 1.1. Let {\,(r)} be an arbitrary triangular matrix (r = 0,1,2,3,..., Ao(r) =
=1, M) =0, v>7).Ifpc s wP ¢ Ap()/po) Jor some po € (1, pi), v := min{2, p.}
and f € Lg(') (T), there exists a positive constant cy depending on p such that

1/

R’r(f7 A)Lg(‘)(T) S 02 Zégﬂ (7’) Egﬂ—l(f)Lg(J(T) + ET(f)Lg(~)(T) 9
n=0

where 2™ < r < 2mtL gpd

|

Sou(r) = Y [A(r) = Aua (1) 4 |1 = Mg (7).

=24

Corollary 1.1. 1. Letr =0,1,2,3,...,

Then for the Fejér means, the estimate

c 4 -

holds with a constant c3> 0 depending on p.
2. Forr=0,1,2,3,...,

0, vV>T.
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Then for the Zygmund means, the estimate

T

1/~
C _

(v+1)k v=0
holds with a constant c4 > 0 depending on p and k.
Theorem 1.2. Let 0 <r <1, A, (r) =7%, v =0,1,2,3,.... If p € 98, w™P0 € Alp()/po)

for some py € (1,px), v := min{2, p.} and f € Lf,(')(T), then for the Abel— Poisson means the
estimate

o 1/y
Re(f, ) ooy < €5(1 = 7) {ZTV(V + 1)7_1E3(f)L5<4>(T)}
v=0
holds with a constant cs5 > 0 depending on p.
In the proof main results we need the following theorems [18].
The following Littlewood — Paley type theorem holds:

Theorem 1.3. Let ZOO ) Ay (z) be the Fourier series of f € LZ(')(T). Under the conditions of
V=
Theorem 1.1 there are constants cg, c; > 0 such that

o 1/2 - 1/2
e[| DA < @ oy < e ||| Do A7 , (1.5)
H=l p=l ij(‘)(T)
where
21 —1
Ap=Au(f)= Y Az, f), n=12....
p=2#-1
The following theorem is true:
Theorem 1.4. Let {\};° be a sequence of numbers such that
2m—1
[Ael < ¢g and Z A= Akt1] < cg, (1.6)
k=2m—1

where cg > 0 does not depend on k and m. Suppose that the conditions of Theorem 1.1 are satisfied.
If fe LZ(')(T) has the Fourier series

aq >
5"’_ ; Ak(xaf)a

then there exists a function F' ¢ Lg(')(T) with the Fourier series

Aoao

+3 Nedi(z, ),
k=1

and

HFHLE,()(T) S Cg”f”ij(-)(T)'
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2. Proofs of theorems. Proof of Theorem 1.1. Let f € Lﬁ(,')(T) and 2" < r < 2mTL
According to reference [11] the following inequality holds:

1) = )50y < Bl 1)
Using (2.1) we get
(fv )LP( ) || Z)\ <
Lff‘)( )
<D =X(r)Au(z, f) > Ayaf <
v=1 ij(‘)(T) v=r+1 Lf,(')( )
< D= M)A (. f) + Er(f) 1y () (22)
v=1 L2 ()
According to inequality (2.2) and (1.5) we obtain
m | 2rtl-] 2) 1/2
(fa )LP() (T) < Z Z (1—)\1,(7"))141,(1‘, f)) +
p=01 v=2¢ p(.)
LP(T)
+Er(f)Lf,<')(T)' (23)
Use of Abel’s transformation leads to
ontl_1
orpu(z) = Z (1 =2A(r)Au(z, f) =
y=2H
2ntl—q
= Z {SV(f7 .T) - S2u—1 (f? ‘r)}{)‘V-Fl(r) - )‘V(T)}_‘_
y=2H
+{1 - )‘2“+1 (r)}{S2“+1—1(f7 .’L’) - SQ“—l(f7 x)} (24)

Using (2.1), (2.4), Minkowski’s inequality and monotonicity of the best approximation sequence we
reach

2H+1—1

22O (r < D Su(f2) = Sou—1(F,2) o0 oy [Ar1 () = Ao () 1+

v=2¢

”Jw

1 = Agurr ()12 011 (f, 2) = Saua(f, 2)[| <
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2ntl—q
< c10B-1(f) 10 o) Y Pt (r) = M)+ 1L = A (7)) p =Bz () o) o102 (7).
v=2p
(2.5)
In addition, the following inequality holds:
m 1/2 1/y
S o (@) <en leawnLP() o 2.6)
n=0 Lﬁ(‘)( T pu=0

Use of (2.3), (2.6) and (2.5) gives us

1/~
Ry(fsA) ot gy < 12 Z)‘UT’“HLZ(‘)(T) +E(f) oo py <
M:
1/~
<ci3 ZEgu 1(F) 120y 93 (1) +Er(f) 10 oy

n=0

Theorem 1.1 is proved.
Proof of Theorem 1.2. Let f € ij(')(T) and A, (r)=r",0<r<1, v=0,1,2,.... We have

Re(£,2) 1) o) “ Zr“A 2, f) =
LE(T)
= 1> _(1=r" Ay (x, f) . (2.7)
v=0 L2(T)

1
Selecting m such that 2™ < n = [1
—-r

] < 2™*1 (here, [3] denotes the integer part of a real
number f3) from (2.7) we get

amtl_j
Re(f: N o < || D0 A=) Az, f) +
[e.e]
+H YD A=Az, f) =1 + L. 2.8)
p=om+1 LP()(T)
According to (1.5) we obtain
m |21 2\ 1/2
I < c1a Z Z (1= ") A, (z, f) (2.9)
v=0 | pu=2v
£ (T)
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and therefore

mo || 2vti-1 g 1
Iy <eis Z Z (1=r)Apu(z, f)
v=0 || p=2v L5 (T)
Using Abel’s transformation and (2.1), we find that
|
Z (l_rM)Al-t(waf) -
= L0 (T)
v+l
> {Sull.2) = Sy (Fa) b= )+
p=2v
Sy 1 (f2) = S 1 (f2)}(1 = 1) <
LEY(T)
S 0162V+1(1 - T)EQV—l(f)Lg(~)(T)'
Using monotonicity of the best approximation sequence F,,(f) 291 from (2.11) we have
v+l 7
Z (1_7"“)"41/(1.7 f) S C172(1/4_1)’\/(1 - r),yE;/”—l(f)Lg’J(J(T) S
pu=2" L29(T)
2v—1
< 618 ]. - 7‘ Z E2u 1 Lp()(T)
n= ov—1
Consideration of (2.10 ) and (2.12 ) gives us we
h < 619{(1 =) Ar (DI o+

m 2v—1 L/~
S-S B o )} <
v=1

M2u1

1
n /v

<ea(l—7) Z(M‘i‘ )" le(f)Lp O(1)
©n=0

(2.10)

2.11)

(2.12)

(2.13)

Applying Theorem 1.4 for the sequence {\;}§° satisfying the condition (1.5 ) and (2.1), we obtain

I < en Z Av(z, f) < C22En(f)L5(-)(T)-
p=2m+1 LZ()(T)

(2.14)
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Therefore according to (2.8 ), ( 2.13) and (2.14 ), we have

amtl_1

Rr(fa )\)Lf,<'>(T) < Z (17TV)AV(:L‘af) +
V=0 29(m)

oo

+H Y A=A, ) <

p=9m+1 LIU:()(T)

1
n /v

S 620(1 - T) Z(/’L + 1)771El(f>Lf,(‘)(T) + CQQEn(f)L5(~)(T) S
pn=0

/v

<en(l—r) > v+ D EY(F) ro oy
v=0

Theorem 1.2 is proved.
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