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ON RINGS WITH WEAKLY PRIME CENTERS *
ITPO KIVIBLA 3 CIABKUMMU ITPOCTUMHU HEHTPAMMU

We introduce a class of rings obtained as a generalization of rings with prime centers. A ring R is called weakly prime
center (or, briefly, W PC) if ab € Z(R) implies that aRb is an ideal of R, where Z(R) stands for the center of R. The
structure and properties of these rings are studied, the relationships between prime center rings, strongly regular rings, and
W PC rings are discussed, parallel with the relationship between W PC' to commutativity.

Beeneno wiac kinenp, IO € y3araJlbHEHHSAM Kilenpb 3 npocTuMu ueHTpamu. Kinbie R Ha3MBA€TbCS C1AOKO NpOCmum
yenmpom (au upocro W PC'), sxumo 3 BrmodenHs ab € Z(R) sumnusae, mo aRb € izeanom R, me Z(R) — ueHTp
R. BuBUEHO CTPYKTYpY 1 BIACTHBOCTI TaKMX KijJellhb Ta MPOAHAII30BAHO CIIBBIJHOIICHHS MiK MPOCTHMHU IEHTPATbHHMHU
KUTBIISIMHU, CHIIBHO PETYIIPHUMHE KUTBIISIMA Ta KUTBLSIMHE 3 CJIA0KO MPOCTUM LIEHTPOM IMApaebHO 31 CIIBBIIHOMICHHSIM MiX
¢1abKO MPOCTHM LIEHTPOM Ta KOMYTaTHUBHICTIO.

1. Introduction. Throughout this article, all rings considered are associative with identity, and
all modules are unital, the symbols J(R), N(R), U(R), E(R), Z(R) and Max;(R) will stand
respectively for the Jacobson radical, the set of all nilpotent elements, the set of all invertible
elements, the set of all idempotent elements, the center and the set of all maximal left ideals of R. For
any nonempty subset X of a ring R, r(X) = rr(X) and I(X) = [g(X) denote the right annihilator
of X and the left annihilator of X, respectively.

A ring R is called

(1) reduced if N(R) = 0;

(2) Abel if E(R) C Z(R);

(3) left quasiduo if every maximal left ideal of R is an ideal;

(4) MELT if every essential maximal left ideal of R is an ideal.

Recall that a ring R has prime (semiprime ) center [8] if ab € Z(R) implies a € Z(R) or
b€ Z(R) (a™ € Z(R) implies a € Z(R)). Clearly, commutative rings have prime center. In [8],
some basic properties of prime center rings are studied.

A ring R is called periodic [3] if for each x € R, there exist distinct positive integers m and n
for which ™ = z". In [8] (Theorem 1), it is shown that for a periodic ring R, R is commutative if
and only if R has prime center.

In this paper, a new class of rings is introduced, which is a proper generalization of rings with
prime centers. A ring R is called weakly prime center (or, briefly, W PC) if ab € Z(R) implies aRb
is an ideal of R. Remark 2.1 points out that W PC rings are proper generalization of rings with prime
centers. Proposition 2.6 shows that strongly regular rings are a class of W PC rings. Proposition 2.8
shows that a ring R is a division ring if and only if R is a W PC' primitive ring.

Let R be aring and e € E(R). e is called left minimal idempotent if Re is a minimal left ideal
of R. We write M Ej(R) for the set of all left minimal idempotents of R. A ring R is called left
min-Abel if (1 — e)Re = 0 for each e € M Ej(R). In [13] (Theorem 1.2), it is shown that a ring R
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is a left quasiduo ring if and only if R is a left min-Abel M ELT ring. The study of left min-Abel
rings appears in [13, 15, 16]. Proposition 2.5 shows that W PC' rings are left min-Abel.

Following [10], an element a of a ring R is called clean if @ is a sum of a unit and an idempotent
of R, and a is said to be exchange if there exists e € F(R) such thate € aRand 1 —e € (1 — a)R.
A ring R is called clean if every element of R is clean, and R is said to be exchange if every element
of R is exchange. According to [10], clean rings are always exchange, but the converse is not true,
in general. In [18], it is shown that left quasiduo exchange rings are clean; in [19], it is shown that
Abel exchange rings are clean; in [15], it is shown that quasinormal exchange rings are clean; in [16],
it is shown that weakly normal exchange rings are clean. Theorem 3.1 shows that W PC exchange
rings are clean and have stable range 1.

Following [4], a ring R is said to be semiperiodic if for each x € R\(J(R) U Z(R)), there
exist m,n € Z, of opposite parity, such that 2" — 2™ € N(R). Clearly, the class of semiperiodic
rings contains all commutative rings, all Jacobson radical rings, and certain non-nil periodic rings.
Theorem 4.2 shows that for a semiperiodic ring R with J(R) # N(R), R is W PC'if and only if R
is commutative.

2. Some properties of W PC rings.

Definition 2.1. A4 ring R is called weakly prime center (W PC) if for any a,b € R, ab € Z(R)
implies aRb is an ideal of R.

Clearly commutative rings are W PC.

Proposition 2.1. Prime center rings are W PC.

Proof. Let R be a prime center ring and a,b € R with ab € Z(R). Since R is prime center,
a € Z(R)orbe Z(R), one has aRb = abR = Rab. Hence aRb is an ideal of R and R is W PC.

Recall that a ring R is directly finite if ab = 1 implies ba = 1 for any a,b € R. In [8], it is shown
that prime center rings are directly finite.

Lemma 2.1. W PC rings are directly finite.

Proof. Let a,b € R with ab = 1. Let e = ba. Then a = ae and e € E(R). Since a(l —¢) =
=0¢€ Z(R), aR(1 — e) is an ideal of R, that is, R(1 — e) is an ideal of R because aR = R. Hence
(1 —e)a € R(1 — e), which implies (1 —e)a = (1 — e)ae = 0. Then a = ea and 1 = ab = eab =
= e = ba, this shows that R is a directly finite ring.

Proposition 2.2. Let R be a local ring. If J(R) is commutative, then R is W PC.

Proof. Assume that ab € Z(R). Then Rab is an ideal of R. If Rab = R, then ab € U(R),
by Lemma 2.1, a,b € U(R), so aRb = R is an ideal of R. If Rab C J(R), then ab ¢ U(R).
If a ¢ UR) and b ¢ U(R), then aR,Rb C J(R). Since J(R) is commutative, RaRbR =
= R(a(Rb))R = RbaR = aRb, this gives aRb is an ideal of R. If a € U(R) and b ¢ U(R),
then RaRbR = RbR = RabR = Rab = Rb = aRb, so aRb is an ideal. Similarly, if a ¢ U(R) and
b € U(R), we can show that aRbD is an ideal. Hence R is W PC.

Proposition 2.3. [f R be a local prime center ring, then R is commutative.

Proof. 1t is an immediate result of [§8] (Basic Lemma 2(b)).

Remark 2.1. By Proposition 2.2, one knows that division rings are W PC'. By Proposition 2.3,
noncommutative division rings need not be prime center. Thus there exists a W PC' ring (noncom-
mutative division rings) which is not prime center. Hence W PC' rings are proper generalization of
prime center rings.

Proposition 2.4. If R is a semiprime W PC ring, then R is reduced.

ISSN 1027-3190.  Yxp. mam. ocypu., 2014, m. 66, Ne 12



ON RINGS WITH WEAKLY PRIME CENTERS 1617

Proof. 1f N(R) # 0, then there exists 0 # a € N(R) such that a> = 0. Since R is WPC, aRa
is an ideal of R, this leads to aRaR C aRa, so aRaRa C aRa®> = 0. Since R is semiprime, a = 0,
which is a contradiction. Thus N(R) = 0.

Recall that a ring R is NCI [7] if either N(R) = 0 or N(R) contains a nonzero ideal of R. By
the proof of Proposition 2.4, we have the following corollary.

Corollary 2.1. W PC rings are NC1.

Remark 2.2. [7], Example 2.5, points out that NCI rings need not be directly finite, by
Lemma 2.1, we know that the converse of Corollary 2.1 is not true.

Remark 2.3. Simple rings need not be W PC. For example, let D be a division ring and

D D . . 1 0\/0 O
R = <D D)’ Then R be a simple ring. Clearly, (0 0><0 1) =0 € Z(R) and

1 0 0 O 0 D .
(O O> R (0 1> = <O 0). If Ris WPC, then

PR R P L O Y [ S A L |

which is a contradiction. Hence R is not a W PC ring.

Recall that a ring R is left min-Abel [13] if for every e € ME(R) = {e¢ € E(R)| Re is a
minimal left ideal of R }, e is left semicentral in R. Clearly, R is a left min-Abel ring if and only if
(1 —e)Re =0 for each e € ME;(R).

Proposition 2.5. If R is a W PC ring, then R is left min-Abel.

Proof- Let e € ME)(R). Since R is a WPC ring and (1 —e)e = 0 € Z(R), (1 — e)Re is
an ideal of R, this gives R(1 — e)Re C (1 — e)Re. If (1 — e)Re # 0, then R(1 — ¢)Re = Re, so
e € eRe = eR(1 —e)Re C e(1 — e)Re = 0, which is a contradiction. Therefore (1 — e)Re = 0 and
R is a left min-Abel ring.

Remark 2.4. The converse of Proposition 2.5 is not true in general. For example, let

S O R R O B
{6 )G D -6 e Jrle e

not W PC. Since R is a left quasiduo ring by [18], R is a left min-Abel ring by [13] (Theorem 1.2).

Recall that a ring R is von Neumann regular if a € aRa for any ¢ € R, and R is said to be
strongly regular if a € a®R for any a € R. It is well known that a ring R is a strongly regular ring
if and only if R is a reduced von Neumann regular ring.

Proposition 2.6. The following conditions are equivalent for a ring R :

(1) R is a strongly regular ring;

(2) R is a WPC von Neumann regular ring.

Proof. (1) = (2). Since R is a strongly regular ring, R is an Abel von Neumann regular ring.
Hence, for any a,b € R, aR = eR = Re for some e € E(R), this gives aRb = R(eb) = Rg = gR
for some g € E(R). Thus aRb is an ideal of R and R is a W PC ring.

(2) = (1). Since von Neumann regular rings are semiprime, by Proposition 2.4, R is reduced.
Hence R is a strongly regular ring.

Recall that a ring R is left SF if every simple left R-module is flat. It is well known that von
Neumann regular rings are left SF. In [11] (Remark 3.13), it is shown that if R is a reduced left SF
ring, then R is strongly regular. We can generalize this result as follows.
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Proposition 2.7. If R is a prime center left SF ring, then R is a commutative strongly regular
ring.

Proof. Let a € R with a®> = 0. By [8] (Basic Lemma 2(a)), a € Z(R). If a # 0, then I(a) # R
and there exists a maximal left ideal M of R such that I(a) C M. Since R is a left SF ring, R/M
is flat as left R-module. Since a € [(a) € M, a = am for some m € M. Since a € Z(R), a = ma,
one obtains 1 —m € l(a) € M, 1 € M, which is a contradiction. Hence a = 0, which implies
R is reduced, by [11] (Remark 3.13), R is strongly regular. Now let z € R. Then x = xyx for
some y € R. Write e = zy and g = yx. Then e,g € E(R) and x = ex = xg. Since R is Abel,
e,g € Z(R). Since yr = g € Z(R), y € Z(R) or x € Z(R). If z € Z(R), we are done. If
y € Z(R), then for any r € R, we have xr = xgr = arg = xryr = xyrrz = err = rexr = rx,
which implies = € Z(R). Hence R is commutative.

Corollary 2.2. If R is a prime center von Neumann regular ring, then R is a commutative
strongly regular ring.

Remark 2.5. Since strongly regular rings need not be commutative, by Corollary 2.2, strongly
regular rings need not be prime center.

Corollary 2.3. R is a field if and only if R is a prime center division ring.

Proof. Fields are certainly prime center division rings. The converse is an immediate corollary
of Corollary 2.2.

Proposition 2.8. R is a division ring if and only if R is a W PC primitive ring.

Proof. Division rings are certainly W PC primitive rings. Now let R be a W PC primitive ring.

If R is not a division ring, then there exists a subring .S of R such that S = (g g) , where D is a

division ring. Clearly, is not reduced, so .S is not reduced, this implies R is not reduced.

D D
But by Proposition 2.4, R is reduced, which is a contradiction. Hence R is a division ring.

Corollary 2.3 and Proposition 2.8 give the following corollary.

Corollary 2.4. R is a field if and only if R is a prime center primitive ring.

A ring R is called weakly regular if a € aRaR N RaRa for every a € R. A left R-module M is
called YJ-injective (Wnil-injective (see [14])) if foreach 0 £ a € R (O #*a € N(R)), there exists a
positive integer n such that a™ # 0 and each left R-homomorphism Ra"™ — M can be extended to
R — M. Tt is easy to see that Y .J-injective modules are W nil-injective.

Proposition 2.9. Let R be a WPC ring. If each singular simple left R-modules are Wnil-
injective, then R is reduced.

Proof. By Proposition 2.4, we only need to show that R is semiprime. Assume that a € R with
aRa = 0.If a # 0, then there exists a maximal left ideal M of R such that r(aR) C M. We claim that
M is an essential left ideal of R. If not, M = [(e) for some e € M E;(R). Since R is a W PC ring,
R is left min-Abel by Proposition 2.5. Hence aRe = aeRe = 0 because a € r(aR) C M = I(e),
this leads to e € r(aR) C I(e), which is a contradiction. Thus M is an essential left ideal of R
and R/M is a singular simple left R-module, by hypothesis, R/M is Wnil-injective. Then the left
R-homomorphism f: Ra — R/M defined by f(ra) = r + M can be extended into R — R/M,
so there exists d € R such that 1 — ad € M. Since ad(ad) = 0,1 —ad is aunit of R, so M = R, a
contradiction. Hence a = 0.

Corollary 2.5. Let R be a W PC ring whose singular simple left R-modules are Y J-injective,
then R is a reduced weakly regular ring.
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Proof. By Proposition 2.9, R is reduced. By [9] (Theorem 4), R is a reduced weakly regular
ring.

3. Exchange W PC rings. Following [10], an element a of a ring R is called clean ifa is a
sum of a unit and an idempotent of R, and a is said to be exchange if there exists e € E(R) such
thate € aR and 1 — e € (1 — a)R. A ring R is called clean if every element of R is clean, and R
is said to be exchange if every element of R is exchange. According to [10], clean rings are always
exchange, but the converse is not true unless R satisfies one of the following conditions: (1) R is a
left quasiduo ring [18]; (2) R is an Abel ring [19]; (3) R is a quasinormal ring [15]; (4) R is a weakly
normal ring [16].

Theorem 3.1. Let R be a W PC ring and a € R. Then

(1) If a is exchange, then a is clean.

(2) If R is an exchange ring, then R is a clean ring.

(3) If a™ is clean for some n > 1, then a is clean.

(4) If a? is clean, then a and —a are clean.

Proof. (1) Lete € E(R) suchthate € aRand 1—e € (1—a)R. Writee = aband 1—e = (1—a)c
for some b = be,c = c¢(l —e) € R. Then (a — (1 —¢e))(b—c) =ab—ac— (1 —e)b+ (1 —e)c =
=ab+(l—a)c—(1—e)b—ec=1—(1—-e)b—ec. Since Ris a WPC ring and b(1 —e) =
=0 € Z(R), bR(1 — e) is an ideal of R. Hence bR(1 — e)R C bR(1 —e) and bR(1 — e¢)Re = 0,
which implies bR(1 — e)Rb = bR(1 — e)Rbe = 0. Therefore (R(1 — e)Rb)? = 0, this leads to
(1—e)be R(1—e)Rb C J(R). Similarly, ec € J(R). Hence 1 — (1 — e)b — ec is a unit of R, by
Lemma 2.1, one obtains a — (1 — e) is an unit of R. Hence a is a clean element.

(2) It is an immediate result of (1).

(3) Since a” is clean, there exist u € U(R) and f € E(R) such that a” = u+ f. Let e = u(1 —
—f)u=t. Then (a” —e)u = (u+ flu—u(l—f) = a®(a"—1) € aR,s0 e = a"+(a"—a*)u~! € aR
and 1 — e € (1 — a)R, this implies a is exchange, by (1), a is clean.

(4) Since a® = (—1a)? is clean, by (3), a and —a are clean.

Corollary 3.1. Let R be a W PC ring and idempotent can be lifted modulo J(R). Let a € R be
clean and e € E(R). Then

(1) ae is clean.

(2) If —a is also clean, then a + e is clean.

Proof. (1) Since a is clean, a is clean in R = R/J(R). Since Risa WPC ring, eR(1—e) is an
ideal of R, which implies ((1 —e)ReR)? = (eR(1 —e)R)? = 0. Hence (1 —é)Re = eR( €)=
that is, € is a central idempotent in R. Since a is clean in R, there exist u € U(R) and f € E(R )
such that a = u+ f. Let v € R such that uv = vu = 1. Then, in R, aé = (aé+é—i)+(fé+1—é).
Clearly, (aé+¢&—1)(ve+é—1) = (ve+é—1)(ue+é—1)=1and (fe+1—€)> = fe+1—e¢,
so aé is clean in R. Since idempotent can be lifted modulo J(R), there exists g € E(R) such that
g=fe+1—e Letw € Rsuch that w = wé + & — 1. Then w € U(R) and ae —w — g € J(R). Let
ae —w —g =z € J(R). Then ae = g + w(1 + w™lz). Since w(l +w™x) € U(R), ae is clean
in R.

(2) Since —aiscleanin R, 1+ais cleanin R. Hence @ and 1+a are all cleanin R = R/J(R). L

1-—
1-—

a=u+fand 1+a = v+gwhereu,v € U(R) and f,g € E(R). Clearly, a+é = a(1—é)+(1+a )
oa+eée=uve+u(l—e)+ge+ f(1—e). Clearly, (ve +u(1—e))(v e+ u'(1—e)) =1and
g + f(1 — &) € E(R). Therefore, a + € is clean in R, similar to (1), we obtain a + e is clean in R.

In [5], it is showed that if R is a unit regular ring, then every element of R is a sum of two units.
A ring R is called an (S,2)-ring [5], if every element of R is a sum of two units of R. In [2], it

ISSN 1027-3190.  Vkp. mam. scypn., 2014, m. 66, Ne 12



1620 JUNCHAO WEI

is proved that if R is an Abel m-regular ring, then R is an (S, 2)-ring if and only if Z/27Z is not a
homomorphic image of K.

Theorem 3.2. Let R be a W PC' w-regular ring. Then R is an (S, 2)-ring if and only if /27
is not a homomorphic image of R.

Proof. Since R is a WPC m-regular ring, R/J(R) is m-regular ring. Since R is an exchange
ring, idempotent can be lifted modulo J(R). By the proof of Corollary 3.1(1), R/J(R) is an Abel
ring. By [2], R/J(R) is an (S, 2)-ring if and only if Z/27Z is not a homomorphic image of R/J(R).
By [15] (Lemma 4.3), we are done.

In light of Theorem 3.2, we have the following corollaries:

Corollary 3.2. Let R be a W PC rw-regular ring such that 2 =1+ 1 € U(R). Then R is an
(S,2)-ring.

Corollary 3.3. Let R be a W PC' r-regular ring. Then R is an (S,2)-ring if and only if for
some d € U(R),1+d e U(R).

Recall that a ring R is said to have stable range 1 [12] if for any a, b € R satistying aR+bR = R,
there exists y € R such that a + by is right invertible. Clearly, R has stable range 1 if and only if
R/J(R) has stable range 1. In [19] (Theorem 6), it is showed that exchange rings with all idempotents
central have stable range 1.

Theorem 3.3. W PC exchange rings have stable range 1.

Proof. Let Rbe a W PC exchange ring. Then R/J(R) is exchange with all idempotents central,
s0, by [19] (Theorem 6), R/.J(R) has stable range 1. Therefore R has stable range 1.

In [17], A ring R is said to satisfy the unit 1-stable condition if for any a,b,c € R with ab+c =1,
there exists u € U(R) such that au + ¢ € U(R). It is easy to prove that R satisfies the unit 1-stable
condition if and only if R/J(R) satisfies the unit 1-stable condition.

Theorem 3.4. Let R be a W PC exchange ring, then the following conditions are equivalent:

(1) Risan (S,2)-ring.

(2) R satisfies the unit 1—stable condition.

(3) Every factor ring of R is an (S, 2)-ring.

(4) Zs is not a homomorphic image of R.

A ring R is called left topologically boolean, or a tb-ring [1] for short, if for every pair of distinct
maximal left ideals of R there is an idempotent in exactly one of them.

Theorem 3.5. Let R be a W PC exchange ring. Then R is a left tb-ring.

Proof. Suppose that M and N are distinct maximal left ideals of R. Let a € M\N. Then
Ra+ N = Rand 1 —za € N for some z € R. Clearly, za € M\N. Since R is a WPC
exchange ring, R is clean by Theorem 3.1, there exist an idempotent e € F(R) and a unit u in R
such that xa = e + u. If e € M, then u = za — e € M from which it follows that R = M, a
contradiction. Thus e ¢ M. If e ¢ N, then Re + N = R. Since R is a W PC ring, by the proof of
Corollary 3.1(1), (1—e)ReRC J(R) C N, 1—e€ (1—e)R=(1—¢€e)Re+ (1 —e)N C N. Hence
u=(1—-e)+ (ra—1) € N. It follows that N = R which is also impossible. We thus have that e
is an idempotent belonging to /N only.

4. W PC semiperiodic rings. Following [4], a ring R is said to be semiperiodic if for each
x € R\(J(R)UZ(R)), there exist m,n € Z, of opposite parity, such that z” — 2™ € N(R). Clearly,
the class of semiperiodic rings contains all commutative rings, all Jacobson radical rings, and certain
nonnil periodic rings.

Lemma 4.1. If R is a W PC semiperiodic ring, then N(R) C J(R).
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Proof. Leta € N(R) with a* =0, and let x € R. If ax € J(R), then ax is right quasiregular;
and if ax € Z(R), then ax is nilpotent and again ax is right quasiregular. Suppose, then, that
ax ¢ JU Z, in which case [4] (Lemma 2.3 (iii)) gives ¢ € Z" and an idempotent e of form ay such
that (ax)? = (ax)%e. Since

e =ay = eay = ea(l — e)y + eaey = ea(l — e)y + ea’y* =

=ea(l —e)y + ea’(1 — e)y? + ea’ey® = ea(l — e)y + ea’(1 — e)y® + ea’y® = . ..

N

-1

Ea

—1
L= ea’(1—e)y' + eatyk = ea’(1 — e)y'.
1 i=1

)

Since R is a W PC'ring, eR(1—e) € J(R) by the proof of Corollary 3.1(1), which implies e € J(R),
so e = 0 and (ax)? = 0, which shows that ax is right quasiregular. Thus a € J(R).

Theorem 4.1. If R is a W PC' semiperiodic ring, then R/J(R) is commutative.

Proof. Let R = R/J(R). Clearly, N(R) C J(R) by Lemma 4.1. Now let @ € R with a> = 0.
Then a? € J(R) € N(R)U Z(R) by [4] (Lemma 2.6). If a> € N(R), then a € N(R). Hence
a € J(R) by Lemma 4.1 and @ = 0. If a®> € Z(R), then a® € Z(R). If a € Z(R), then aRa = 0.
Since R is semiprime, @ = 0. If @ ¢ Z(R), then a ¢ J(R) U Z(R). By [4] (Lemma 2.3(iii)),
a? = a%e for some ¢ > 1 and e € E(R) with the form ay. Hence e = eay = ea(l — e)y + eaey =
= ea(l — e)y + ea’y? € J(R). Thus e = 0 and a? = 0. This implies a € N(R) C J(R) by
Lemma 4.1, which is a contradiction. Hence @ € Z(R) and so @ = 0. Therefore R is a reduced ring.
Since R is also semiperiodic, by [4] (Lemma 4.4), R is commutative.

Theorem 4.2. Let R be a W PC semiperiodic ring. Then

(1) N(R) is an ideal of R.

(2) If J(R) # N(R), then R is commutative.

Proof. (1) Let a,b € N(R) and z € R. Then a — b,ax € J(R) by Lemma 4.1. By [4]
(Lemma 2.6), a — b,ax € N(R)U Z(R). If a — b,ax € N(R), we are done. If a — b,ax € Z(R).
Then (a—b)a = a(a—b) and (az)™ = a"x™ for any n > 1, this gives ab = ba, thus a—b, ax € N(R).
Similarly, xza € N(R). Therefore N(R) is an ideal of R.

(2) By [4] (Lemma 2.6), it follows that

J(R)=(J(R)NN(R)) U (J(R)NZ(R). 4.1
By (1), viewing (4.1) as a relation holding on additive subgroup, we conclude that
J(R)=J(R)NN(R) or J(R)=J(R)NZ(R).

This implies that
J(R) C N(R) or J(R) C Z(R).

Since J(R) # N(R), by Lemma 4.1, J(R) C Z(R).

Now let z € R. If v ¢ Z(R), then x ¢ J(R) U Z(R), so there exists positive integers n, m
(n > m) of opposite parity such that 2™ — 2™ € N(R). Let k > 1 such that (z” — 2™)* = 0. Then
((z — ammFhym™E = 0, this gives x — 2" ™+ € N(R) C J(R) C Z(R). By Herstein’s theorem
[6], R is commutative.
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