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CRITICAL POINTS APPROACHES TO ELLIPTIC PROBLEMS
DRIVEN BY A p(x)-LAPLACIAN

NIAXOAU 10 EJINITUYHUX 3A0AU 3 p(x)-JTAIIJIACIAHOM
OCHOBAHI HA TEOPII KPUTUYHHUX TOYOK

We establish the existence of at least three solutions for elliptic problems driven by a p(z)-Laplacian. The existence of at
least one nontrivial solution is also proved. The approaches are based on variational methods and critical point theory.

BcraHoBieHO iCHYBaHHS MPHHAMMHI TPHOX PO3B’sI3KiB eNiNTHYHUX 3amad 3 p(x)-ynamracianoM. ICHyBaHHs IIOHaHMeEHIIE
OJIHOTO HETPHBIAIEHOTO PO3B’ 3Ky TaKOXK IIPOIEMOHCTPOBAHO. 3aCTOCOBAHI ITiIXO IPYHTYIOTECS HA BapiallifHIX MeToax
Ta Teopil KPUTHYHUX TOYOK.

1. Introduction. This paper treats the following elliptic problem:

—Ap@u = Af(r,u) in Q

1)
u=0 on O0f),

where A, yu = div(|Vu[P(®)=2V4) is the p(x)-Laplacian operator, @ ¢ RN, N > 1, is a nonempty
bounded open set with a smooth boundary 092, p € C({) satisfies the condition N < p~ :=
= infyeqp(z) < p(z) < supyeqp(r) < +oo, A > 0, f: Q x R — R is an L'-Carathéodory
function.

Recently, the study of differential equations and variational problems with variable exponent has
been a new and interesting topic. It arises from nonlinear elasticity theory, electrorheological fluids,
etc. (see [29, 31]). It also has wide applications in different research fields, such as image processing
model (see, e.g., [16, 24]), stationary thermo-rheological viscous flows (see [1]) and the mathematical
description of the processes filtration of an idea barotropic gas through a porous medium (see [2]).

Let us point out that when p(z) = p = constant, there is a large literature which deals with
problems involving the p-Laplacian with Dirichlet boundary conditions both in the scalar case and
elliptic systems in bounded or unbounded domains, which we do not need to cite here since the reader
may easily find such papers. Many authors investigated the existence and multiplicity of solutions
for problems involving p(z)-Laplacian. In recent years there has been an increasing interest in the
study of variational problems and elliptic equations with variable exponent. We refer to [19, 21, 27]
for the theory of LP(®) and W'P(#) (). The case of p(x)-Laplacian with Dirichlet conditions on
the scalar case has been studied by Fan and Zhang [20]. In fact, in [20], Fan and Zhang first
introduced some basic properties of the generalized Lebesgue—Sobolev spaces VVO1 p(@) (©2) which
can be regarded as a special class of generalized Orlicz— Sobolev spaces, and second they presented
several important properties of p(z)-Laplace operator, and finally under some appropriate conditions
on the nonlinear term, they established some existence results of weak solutions of the problem (1).
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Bonanno and Chinni in [7], employing a three critical point theorem for nondifferentiable functionals
due to Bonanno and Marano [12] (Theorem 3.6), established the existence of at least three weak
solutions for the problem

_Ap(a:)u = )\(f(x,u) + ,ug(x, u)) in Q,
u=20 on 0,

where Q ¢ RN, N > 1, is a nonempty bounded open set with a smooth boundary 992, p € C(9Q),
A and p are two positive parameters and f, g: 2 x R — R are two measurable with respect to each
variable separately functions and possibly discontinuous with respect to «. Bonanno and Chinni also
in [8] based on a convenient form of the recent three critical points theorem obtained by G. Bonanno
and S. A. Marano [12] investigated multiplicity of solutions for the problem (1).

In the present paper, motivated by [7, 8], first employing two related three critical points theorems
for differentiable functionals due to Bonanno and Candito [6], we ensure the existence of at least
three weak solutions for the problem (1) (see Theorems 4 and 5) and then, using a very recent a local
minimum theorem for differentiable functionals due to Bonanno [5], under different assumptions
which have been assumed in Theorems 4 and 5 we establish the existence of at least one nontrivial
weak solution for the problem (1) (see Theorem 7). Theorems 4 and 5 extend the results of [8].

For a thorough account on the subject, we refer the reader to the papers [9, 10, 13, 14, 22, 23, 26].

2. Preliminaries and basic notations. In this section, we introduce some definitions and results
which will be used in the next section. Firstly, we introduce some theories of Lebesgue—Sobolev
spaces with variable exponent. The details can be found in [17, 19, 21]. Set

L) = {p € L>(Q): essinf p(z) > 1}.

zeQ

For p € LE°(2), denote

p- =p (Q) =essinfp(x) and  pT =p"(Q) = esssupp(z)

e e

for any p(x) € L (£2), we define the variable exponent Lebesgue space

LP®)(Q) = { u: u is a measurable real-valued function such that / lu(z)[P®dz < 0o
Q

We define a norm, the so-called Luxemburg norm, on this space by the formula

p(z)

u()\ac) dr <1

[ull Loty () = Inf ¢ A > 0: /
Q

The space (LP(*)(Q), [-llp)) is a Banach space. Define the variable exponent Sobolev space
Wr)(Q) by
wie@)(Q) = {u e LP@(Q): [Vu| € Lp(""”)(Q)}
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equipped with the norm
HuHVIflaP(ﬂ”)(Q) = ”“HLP(@’)(Q) + HVUHLP(@(Qy
Denote by W, '™ (Q) the closure of C§°(€2) in W1P(®) (). On W) (Q) we consider the norm

[ull: = IVull Lo (q)-

Here we display some facts which will be used later.
Proposition 1 (see [20]). (i) The spaces LP®)(Q), WP(*)(Q) and I/VO1 P (x)(Q) are separable
and reflexive Banach spaces.
(ii) There is a constant c > 0 such that ||ul| ,p@) () < cl|Vull o) ) for all u € Wol’p(w)(Q).
Proposition 2 (see [7]). Set pp(u) = / ()PP da. For u € Wy (Q), we have
Q

@) flul <1(=1> 1)1<:> pp(|Vul) <11(= 1;>1). ,
(i) If [[ull > 1, then —||ul”” < / —— V()P Pdz < — [Ju|"".

p Q p

1 p(af) 1
(i) If||u|| < 1, then — up+§/Vux Py < —|lu|P".
If |l e [l A p($)! ()| p= [l
As pointed in [20, 27], WP(#)(Q) is continuously embedded in W~ (Q) and, since p— > N,
WP~ (Q) is compactly embedded in C°(Q2). Thus W1P(*)(Q) is compactly embedded in C°(€).
So, in particular, there exists a positive constant ¢y such that

lullcoey < collull @)

for each u € W™ (0).
Let X denotes the Sobolev space I/VO1 P (m)(Q). Let G(u) = /
Q
We denote L = G': X — X*, then

1

Vu(z) P dx for all u € X.
S lVuo)

L(u)(v) —/|Vu(:r)]p(x)_2Vu(a:)Vv(:B) dx
Q

for all u,v € X.

Proposition 3 (see [20]). (i) L: X — X* is a continuous, bounded and strictly monotone
operator.

(ii) L is a mapping of type (S4), i.e., if up, — w in X and limsup,,_, . (L(uy), u, —u) < 0,
then u, — uin X.

(i) L: X — X* is a homeomorphism.

We say that u is a weak solution to the problem (1) if u € X and

/ |Vu(z)[P®)2Vu(z)Vo(z)ds — /\/f(a;, u(z))v(z)dr =0
Q Q

for every v € X.
Put
§(x) =sup {6 >0: S(z,0) C Q}
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where S(x,d) denotes the ball with center at x and radius of §, for all = € €, one can prove that
there exists z € (2 such that S(zg, D) C Q, where D = sup,c 6(x). Set

N/2

where I' is the Euler function, and for each r > 0, set

m =

yr 1= max {(pFr) /P, (pTr) P,
Put

F(.%,t) :/f(x>£)d§
0

for all (z,t) € 2 x R.

3. Existence of three solutions. In the following section we establish the existence of at least
three weak solutions for the problem (1). Our main tools are two three critical points theorems. In
the first one the coercivity of the functional ® — AV is required, in the second one a suitable sign
hypothesis is assumed. The first result has been obtained in [4], the second one in [3]. Here we recall
them as given in [6].

Theorem 1 ([6], Theorem 3.2). Let X be a reflexive real Banach space, ®: X — R be a
coercive and continuously Gateaux differentiable functional whose derivative admits a continuous
inverse on X*, ¥ : X — R be a continuously Gdteaux differentiable functional whose derivative is

compact, such that
ig(fq) =®(0) = ¥(0) =0.

Assume that there is a positive constant v and v € X, with 2r < ®(v), such that
su —1(— U(u 2V(v
(o) SPuce (00D (u) _2 (3);
r 3 ®(7)

(ag) forall A € ] §(I>(g) , ! [, the functional ® — \V is coercive.
2U(0) suPyep—1(—con) V(1)
3 ®(v) r _
Then, for each \ € |-——, the functional ® — AV has at least three
2V(0) SuPyep—1(—ooyp Y(w)

distinct critical points.

Theorem 2 ([6], Theorem 3.3). Let X be a reflexive real Banach space, ®: X — R be a
convex, coercive and continuously Gdteaux differentiable functional whose derivative admits a con-
tinuous inverse on X*, ¥: X — R be a continuously Gateaux differentiable functional whose
derivative is compact, such that

1) infx ® = ®(0) = ¥(0) = 0;

2) for each A > 0 and for every ui, ug which are local minimum for the functional ® — AV and
such that V(uy) > 0 and V(uz) > 0, one has

inf W(su; + (1 —s)uz) > 0.
s€[0,1]

r
Assume that there are two positive constants 11, 1o and v € X, with 2r; < ®(v) < 52, such that
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SUPyued—1(]—o0,r1]) \Ij(u)

2
r 3
1
3

(b1)

SUPyed—1(]—o0,r2[) \Ij(u)

(b2)

T2
3 (I)(@) { 1 7’2/2
———=, min ,
29 () SUPyed—1(]—oco,ri[) (W) SUPuea—1(—co,r)) V(1)
tional ® — \V has at least three distinct critical points which lie in ®1(] — oo, ra]).
A special case of our main results is the following theorem.
Theorem 3. Let Q C R? be a nonempty bounded open set with a smooth boundary 0). Let f
t

R — R be a continuous function and put F(t) = / f(&)d¢ for all t € R such that F(h) > 0 for
0
some h > 0 and F(§) > 0in [0, h]. Fix p(x) = p > 2 and assume that

FE) . () _

lim inf = lim sup =
=0 6P jestee 6P

Then, for each \ € ] }[, the func-

Then, there is \* > 0 such that for each \ > \* the problem
—Apu = Af(u) in €,
u=20 on OS2

admits at least three weak solutions.

Remark 1. Similar results to Theorem 3 have been obtained in [11] (Theorem 0) in which a class
of Dirichlet quasilinear elliptic systems driven by a (p, ¢)-Laplacian operator has been considered, and
also in [25] (Theorem 1) in which a quasilinear second-order differential equation has been studied.

We formulate the existence results as follows:

Theorem 4. Let f: Qx R — R be an L'-Carathéodory function such that essinf cq F(z,£) >
> 0 for all £ € R. Assume that there exist two positive constants v and h such that

1 [[2p\" [2n\P" V2V 1
(Ap) p+m1n{<D> ’<D> }mD 9N > 2r;

SUP|¢|<cqry, £ (T, t)dx

2essinf,eq F(z, h)

@) e

Fla, 1) /QSUPt|<co'yr F(x,t)dz

(Ag) 2

I

(A3) limsupyy 4o

P~ /p* r
Then, for each
1 2h\P~ [2h\P"
— mi = = o2V 1
3p+mm{<D> ’(D> }( ) r
2 essinfyeq F(z, h) ’

/quPtlécow F(x,t)dz

the problem (1) admits at least three weak solutions.
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Proof. In order to apply Theorem 1 to our problem, we introduce the functionals &, W:
X — R for each u € X, as follows:

L|Vu(:1:)’p(gg)al:13

u) = p(x)

O

and

U(u) = /F(m,u(x))dx
Q

It is well known that ® and ¥ are well defined and continuously differentiable functionals whose
derivatives at the point u € X are the functionals ®’(u), V'(u) € X*, given by

&' () (v) = / Vu(@)P@ 2 Vu(z) Vo(z)de
Q

and

() (v) = / £z, () yo() de
Q

for every v € X, respectively, as well as ¥ is sequentially weakly upper semicontinuous. Moreover, ¢
is sequentially weakly lower semicontinuous and ®’ admits a continuous inverse on X *. Furthermore,
U’ X — X* is a compact operator. Set

(0 if xeQ\ S(zo, D),
. D
o) — A if z¢ S(ZEO, 2>, ?3)

It is easy to see that w € X and, in particular, one has

1 [ /2n\" [f2n\*" oN 1
p+m1n{<D> ’(D) }mDN N < O(w) <

1 2h\P [2n\P" 2N 1
< — = — DN 4
_p‘max{<D> ’<D> }m 2N @
and
DAY
U(w) > / F(z,w(z))dx > ess iélfF(:E, h)m (2> . Q)
BAS
S(zo,D/2)

From (A1), taking (4) into account, we get ®(w) > 2r. Thanks to the embedding X — C°(Q), we
have

O] = o0,1) = fu € X;B(u) < 1} =
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1
= ueX;/Vua:p(x)dm<r -
| 517

C {u e X;lu(z)| < coyr forall zeQ},

and it follows that

sup U(u) = sup /F(J;,u(x))dx <
ued—1(]—o0,r|) ued—1(]—o0,r|) o

< sup F(x,t)dz.

[t|<covr

SO

Therefore, owing to the assumption (A2), (4) and (5), we get

SUPyued—1(]—o0,r[) \I/(u) _ SupUG‘P1(}—oo,r[)/()F(x7u(x))dx g
r r —

/sup|t<60% F(x,t)dz
< 2L <
,

Frel () (5) Jer o T

Furthermore, from (A3) there exist two constants 7,9 € R with

essinf ecq F'(x, h) < 2 ¥ (w)

[SURIN )

<

/quptlgzow F(x,t)dz
n <

,
such that
P
|QeoF(z,t) < n% +9 forall z€Q andforall ¢te R".
p
Fix © € X. Then
1 u()[P
F(x,u(z)) < + 9 forall x € Q. 6
(@u(e) < <n . ©

Now, in order to prove the coercivity of the functional ® — AW, first we assume that n > 0. So, if
||u|| > 1, for any fixed

pl @@ e

) essinf,eq F'(z, h) / SUD|t|<cor, F(2,1)d
o <

)
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bearing (2) in mind, from Proposition 2 and (6) we obtain

1
p(z)

D(u) — A\(u) = / V() [P® de — A / F(z,u(z))dz >
Q

Q

~
" oo
o 0 pt

2>
pT 1Q|e co
Lo o Qe M
Ll - S Bl A0
p Qeg p co
r 1 -\
> 1-n el =2
/QSUP|t§c0% F(z,t)dx

and thus
lim  (®(u) — A¥(u)) = +o0.

[[ul| =00

1683

On the other hand, if 7 < 0. Clearly, we get limjj, | 4.0 (®(u) — A¥(u)) = +o0. Both cases lead to

the coercivity of functional ® — AW.

So, the assumptions (a;) and (az) in Theorem 1 are satisfied. Hence, by using Theorem 1, taking
into account that the weak solutions of the problem (1) are exactly the solutions of the equation

@’ (u) — AV'(u) = 0, we have the conclusion.
Theorem 4 is proved.

Theorem 5. Let f: Qx R — R be an L'-Carathéodory function such that essinf cq F(z,£) >
> 0 for all £ € R and satisfies the condition f(z,t) > 0 for all (z,t) € Q x (RT U {0}). Assume

that there exist three positive constants 11, 12 and h with

1 [ /2n\" [2n\*" DL
27“1<p+m1n{<D> ’<D> }mD N

nd 1 om\?~ [2h\P" oN 4
2 e e N& T 2
p_max{(D> ’(D) }mD 5N <2
such that
F(z,t)d
" Si a % ” % p+ (2N _ 1)’
p= max i) A5
F(z,t)d
(By) /QSUPHSCW" (z,t)de essinfycq F(z, h)

S R S

ISSN 1027-3190.  Vkp. mam. scypn., 2014, m. 66, Ne 12



1684 S. HEIDARKHANI, B. GE

Then, for each

o (5) () feron

A 2
< 2 essinfyeq F(z, h) ’

T2

1 2

/qupltlﬁcww F(x,t)dx /quptISC(m F(x,t)dx

min

1

the problem (1) admits at least three nonnegative weak solutions v*, v*, v® such that

1 )

/()|ij (2)|PPdx <ry  foreach z €, j=1,2,3.
p(z

Q

Proof. Let ® and VU be as in the proof of Theorem 4. Let us employ Theorem 2 to our functionals.
Obviously, ® and ¥ satisfy the condition 1 of Theorem 2. Now, we verify that the functional ® — AU
satisfies the assumption 2 of Theorem 2. Let v* and u** be two local minima for ® — AW. Then u*
and u** are critical points for ® — AW, and so, they are weak solutions for the problem (1). Since
f(x,t) > 0 for all (z,t) € Q x (R U{0}), from the Weak Maximum Principle (see for instance
[15]) we deduce u*(x) > 0 and w**(x) > O for every = € 2. So, it follows that su* + (1 —s)u** > 0
for all s € [0, 1], and that f(su* 4+ (1 — s)u**,t) > 0, and consequently, ¥(su* + (1 — s)u**) > 0
for all s € [0, 1]. Moreover, from the conditions

1 [/2p\" [2n\*" N2V -1
27“1<p+m1n{<D> ’(D) }mD 27]\[
1 oh\P~ [2h\P" N2V -1y
p—ma"{<p> (p) }mD N <y

we observe 211 < ®(w) < %2 Next, thanks to the embedding X < C°(Q), we have

and

d Y] —oo,m])={ue X;®(u) <r}=

1
= uEX;/Vuxp(z)dm<r C
Qp(x) (@)] 1

C {ue X;lu(z)| < coyr, forall zeQ},
and it follows that
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sup U(u) = sup )/F(x,u(x))dxﬁ! sup F(xz,t)dzx.

u€d—1(]—oo,r1[) u€P—1(]—oo,r1 | 2 [t|<coyr

Therefore, owing to the assumption (B1), we get

_ , F d
SUPyed—1 (oo ) ¥ (1) _ SUP,cp 1(}_007,1[)/9 (x,u(x))dr )
1 -

1

/supMSCO,le F(x,t)dz
< =8 <
1

essinfycq F(z, h) < 2 U (w)

ol () (5) Jero T

As above, using the assumption (B2), we obtain

<2
3

_ F d
SUDyed 1 (J—oors)) Y (1) _ SUP,cp 1(}_007742[)/9 (x,u(z))dx )
) -

T2

/quphtgcmr2 F(x,t)dz
<

= <
T2

essinfycq F(z, h) 10 (w)

ol (5 (5) Jer o T

<

Wl

1685

So, the assumptions (b;) and (bs) in Theorem 2 are satisfied. Hence, by using Theorem 2, taking
into account that the weak solutions of the problem (1) are exactly the solutions of the equation

@’ (u) — AU'(u) = 0, the problem (1) admits at least three distinct weak solutions in X.
Theorem 5 is proved.

We end this section by proving Theorem 3.
Proof of Theorem 3. Fix

F
Taking into account that lim inf¢_, ﬁ
=0 and
lim < MAX 4 <o (prp) /P F(t)

n—-+oo Tn

Hence, there is 7 > 0 such that

=0.
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(@ maxyy <oy £ _ . 2p F(h)

1
7 9%’”)\
D

and 27 <

3D*m (2h\?
4p D> '

From Theorem 4 the conclusion follows.

4. Existence of a nontrivial solution. First we here recall for the reader’s convenience [28]
(Theorem 2.5) as given in [5] (Theorem 5.1) (see also [5] (Proposition 2.1) for related results) which
is our main tool to prove the main result.

For a given nonempty set X, and two functionals ®, ¥: X — R, we define the following

functions:
SUPyed—1(ry,ra]) Y (w) — ¥ (v)

Fry,7r9) = inf
rur2) = o B ry — O(v)
and
s = sup (V) — SUPyeq—1(j—oo,r ) ¥ (1)
1,72) —
ved—1(Jr1,r2]) d(v) — 1

forall ri,r9 € R, 71 < 7o.

Theorem 6 ([5], Theorem 5.1). Let X be a reflexive real Banach space, ®: X — R be a se-
quentially weakly lower semicontinuous, coercive and continuously Gdteaux differentiable functional
whose Gdteaux derivative admits a continuous inverse on X* and V: X — R be a continuously
Gateaux differentiable functional whose Gateaux derivative is compact. Put I = ® — AV and assume
that there are r1,79 € R, v < ro, such that

I(ri, ) < p(ry,ra).

1 1
Then, for each A\ € ] p(n,?”z)’ TE
Vu € ®7(Jr1,r2]) and I} (up») = 0.
We formulate the main result of this section as follows:
Theorem 7. Let f: Qx R — R be an L'-Carathéodory function such that essinf cq F(z,£) >
> 0 for all £ € R. Assume that there exist a nonnegative constant r1 and two positive constants 19

[ there is ug \ € ®~Y(Jr1,r2[) such that I\(ug ) < In(u)

and h with .
I 2h\P [2n\? N2V -1

ry < E_mln { (D) , <D> }mD o
and .

1 2h\P [ 2h\? 2N 1

- - - DN

L (27 () Vo Bt <
such that

DA\N
/qup|t<60%2 F(x,t)dx — essinfyecq F(z, h)m <2>

(OO
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DA\N
/qup|t<cwr1 F(x,t)dz — essinfyecq F(z, h)m (2>

R FEANNEAN
1 erInln D "\ D
R FE A EA
1 ermln D "\ D
D

N?
/qup|t<cwr1 F(x,t)dz — essinfyecq F(z, h)m ()

{33

D N
/quptlgcmrz F(z,t)dx — essinfyecq F(z, h)m <2>

(N

Then, for each

the problem (1) admits at least one nontrivial weak solution vy € X such that

1
_— p(z)
ry < Q/p(x)Wuo(a:ﬂ dr < ro.

Proof. In order to apply Theorem 6 to our problem, let the functionals ®, ¥ : X — R be as in the
proof of Theorem 4. As seen in the proof of Theorem 4, ® and U satisfy the regularity assumptions
of Theorem 6. Choose w as given in (3). Taking (4) into account, from the conditions

1 [/2p\" [2n\P" V2N -1
r1<p_~_mln{<D> 7<D> }mD 27]\]
1 om\? [2h\P oV 1
F max { <D> 5 <D> mDN 2N <T9

r < <I>(w) < To.

and

we get
Thanks to the embedding X < C°(€2), we have

<I>*1(] —o0,r9]) ={u € X;P(u) < ry} =

1
= ueX;/Vuxp(x)d:C<r C
p(x)‘ ()‘ 2

N

{ue X; |u(z)] < coyr, forall zeQ},
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and it follows that

su U(u) = su F(x,u(x))dr < sup F(x,t)dx.
b W p[)/<<>>ﬂ/p<>

ued~!(]—o0,r2() u€d=(J—ooma[) [t|<coyry

Therefore, one has

SUPyed—1(|—oo,ra)) ¥ (1) — ¥(w)
To — <I>(w)

V¥(ri,re) < <

/ SUPt|<covr, F(x,t)dr — V(w)
< 28 <
N ro — ®(w) =

. D\"
/qupltéco%@ F(x,t)dx — essinfyecq F(z, h)m <2>

< - 7
L L (Y (2
T pimax i) A D

On the other hand, arguing as before, one has

\Il(w) — SUPyed—1(]—o0,r1]) \Ij(u)
O(w) —ry

p(ri,re) > >

U(w) — / SUD|t|<coy,, F'(@; t)dx
> Q

- O(w) —m <

DAY
/qupltﬁcmrl F(x,t)dr — essinf ecq F(x, h)m <2>

r —imin % " % "
1 p+ D ) D

Hence, from Assumption (C;), one has ¥(ry,72) < p(ri,r2). Therefore, applying Theorem 6, for

each
Lo (Y (2
T erInln D D

DAY’
/qupltﬁcmrl F(x,t)dx — essinf ecq F(x, h)m <2>

e {(5)(5))

D\Y
/quptlﬁcmm F(x,t)dr — essinf eq F(x,h)m <2>

)
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the functional ® — AW has admits at least one critical point ug € X such that r; < ®(ug) < 7o,
that is

p(x)

Hence, taking into account that the weak solutions of the problem (1) are exactly the solutions of the
equation ®'(u) — AW’ (u) = 0, we achieve the stated assertion.

Theorem 7 is proved.

Now we point out the following consequence of Theorem 7.

Theorem 8. Suppose that

N A CE AN RS SRS A AN
— — — — max< | — — .
pt D "\ D ~p D "\ D
Let f: Q x R — R be an L'-Carathéodory function such that essinf,cq F(x,&) > 0 for all £ € R.
Assume that there exist two positive constants v and h with

1 oh\?~ /2h\P" oN _1
- i i DN
p_max{(D> (D> }m <

DA\
/qup|t<cmrF(:c,t)dx essinfzeq F'(z, h)m 2)
(C2) <

= OEOR
e CEC

DA\N
essinf cq F(x, h)m <2> /qupﬂSCo’Yr F(x,t)dz

1
ry < /\Vuo(m)]p(x)dx < 9.
Q

such that

Then, for each

A€

the problem (1) admits at least one nontrivial weak solution ug € X such that

1
Bl | v/ p(*) g
" </p(x)| uo ()] T < T2

Proof. The conclusion follows from Theorem 7 by taking r; = 0 and ro = r. Indeed, owing to
our assumptions, one has

D\N
/qupt|<cmr F(x,t)dz — essinfyecq F(xz, h)m <2>

(GG )
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Q
L 2h\" (2h\"
T P max i) A\ D
D N
/Sup|t|gcw F(x,t)dx essinfycq F(x, h)m (2>
Q < ’ .
7“ Lo (2 (22Y
- max D , D

DAY
essinfyecq F(x, h)m <2>
<

{6 6) )

In particular, one has

. D\"
/qul)ltléco% F(z,t)dz — essinf,cq F(z, h)m (2) /qupt|§00"/r F(x,t)dz

- - <
1 2h\? 2h\? r
r — — max — —
p- D) '\ D
Hence, Theorem 7 concludes the result.
Theorem 8 is proved.

t
Let f: R — R be a continuous function, and put F'(t) = / f(€) d¢ for all t € R. We have the
0

following result as a direct consequence of Theorem 7.
Theorem 9. Let f: R — R be a nonnegative continuous function. Assume that there exist a
nonnegative constant r1 and two positive constants ro and h with

1 [ [2n\" [2n\*" V2N -1
7’1<p+mln{<D> ,<D> }mD 27]\7
1 2h\P~ [2h\P" N2V -1
p_max{(D) ’<D) }mD o <79
D\ D\
1F @)~ Fm (3 ) 4F @)~ Fm (3 )

— < — .
IR A E AT S (AT EAY
9 pimx D N D T1 p+m1n D 5 D
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Then, for each
1 [ /2n\" [f2n\*" 1 9n\P /2h\P"
71— — min — — 9 — — Iax — —
LTt D) '\ D 2T D)’

a Q4P (eo) — F()m (?)N

the problem
—Ap@u = Af(u) in Q,

u=0 on 0N

admits at least one nontrivial weak solution ug € X such that

1
i | v p(@) g
e /p(x)‘ uo(x)] T < ro.

We end this paper by giving the following special case of our main result of this section.
Theorem 10. Let p(x) =p > N. Let h: Q — R be a positive and essentially bounded function

and g: R — R be a nonnegative function such that

m —5 = +00.
t—0+ tP~1

r

| SUPr>0
co(pr)t/?
| #ia)da JRTGL

—Apu = Ah(x)g(u) in Q,

Then, for each A € |0,

, the problem

u=0 on 0N

admits at least one nontrivial weak solution in X.

T

Proof.  For fixed A € |0, /h()d SUPr>0 = o7
xX)ax
i [ s

, there exists positive

constant r such that

1 T
A< .
Wayde | [0
) [ s
0
t
o | sterae
Moreover, the condition lim;_,o+ et ~+o0 implies lim;_,o+ Otip = +00. Therefore, we

. o1 2p\P 2N 1
can choose positive constant A satisfying — D mD 5N < r such that
p
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g . / hg(f)dﬁ'

A D\ < hp
pDP essinf, cq h(z)m <2>

Hence, Theorem 8 ensures the conclusion.

Remark 2. All proofs in this paper are based on the computation of value of the corresponding

functionals on the function w(z) introduced in (3), which has been taken as the same as in [7].
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