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C2 PROPERTY OF COLUMN FINITE MATRIX RINGS *
C2 BJIACTUBICTDH CTOBITYMKOBUX CKIHHEHHUX MATPUYHUX KIJIEIIb

A ring R is called a right C2 ring if any right ideal of R isomorphic to a direct summand of R is also a direct summand.
The ring R is called a right C3 ring if any sum of two independent summands of Rr is also a direct summand. It is well
known that a right C2 ring must be a right C3 ring but the converse assertion is not true. The ring R is called J-regular
if R/J(R) is von Neumann regular, where J(R) is the Jacobson radical of R. Let N be the set of natural numbers and A
be any infinite set. The following assertions are proved to be equivalent for a ring R : (1) CFMy(R) is a right C2 ring;
(2) CFM (R) is a right C2 ring; (3) CFMy(R) is a right C3 ring; (4) CFM (R) is a right C3 ring; (5) CFMn(R) is a
J-regular ring and M, (R) is a right C2 (or right C3) ring for all integers n > 1.

Kinbiie R HasuBaeThesi mpaBuM C2 KisbIieM, SIKIO Oyab-sIKHii TpaBuil inean R, 110 € i30MOpHHUM [0 MPSIMOTO J0JaHKa
B RR, Takox € npsMuM nonaHkoM. Kinbue R HasuBaerbes npaBuM C3 Kinblem, sIKIIO Oyab-sika CyMa JBOX HE3aJEKHHX
JOMaHKIB B Rp Takox € mpsaMuM aogankoM. Bimomo, 1o mpase C2 kinbiie Mae 6yTu npaBum C3 KiblieM, ajie MPOTHICIKHE
TBepUKeHHs € HeBipauM. Kinbue R HasuBaetbest J-perymsapuum, sikimo R/J(R) € perymsipaum y cenci ¢pon Hoiimana,
ne J(R) — paguxan Sko6cona mis R. Hexait N — MHOXHHA HaTrypanpHHX 4ucen, a A — meska HeCKiHICHHA MHOXKHHA.
JloBezieHO, 10 HACTYIHI TBEpIPKEHHs € ekBiBaneHTHUMH 1ust Kinbus R: (1) CFMy(R) — npase C2 kinsue; (2) CFM, (R)
— mpase C2 kinsue; (3) CFMy(R) — npase C3 xinsue; (4) CFM (R) — npase C3 kinsue; (5) CFMy(R) — J-perymsipae
kinbre, a M, (R) — npase C2 (abo npase C3) Kinblie 115 Beix uinux n > 1.

1. Introduction. Throughout this paper, rings are associative with identity and modules are unitary
modules. We denote by N the set of natural numbers. For a ring R, M, (R) denotes the ring of
all (n x n)-matrices over R and J(R) means the Jacobson radical of R. Let A be an infinite set.
CFM (R) means the column finite card(A) x card(A) matrix ring over a ring R, where card(A) is
the cardinality of A. For a module M, M) is the direct sum of copies of M indexed by a set A.
We use N <gq M to show that N is a direct summand of M. And use End(M) to denote the ring of
endomorphisms of M.

The following are three well-known generalizations of the injective condition of a module M.

C1) Every submodule of M is essential in a direct summand of M.

Cq) Every submodule that is isomorphic to a direct summand of M is itself a direct summand
of M.

Cs3) If A and B are direct summands of M with AN B =0, then A ® B <g M. M is called
a C'i module if it satisfies condition Ci¢, ¢« = 1,2,3. Cl modules are also called CS (or extending)
modules. A C2 module is always a C3 module and the converse is not true. A ring R is called a
right Ci ring if the right R-module Rp is a Ci module, ¢ = 1,2,3. Much more information about
these conditions can be referred to [5].
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Let R be a ring and A be an infinite set whose cardinality is not Yg. It can be proved that
CFM(R) is a right C1 ring may not inform that CFM (R) is a right C1 ring (see [4], Example). In
this short article, we concentrate on the C2 property of column finite matrix rings. Some interesting
results are obtained. It is proved in Theorem 2.3 that, for any infinite set A, CFM(R) is a right C2
ring if and only if CFM, (R) is a right C2 ring if and only if CFMy(R) is a right C3 ring if and
only if CFM (R) is a right C3 ring.

2. Results. First we look at some basic results on column finite matrix rings. Let R be a ring
and A be an infinite set. We consider the right R-module R%\) as the set of all card(A) x 1 column
matrices with finite nonzero entries in £. We have the following results.

Proposition 2.1. Let R be a ring and A be an infinite set. Then every right ideal I of CFM (R)
has the form I={[a By .., B,7v,... € T}, where T is a submodule ofR%\). In particular, I is
an essential right ideal of CFM (R) if and only if T' is an essential submodule of R%\)j and I is a

direct summand of CFM A(R)CFMA( R) if and only if T is a direct summand of R%X).

Proof. Set A={[a By .. Jla,B,7,... € T}, where T is a submodule of R%\). It is easy to
verify that A is a right ideal of CFM (R). Now let 7" be the set of columns those appear in all the
matrices of . It is clear that 7" is a submodule of R%\) and I={[a By .., Byy,... € T}.

Proposition 2.2. Let R be a ring and A be an infinite set. Assume > = e € R. Set M = eR
and S = eRe. Then End(Ml(%A))% CFMA (S5).

Proof- We prove the case A = N. The others are similar. To be convenient, we consider
M ](%N) as the set of all column (N x 1)-matrices with finite nonzero entries in M. Then for any

a € M}(%N) and A € CFM(9), Aa € MI%N). Now define a map F' from CFMy(S) to End(M}zN))

such that for every A € CFMy(S) and any « € MI(DLN), F(A)(a) = Aa. It is clear that F' is a ring
homomorphism from CFM(S) to End(M éN)). Next we show that F' is an isomorphism. It is easy
to see that F' is a monomorphism. We only need to show that F' is epic. Let ¢; be the element
in M I(%N) with the ¢th entry equal to e and the others are zero, Vi € N. Assume ¢ € End <M }(%N)).
Let B = [gp(el),cp(sg), oo o(en), - ] and £ = [51,52, ey Emy e } be the matrices with the ith
column equal to ¢(g;) and ¢;, respectively, i € N. It is clear that E*> = E and BE € CFMy(S).
Foreach X ¢ M (N , there exists finite nonzero elements r; € eR, ¢ € N, such that X = Zoil EiTi.
Let C be the column (N x 1)-matrix with the ith entry equal to r;, i« € N. Then X = EC. Thus
[e.e] o o0

p(X) = o( D" ) = 3" leri = Y pleieri = BEC = BEEC = BEX. Set
A = BE. ltis clear that ¢ = F'(A). Therefore, I is an epimorphism.

Lemma 2.1 ([6], Theorem 7.14). Let Mp be a module and write E = End(MRg). Then

(1) If E is a right C2 ring, then Mg, is a C2 module.

(2) The converse in (1) holds if Ker(«) is generated by M whenever o € E is such that rg(c)
is a direct summand of EFf.

=

Theorem 2.1. Let R be a ring and A be an infinite set. Then
(1) CFM(R) is right C1 if and only if R is a C1 module.
(2) CFM(R) is right C2 if and only if R\ is a C2 module.
(3) CFM(R) is right C3 if and only if R\ is a C3 module.
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Proof. (1) and (3) are directly obtained by Proposition 2.1.

(2) By Proposition 2.2, End(R%\)) = CFM\ (R). Since R%) is a generator of right R-modules,
according to the above lemma, CFM (R) is a right C2 ring if and only if R%\) is a C2 module.

Applying a similar proof, we have the following theorem.

Theorem 2.2. Let R be a ring and n be a positive integer. Consider Ry, as direct sum of n
copies of Rp. Then

(1) M, (R) is right C1 if and only if R}, is a C1 module.

(2) M, (R) is right C2 if and only if R}, is a C2 module.

(3) M, (R) is right C3 if and only if R}, is a C3 module.

Recall that a ring R is called right (countably) 3-CS if every (countable) direct sum of copies of
Rp is CS. And a right countably 3-CS ring may not be right ¥-CS. In fact, a von Neumann regular
right self-injective ring is right countably >-CS but not right 3-CS unless it is semisimple (see [4],
Example). Thus, by Theorem 2.1, CFM(R) is a right C1 ring may not imply that CFM, (R) is a
right C1 ring for every infinite set A. But if C1 is replaced by C2 or C3, the results will be different
and interesting. Before giving our main results, we need some lemmas.

The next result was firstly obtained by Yigiang Zhou. To be self-contained, we write down the
proof.

Lemma 2.2 (Zhou’s lemma). Let R be a ring and M be a right R-module. If the direct sum
M & M is a C3 module, then M is a C2 module.

Proof. Assume K is a submodule of M that is isomorphic to a direct summand L of M. We
want to show that K is also a direct summand of M. Let f be the isomorphism from K to L. Set
K ={(z,f(z):z e K},) '’ =0&Land M = M ®0. Then K' + M’ = M ¢ L is a direct
summand of M & M. Since K' N M’ = 0, K’ is also a direct summand of M & M. It is clear that
K'NL' = 0and L’ is a direct summand of M @ M. Because M &M is a C3 module, K'+L' = K®L
is a direct summand of M & M. As K @ 0 is a direct summand of K & L, K & 0 is also a direct
summand of M & M. This shows that K & 0 is a direct summand of M & 0. It is clear that K is a
direct summand of M.

We define a ring R to be J-regular if R/J(R) is a von Neumann regular ring.

Lemma 2.3. A ring R is right perfect if and only if CFMy(R) is a J-regular ring.

Proof. See [3], Theorem 1.

Lemma 2.4 ([1], Lemma 19.18). Let R be a ring and V be a flat right R-module and suppose
that the sequence

0K—>V—-V 50

is exact. Then V' is flat if and only if for each (finitely generated) left ideal I CrR, KI = KNVI.

Theorem 2.3. The following are equivalent for a ring R.

(1) CFM(R) is a right C2 ring.

(2) CFM(R) is a right C3 ring.

(3) For any infinite set A, CFM (R) is a right C2 ring.

(4) For any infinite set A, CFM (R) is a right C3 ring.

(5) CFM(R) is a J-regular ring and M,,(R) is right C2 for all integer n > 1.

(6) CFM(R) is a J-regular ring and M,,(R) is right C3 for all integer n > 1.

Proof. Let A be an infinite set. It is clear that R%X) = (R%\) S R%\)). Then by Theorem 2.1,
Theorem 2.2 and Lemma 2.2, we have (1) < (2), (3) < (4) and (5) < (6). Next we only need to
prove (1) = (5) = (3) = (1).
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(1) = (5). If R satisfies (1), by Theorem 2.1, Rg) is a C2 module. For any integer n > 1, R},
can be looked on as a direct summand of Rg). Since a direct summand of a C2 module is always
a C2 module, we have that R, is a C2 module. Then by Theorem 2.2, M,,(R) is right C2 for all
integer n > 1. Now we prove that CFM(R) is a J-regular ring. According to Lemma 2.3, we need
to show that R is a right perfect ring. By [1] (Theorem 28.4), we will prove that R satisfies DCC
on principal left ideals of R. The following method is owing to Bass [2]. Let Ra; 2 Raca; 2 ...
be any descending chain of principal left ideals of R. Set F' = Rg) with free basis 1, x3,... and G
be the submodule of F' spanned by y; = x; — x;+1a;,7 € N. By [1] (Lemma 28.1), G is free with
basis y1,y2,.... Thus G =2 F. F' is a C2 module implies that G is a direct summand of F. Then by

[1] (Lemma 28.2), the chain Ra; 2 Raga; 2 ... terminates.
(5) = (3). By Theorem 2.1, We only need to show that R%\) is a C2 module. Assume K

is a submodule of the free module F' = R%\) and K is isomorphic to a direct summand of F. In
order to show that K is also a direct summand of F, we only need to prove that F'/K is a projective
R-module. Since CFM(R) is a J-regular ring, by Lemma 2.3, R is a right perfect ring. According
to [1] (Theorem 28.4), every flat right R-module is projective. Thus, we just need to show that F'/ K
is flat. As R is right perfect, R is semiperfect. Then R has a basic set of primitive idempotents
€1,-..,em. Since K is projective, by [1] (Theorem 27.11), there exist sets Aj,..., A, such that
K= (e R @... & (enR)Am). Set X = card(A). Since K is isomorphic to a direct summand
of F, K is A-generated. So each (e;R)(4) is also A-generated, i = 1,2,...,m. As X is an infinite
cardinality, by [1] (Lemma 25.7), card(A;) < A\, i =1,2,...,m. So card(A4;) + ... + card(A;,) <
<mA=X\SetL = (e;R))@...® (e, R)Am). Then L can be considered as a direct summand of
F.LetA={Lo<g L: Ly = (e1R) A1) @ ... @ (e, R)Aem) with card(Aq,) + ... + card(Aq,,)
is finite } It is clear that L = | J; g Lo and, for any left ideal I of R, LI = (J;_cq Lal. Now let
[ be the isomorphism from K to L. Set B = { K, = f~!(La): Lo € 2}. Since K is isomorphic to
L, K= UKQE% K, and, for any left ideal I of R, KI = UKQE% K,I. By Theorem 2.2, R% is a C2
module for all integers n > 1. As L, is a finitely generated direct summand of L for each L, € 2,
it is easy to verify that K, is a direct summand of F' for each K, € ‘B. At last we apply Lemma 2.4
to show that F'/K is a flat module. Let I be any left ideal of R, by Lemma 2.4, K, N FI = K,I,
Ko € B. Then KN FI = (Ug, e Ka) NV FI = U, cn(Ka N FI) = Uy cp Kol = KI. Thus,
by Lemma 2.4, F'/K is flat.

(3) = (1). If R satisfies (3), by Theorem 2.1, R%\) is a C2 module. Since A is an infinite set,
Rg) can be looked on as a direct summand of R%X). As a direct summand of C2 module is always
C2, we have Rg) is a C2 module. Applying Theorem 2.1 again, CFM(R) is a right C2 ring.

Based on Theorem 2.1, Theorem 2.2, Lemma 2.3 and Theorem 2.3, we have the following
corollary.
Corollary 2.1. The following are equivalent for a ring R.

(1) R is a C2 module.

@) R is a C3 module.

(3) For any infinite set A, R%X) is a C2 module.

(4) For any infinite set A, R%) is a C3 module.

(5) R is a right perfect ring and every finite direct sum of copies of Rg is a C2 module.
(6) R is a right perfect ring and every finite direct sum of copies of Rg is a C3 module.
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