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MEANS WITH RESPECT TO VILENKIN SYSTEMS *

JEAKI HOBI PE3YJIBTATH 1IIOJIO CTPOI'Of 3BI’KHOCTI CEPEJTHIX ®EEPA
BITHOCHO CUCTEM BIJIEHKIHA

We prove some new strong convergence theorems for partial sums and Fejér means with respect to the Vilenkin system.

JloBezieHO IesKi TeopeMH PO CTPOTY 301KHICTh YaCTKOBHX CyM Ta cepenHix dPeepa BimHOCHO cucTtemu BineHkiHa.

1. Introduction. Concerning definitions and notations used in this introductions we refer to Secti-
on 2.

It is well-known (for details see, e.g., [1, 8, 10]) that Vilenkin system forms not basis in the space
L1(G,,). Moreover, there is a function in the martingale Hardy space H(G)y,) such that the partial
sums of f are not bounded in L;(G,,)-norm. However, for all p > 0 and f € H,, there exists an
absolute constant ¢, such that

158 fllp < epll f I, - (1)

In [5] (see also [11]) the following strong convergence result was obtained for all f € Hi(Gy,):

n

S o TR

n—oo logn P k

It follow that

1 & Sefl
E < =2
logn “ A = HfHHl? n ;3

In [19] was proved that for any f € H; there exists an absolute constant ¢ such that

1 n
Seflli < ., o n=1,23,....
D o 2 1541 < Wl

Moreover, for every nondecreasing function ¢ : Ny — [1,00), satisfying the condition

1
lim o8 _ 400
n—oo gOn

there exists a function f € Ny such that
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n

1
sup

[Skfll1 = oo.
neN N¥n =1

For the Vilenkin system Simon [12] proved that there is an absolute constant ¢, depending only
on p, such that

= |Sef b
> T < alflh,
=1

for all f € H,(G,,), where 0 < p < 1. In [16] was proved that for any nondecreasing function & :
N} — [1, 00), satisfying the condition lim,,_,~ ®(n) = 400, there exists a martingale f € H,(Gp,)
such that

2 NSk ear-r, (k)
Z ke;_p” =00 for 0<p<1.

k=1

Strong convergence theorems of two-dimensional partial sums was investigate by Weisz [23],
Goginava [6], Gogoladze [7], Tephnadze [18] (see also [9]).

Weisz [24] considered the norm convergence of Fejér means of Walsh — Fourier series and proved
the following theorem.

Theorem W1 (Weisz). Let p > 1/2 and f € Hy,. Then

o fllp < epll fll -

Moreover, Weisz [24] also proved that, for all p > 0 and f € H), there exists an absolute
constant ¢, such that

loan fllp < cpll i, )

Theorem W1 implies that

1 Zn: Hakaﬁ < Hpr 1/2 <p<
n2p—1 2—2p = »? D < oo
k=1

1
If Theorem W1 should hold for 0 < p < o then we have

o llowf1lp
Z k272pp SCp||f”pp7 0<p<1/2, (3)
k=1
1/2
<
logn kzzl k - C||f||H1/2’ 4
and
Ly 1/2 1/2
n ;; lowtllye < el - )
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However, in [14] (see also [2, 3]) it was proved that the assumption p > 1/2 in Theorem W1 is
essential. In particular, there exists a martingale f € H /5 such that

sup [lon fll1/2 = +oc.
neN

In [4] (see also [17]) it was proved that (3) and (4) hold though Theorem W1 is not true for
0<p<1/2.

Moreover, in [4] it was proved that if 0 < p < 1/2 and ®: N — [1, 00) be any nondecreasing
function satisfying condition

k2_2p
lim = 00,
k—oo Py
then there exists a martingale f € H,, such that
P
i Ho—meweak-Lp -
Py
m=1

On the other hand, for the Walsh system (5) does not hold (see [17]). In particular, it was proved
that there exists a martingale f € H;/, such that

1 O 1/2
sup — omf = 0. (6)
sup = 3 lom I

In this paper, we prove more general result for bounded Vilenkin system. In special case we also
obtain (6).

This paper is organized as follows. In order not to disturb our discussions later on some definitions
and notations are presented in Section 2. For the proofs of the main results we need some auxiliary
lemmas, some of them are new and of independent interest. These results are presented in Section 3.
The main result with proof is given in Section 4.

2. Definitions and notations. Let N, denote the set of the positive integers, N := N, U {0}.
Let m := (mg,m1,...) denote a sequence of the positive integers not less than 2.

Denote by

Zm, =10,1,...,my — 1}

the additive group of integers modulo my.

Define the group G, as the complete direct product of the group Z,; with the product of the
discrete topologies of Z, ;.

The direct product p of the measures

pk({d}) = 1/me, j € Zmy,

is the Haar measure on G, with p(G,,) = 1.

If sup,,cy mn < 00, then we call Gy, a bounded Vilenkin group. If the generating sequence
m is not bounded, then G, is said to be an unbounded Vilenkin group. In this paper, we discuss
bounded Vilenkin groups only.

The elements of G,,, are represented by sequences
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= (T0, &1, .., Thy...), Tk € Lpm,-
It is easy to give a base for the neighbourhood of G, namely
Io(IE) = Gm,

and
In(x> = {yeGm‘yozx(]’"'aynfl:xnfl}? r€Gp, neN

Denote I, := I,,(0) for n € N and I, := G\ ..
Let
en:=(0,...,0,2, =1,0,...) € G, meN.

If we define the so-called generalized number system based on m in the following way:
My =1, Mk+1 =mpMy, kéeN,

then every n € N can be uniquely expressed as n = Z:O_O n;jM;, where n; € Zp,;, j € N, and
only a finite number of n;‘s differ from zero. Let ||n|| := max{j € N, n; # 0}.
For the natural number n = Zj:l n;M;, we define

dj = signn; = sign (on;), §; = || ©n; — 1|05,

where © is the inverse operation for ay @ by = (ap + br)modmy.
We define functions v and v* by

oo )
v(n) =Y |81 — &l + 6, v*(n) =65
§=0 j=0
The nth Lebesgue constant is defined in the following way:
Ly = [[Dull1-
The norm (or quasinorm) of the space L,(G,) is defined by

1/p

1l = / f@Pda(z)| . 0<p<oo.
Gm

The space weak-L,(G,,) consists of all measurable functions f for which
Hf”weak-Lp(Gm) = iufo) /\p,u{f > )\} < +00.
>

Next, we introduce on G, an orthonormal system which is called the Vilenkin system.
At first, define the complex valued function ri(x): G,, — C, the generalized Rademacher
functions as
re(z) == exp (2muxy/my), 12 =—-1, x€Gp, keN

Now define the Vilenkin system ¢ := (¢, : n € N) on G, as
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oo

Yn(z) = [[ri*(@), neN.

k=0

Specially, we call this system the Walsh—Paley one if m = 2.
The Vilenkin system is orthonormal and complete in Lo(G,,) (for details see, e.g., [1, 10, 20]).
If f € L1(Gy,), then we can define Fourier coefficients, partial sums of the Fourier series, Fejér
means, Dirichlet and Fejér kernels with respect to the Vilenkin system in the usual manner:

fWF/MW,MN

Gm

3
I

1
Suf =3 flk)r, neNy, Sof:=0,
0

il

n—1

1
adzngﬁﬁnem7

n—1
Dp:=)Y g neN,,
k=0

n—1

ZDk, n€N+.
k=0

1

K, =—
n

Recall that (for details see, e.g., [1, 8])

Mnu S I’ﬂu
D, (z) = (7)
0, 2

and

Sn—1 Sn—1

Dy,r, = Daty Y ks, = Dy Y 7y 1< 80 <y — 1. (&)
k=0 k=0

The o-algebra generated by the intervals {/,(z): z € G,,} will be denoted by f,, n € N.
Denote by f = (fn,n € N) a martingale with respect to F ,,, n € N (for details see, e.g., [21]). The
maximal function of a martingale f is defined by

[ =sup|fnl.
neN

In the case f € L1(G,), the maximal functions are also be given by

ﬂ@ﬂwl/ﬂWM%

neN ’In(x)‘
I, ()
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For 0 < p < oo the Hardy martingale spaces H,(G,) consist of all martingales for which

1f ez, == 171l < oo

If f € Li(Gp), then it is easy to show that the sequence (Siz, f: n € N) is a martingale. If
f = (fn,n € N) is martingale, then the Vilenkin—Fourier coefficients must be defined in a slightly
different manner:

f)i= Jim [ fu(e)i(o) duto).
Gm

The Vilenkin - Fourier coefficients of f € L;(G,,) are the same as those of the martingale
(Sn, f: n € N) obtained from f.
A bounded measurable function « is p-atom, if there exist an interval I such that

/adﬂ:O, lalle < p(I)~17,  supp (a) C 1.
I

3. Auxiliary lemmas.

Lemma 1 [21, 22]. 4 martingale f = (fn,n € N) is in H,, 0 < p < 1, if and only if there
exist a sequence (ay, k € N) of p-atoms and a sequence (ux, k € N) of real numbers such that, for
every n € N,

o0
Z,u,kSMnak = fn a.e., (9)
k=0
where
o
Z |k |” < o0.
k=0
Moreover,

00 1/p
11|, - inf (Z Iuklp) :
k=0

where the infimum is taken over all decomposition of f of the form (9).
By using atomic decomposition of f € H,, martingales, we can derive a counterexample, which
play a central role to prove sharpness of main results and it will be used several times in the paper.
Lemma 2 [13]. Letn € Nand 1 < s, <m, — 1. Then

sn—1 /1-1 Sn—1
SnMnKonp, = ) (Z r;> M,Du, + (Z r@) MoKy,
=0

=0 t=0

and

M2
|sn My K, a1, ()] > 2—7: Jor x € Lny1(en—1+en).
Moreover, if © € It /1141, x — xer & I, and n > t, then
K, () =0. (10)
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Lemma 3 [4]. Letn = ZT .
1=

k
forall 1 <i<r aswell as nk) =n — 2‘71 Sp; My, where O < k < r. Then

Sp; My, where np, >np, > ... >npy, > 0and 1 < s, < my,

r k—1 r—1 -
Sy .
_ j ﬂ[ k
nkn = Z H T'n; Tk Ksnk M, + Z H T”J )DS"k M, -

k=1 \j=1

Lemma 4. Let
S

m;
=D > M,
i=1 k=l;
where
0§l1§m1§lg—2<lg§m2S...§13—2<15§m5.

Then
n|Ky(z)| > chzi Jor x €41 (e,—1+e),

where \ = sup,,cy My, and c is an absolute constant.
Proof. Let x € I}, 11(e;,—1 + €;,). By combining (10), (7) and (8), we obtain

Dy, =0
and
DS”kMsnk = KsnkMsnk = O, Sny > lz
Since sy, > sp, > ... > s, > 0, we find
k Np+1
k
) :n—ZsmMm = Z Sp; Mp, < Z = Mgy My, — 1 < My,
i i=k+1
According to Lemma 3, we have
i—1 mg, i—1 my
nlKn| > s, M Ko an, | = ) Y IseMiKaan| =Y Y IMiDan | = I = Ir — I.
r=1 k=l, r=1k=l,

Let z € I}, 11(e;,—1 +¢;,) and 1 < s, < my, — 1. By using Lemma 2, we get

Mp _ 2M?
2r — 9

Il = ‘SZLMILKSZ Ml ‘ -

It is easy to see that

k k
> n2M2 <Y (mg—1) M2<Zm2M2—2stM2+ZM2
s=0 s=0 s=0 s=0

s=0

k k k
=> M2, —2) MM+ Y M?=
s=0 s=0 s=0
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k k
=M +2) MZ—-2) Mo M — Mg < Mi,, —1
s=0 s=0
and
ZnsM < Z = mp My — moMy < Mg — 2.

Since m;_1 < l; — 2 if we use the estimates above, then we obtain
2 neMy + 1
I, < Z ‘nsMsKnsMs ‘ < Zns s 57 <
s=0

< (my;—2 — 1) M, o =2

< 5 D (nsMo+1) <
s=0
my._o — 1) M. _ my,_9 — 1)Mj. _
S ( lz 2 ) lz 2 Mll—l +( l1 2 ) ll 2 lz <
2 2
ME_, My, _oM,_
< 1 _ K K M'_ l
=~ 9 9 + l;—1%
For I3 we have
1,—2 1,—2 1,—2
I3 < M Dpyns, (2) < M < Myy—p Y ngpMy, < My, My, _o — 2M;, .
k=0 k=0 k=0
By combining (11), (12), we get
M 3 My, 1 M, 2
n|Kn(z)| > 1 — I — I3 > — g —hmthe2 Tkl ap g
2m : 2 2 :

Suppose that I; > 4. Then

Kooy > ML My ME My My Mg
)l 2 5 =T 2 36 T G T 36016 144

Lemma 4 is proved.

4. Main result. The main result of this paper is the following theorem
Theorem 1. 1. Let f € Hy ;. Then there exists an absolute constant c such that

1 < 1/2 1/2
iugnlognl;ugkﬂml/?_ HfHH12 n=123,....

2. Let ¢ : N — [1,00) be a nondecreasing function satisfying the condition

ISSN 1027-3190. Vkp. mam. scypn., 2021, m. 73, Ne 4
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1
Tim 22" — 4o (13)

n—oo (pn

Then there exists a function [ € Hy o such that

ZH o f i, = o0

Corollary 1. There exists a martingale f € Hy; such that

n€N+

sup — Z ||ka||1/2

TL€+

Proof of Theorem 1. 1. In [15] was proved that there exists an absolute constant ¢, such that

1/2 1/2
lowfl?, < clogkl fly”, k=1,2....

Hence,
1/2
clflly?

1/2 CWNHy 1/2
nlognZn uS i < iogn 2198 < el

2. Under the condition (13) there exists an increasing sequence of the positive integers {cy :
k € N} such that

log M,
lim 08 Maw _ +o00
k—oo QOQMak
and
. 1/2
PaMa,
—— < c < 0. 14
Z g0, (14)

Let f = (fn,n € N) be martingale, defined by

{k;2a<n}
where
ap = MakrakDM% = Mak(DQMak — DM%)
and o,
7 log Mo,
Since

ag, o < A,
SQACLk =
07 ap > Au

supp (ax) = I, / ardp =0, Jagloo < M2, = p(suppag) 2,

In,
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if we apply Lemma 1 and (14), we conclude that f € Hy 5.

Moreover,
R Moy ey j€{May,,...,2M,, —1}, k€N,
i) = =S 15
T =190, i U {Ma,...,2Mo, —1}. (15)
k=1
We have

1 Makfl 1 n—1
onf = Z ij+5'2 S;f=I+1II. (16)

7=0 j:Mak

Let M,, <j <2M,,. Since
Dj—i—Mak DMak + 1;/}]\/[ 7 When ] S Maka

if we apply (15), we obtain

j—1 Jj—1
Sif=Sua f+ Y. F@)lhy=Su, f+Mahi Y. thy=
v:Mak ’U:Mak
= SMa, [+ Mo, e(Dj — D, ) = Sm, |+ Metbat,, Di—m,, - 7)

According to (17) concerning /I, we conclude that

I = ”_TM%SM%J@ + A’“f“k nzl Yt Djort,, = 11 + 11,
J=Maa,,
We can estimate 15 as follows:
n—Mq, —1
o] = 220k ST Dy = 2 M) K| 2
j=0

S m;
Let n = Zi:l Zk:l,- My, where

0<h<m<l—-2<lhb<my<...<l;—2<ly <ms.
By applying Lemma 4, we get

I15] > ey ‘(n - M) Ko, (x)‘ > A M for x € Inia(er, 1+ e1,).

Hence
s—1
/ 1 L) 2dp > Z / LM dp > ¢ / A2 My dp >
=1 I, r1(er;—1+er,) ZA:111i+1(€li_1-i-611)
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> A2 (s — 1) = eNPu(n — My,). (18)
In view of (1), (2) and (16), we find
u 1/2 12
1/2 _ || 2ok 1/2

= H n My S 1/2 = HJM“ka1/2 < ellflz,, (19)

_ 1/2 1/2

1/2 _ || Mo, 1/2

B2 = | F S g < [aaai £, < NN (20)

By combining (18)—(20), we have

1/2 1/2 1/2 1/2 1/2
lonflly)s = 1Ll = I = 1211y = eXy*v(n = Ma,) = el £ll 317,

By using estimates with the above, we conclude that

1/2 1 1/2
sup - Z lowfll)s = Mo oo > el
neN, kMo, <I<2Ma, }

¢ 1/2 1/2 )
T Moy, 11020, Z (A’“ vl = M) = ellflla,, ) =
“k { Mo, <I<2Ma, }

1/2 Moy il s
C)\k Hy/o

— () — ——— 1>

o Mak@2Ma Z: ( ) MakSpQMa Z -

P g {MakSZSQM%}

1/2 Mak—l

A log'/? M,
P Z v(l)—chL%oo as k — oo.

1/2
ak<p2Mak =1 SO2MD<]Q

Theorem 1 is proved.
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