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MaJihie c.ny'Ia:«Hhie B03MyI.IJ,eHHJI 

B KOJie6aTeJihHhIX CHCTeMax BTOporo nopJI,o;Ka 

I i:,yqeno npe/l_eJJbHOe TI OBC.!\CHHe pernenm1 HCJIHHeirnoro .!\Hqxpepem:inaJJbHOfO ypaBHCHHlI. anu
Cl,llla lOU tero KOJ1e6aTC,1bHYIO CH CTeMy C MaJJblMH CJJytJaHHblMH B03MYUJ.CHHHMH THila MHOfOMetffio
I o «Gc,1oro» H «J(po6oBoro» rnyMOB . 

!il!n<1eHa rpauwma none)l,iHKa po3n'H3KY ueJJinii\noro )l.HcjlepenuiaJJbHOro piBHHHHH, m o onncye 
;;(l,"!flfla,1bHY CHCTeMy 3 M3JI I-IMH BHTI3)l,KOBHMH 36ypeHHHMH no THilY 6araTOBHMipnoro «6iJJoro» i 
(i.'tpr.Oc>Boro» myMiB. 

~ 0 . B . 60PH CEHl(0, 1992 

JSSN 0041-6053. Y,w Mar. :JteypH., 1992, r. 44, M 1 ., 



_1,fayqemuo KOJie6aTeJibHbIX CHCTeM rro.u B03.UeflcTBHeM cJiyqaHHblX B03Mylll.e 
HHH TIOCBHlll.eH jpH.U pa6oT. O6w11p 1rnH 6H6JIHorpacpHH TIO .U3HHOH TeMe rrptrne
.n.etta B [ 1]. 

B .n.aHI-IOH p a6oTe H3yqaeTCS1 rrpe,neJibH0e TI0Be,UeHHe npH e -+ 0 KOJie6aTeJib· 
HOH CHCTeMbl, OllHCbIBaeMOH ypaBHeHHeM 

x" (t) + b2 x (t) = ef O (x (t), x' (t)) + f 1l 2f (x (t), x' (t)), 

x (0) = x 0 , x' (0) = Yo, 

(1) 

r.n,e f (x (t), x' (t)) - o6o6meHH3H CJIY43HH3H cj)yHKUHH TaKaH, qTQ .UJIH Jno6oro 

t> 0 
t d I 

Sf (x (s), x' (s)) ds = ~ S fi (x (s), x' (s)) dwi (s) + 
0 i= I 0 

I ~ 
+ ,\ .\ /d+1 (x (s), x' (s), z) v (ds, dz), 

o R' 

fi (x , y), i = 0, d, fd+I (x, y, z)- 1-1ecJ1yLiaHHh1e cl)YHKUHH; w, (t), i = IT. 
- He3aBHCHMbie 0,11,H0MepHbie BHIIepoBCKHe npouecCbI; V (t, A) - ueHTpHpoBaI-I

HaH rryacC0H0Ba Mepa, He3aBHCHMaH OT W; (t) , i = n , V (t, A)= V (t , A) -
- tll (A), Mv (t, A)= tll (A); x0 , y 0 - HecJJy4aHHbie HaqaJJbHbie ,naHHble, 
11 ( •) - Mepa Ha 6opeJieBc1rnx MH0)Kecrnax B Ri . 

YpaBHeHHe BT0poro rrop 51,UKa ( 1) IT0HHMaeTCH KaK CHCTeMa CT0Xac-rnqec1rnx 
ypaBI-Ie1.111ii 6e3 n ocJie.n,eiicTBHH 

dx (t) = y (t) dt, 
d 

dy (t) = f- b2x (t) + ef O (x (t), y (t))I dt + e1l2 ~ f1 (x (t), y (t)) dw; (t) + ,_, 

+ e112 .\ f d+I (x (t), y (t), z) ~ (dt, dz), x (0) = x 0 , y (0) = Yo· (2) 
R• 

+ e112 .\ f<1+1 (X8 (t), Ye (t) , z) ~ 8 (dt, dz), (3) 
R• 

x ,, (0) = Xo, Ye (0) = Yo· 

B .n,aJJhHeihrreM nocT0HHHhie, He3aBHCHmHe OT e, 6y,11,eM 0603Ha4aTh C. 
JI e MM a. llycmb IT (R2) < oo u Bbtn0llHflromcH. ycAoeuH.: 

1) {;, i = 0, d + I , ozpaHu<teHbt u yooeAemeopRrom ll0IW/lbH0My ycAoeuro 
Jlunutuu,a no nepe.AteHHbt.At (x, y); 

2) cyw,ecmey,om nocmoflHHbte I( > 0 u r > 0 ma,we, 'imo Ollfl HeKomopoio 
'r > 0 

d 

~ I ft (x ; Y)l2 + I /d+I (x, y, z)l2 ~ K (x2 + y2)'+v, x 2 + y 2 ::::;;; r 2 , v z E R2 . 

i=O 
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Tozoa O/l5I oocmamO'iH.O AWAbtX e > 0 u o > 0 

P {x~ (t) + y~(t) ~ o} ~ Ct(o"12 + o"). (4) 

1l O K a 3 a Te JI b CT B O a 1-1aJJOfHLIIIO )lOl'33aTeJJbCTBY JJeMMbl I H3 [21. 
TTycTb .D.JJH cj)yHKUHH /;, i = 0, d + I, Bbmo.'rnHeTcH ycJJOBHe 2 JJeMMbI npH 

1' > I . Tor.na, 11cnoJib3Yll (4), y6e)1<.naeMcH , 4TO K c JJy<IatlHbIM npo u eccaM 

b Ye (t ) 
0e (t) = - et - arctg bxe (t) 

MmK11O npHMeI-IHTb 0606me1rnym rj1opMyJ1y 11m [3]. ]IJJH npouecca Se (t) = (ae (t), 
8e (t)) TTOJJYLIHM CllCTeMy CTOX3CTJ1l-leCJ<H X ypam-1e1m i,i 6e3 nOCJ1e.net1CTBHH 

r.ne 

dse (t ) = Ae (t, Sc (t)) dt + Oe (t, Se (t)) dwe (t) + 

+ \ Ce (t , £e (t) , z) ~;e (dt, dz), £e (0) = (a0 , 00), 

k• 

We (t) = {wf (t) , i = ! , d}, Ac (t, a, 0) = (A~1> (t, a, 0), Af > (t, a, 0)), 

Ge (t, a, 0) = {o1; (t, a, 0) , i = I , 2; j = 1,d}, Ce (t, a, 0, z) = 

= (Ci1> (t, a, 0, z) , cf > (t, a, 0, z)), '\Jle = ..!!!._ + 0, A~l) (t, a, 0) = 
e 

~ 
- ab+ e112 sin '\Jl.JJ+ 1 (a , 'ljJe, z)} II (dz), 

cos 'ljJ ~ sin 2'1jJ d ~ 
Af> (t, a, 0) = - ab e fo (a, '\Jle) - 2a2b/ ~ /7 (a, ,Pe)+ 

i = l 

+ -1 ,I {arctg [tg 'ljl8 - e1/ 2 

e R' 

cos '4) ~ } 
- 'lj\ --l- f 112 ab e f d+ I (a, 'ljl8 , z) II (dz), 

sin 1jJ,, - cos'ljl8 ~ crt (t, a, 0) = - b fi a, 'Pe), crt (t, a, 0) = - ~ f i (a, ,Pe), 

j = IT. 

(5) 

I ~ 
C ~1> (t, a, 8, z) = b {[(ab sin 'ljl8 - e112 f d+ i (a, 'ljl8 , z))2 + a2b2 cos2 '1Jle]1/2 - ab}, 

112~ 
c<2> t lt e r,+1 (a . 'Pe, z) l e (t, a, e, z) = arc g g '\Jle - ab cos '\Jle - '\Jle, 

f;(a , '\j)) =f1 (acos'\j), -absin'\j)), i=0,d, 

-. ; Y~ 
/J+i (a, 'ljl, z) = fd+t (a cos 'ljl, - ab sin 'ljl, z), a0 = V x~ + b2 , 

0o = - arctg bYo • 
Xo 
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Te o p e Ma. Ilycmb II (R2) < oo, x~ + y~ =I= 0 , t E [0, t0] , cpy1-1Kiwu f1, 

i = 0, d + 1, Olpa1-1u4,e1-1bt , fo -- oou1-1 pa3, f ;, i = 1, d + 1, - oeaJ1cou 1-1e
npepbl8HO ouqxpepe1-1qupyeMbt no nepe,1teHHbtM (x , y) , 

.\ [II v /d+1 11 2 + II v 2 fd+ 11121 II (dz)~ C 
R• 

u cyU1,ecmeyem nocmoflHHafl r > 0 niaKafl, 4,,no oAfl HeKomopozo i' > 1 

d+ l d+ l L If; 12 ~ C (x2 + y2)1+-v, L ll v {; 112 ~ C (x2 + y zp 
i = O i = O 

npu x2 + y2 ~ , 2 u A/060.M z E R2. 3oecb V f = ( i: , -:: ) ' v 2 f - Mam-

" 
pul{a emopbtX npou3BOOl-lbtx no (x, y), II a 112 = L a; UAfl a ER", II a W = 

i = I 
ll 

_ ~ a 2. oAfl MampUL{bt a. - .l.J t/ 

i ,j= l 

Tozoa npOlfeCC Se (t) = (ae (t), 8e (t)) CAa6o C>:00/ttnCfl npu e -+ 0 K pe-
iue!-llt/0 [ (t) = ( a (t), 0 (t)) CtnOXQCl7U1 1teCKOcO OUr/Jrpepe1-1,t(lWAbHOZO !JPGBHCl-lUfl 

cfJe 

d[(t) = A (a (t)) dt + a (a (t)) dw (t), [ (0) = (a0 , 00), 

-(IJ 1 2." l- ~ sin 'P ~ cos2 1Ji ] 
A (a)= 2n .\ - fo (a, 1Ji)-b- + f (a , 1.Ji) 2b2 a d1j), 

0 

A- c2J ( ) = _1_ 2( [- ~f ( ,h) cos 1p _ ~1 ( ) sin 21JJ ]d 
a 2n .l o a, 'I' ab a, 'P 2a2b2 \jl , 

0 

a (a) = { 2n1b2 r f (a, 1j)) B (a, 1j)) d1Jir
2 

, 

rv d ~ ,_, 

f (a, 1j)) = ~ f; (a, 1j))+ .\ f~+' (a, 1j), z) IT (dz), 
i= l R• 

( 

s in2 'P 
B (a , 1p) = . 

sm 2,p 
2a 

sin 2,JJ ) 
2a 

cos2 1P 
a2 

w (t) = (w1 (t), w2 (t)), 

(6) 

W; (t) , i = 1, 2, - H.e3a8UCU,Ubte OOHO,ltepl-lote 8UHep08CKUe npou,eccbl. 
)l OK a 3 a Te JI b CT B 0. B ycJIOBHHX TeopeMbl HMeeM 

1 II Ae (t, a, 0)11 + II CTe (t, a, 8)11 + ---W II Ce (t, a, 0, z)\\ ~ C (7) 
c 

1-1 Bb!TIOJIH HIOTCH [4) YCJIOBHH TeopeMbl cyw.ecTBOBaHHH H e,ll.HHCTBeHHOCTH pewe

H11H c11cTeMbI (5). TTpouecc se (t) HMeeT BHJJ. 

I 

~e (t) = So + S Ae (s, Se (s)) ds + ~e (t), (8) 
0 

rJJ.e 
. t t 

· ~e (t) = S CTe (s, Se (s)) dwe (s) + S J Cs (s, Se (s), z) ; e (ds, dz), 
O O R• 

So = (ao, 00)-
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vfa HenpepbIBHOCTH npoueccoB l (t) .H ( (t) , JieMMbI 2 [2] II cooTHorneHIIA 
(7), (8) , ( 11) cJie.nyeT 

t 

[ (t) = so + .l A (a (s)) ds + ~ (t) , 
0 

r.ne f (t) - Herrpepb!BI-lh!H KBa,npaTHl!I-10 HHTerpttpyeMbIH BeKTOpHh!H MapTHHfaJI 
c MaTpHLJHOH x apaKTepucn11<01"1 

t 

(~, [) (t) = s T3 (a (s)) ds. 
0 

3 .nech B(a) = {Bu (a), i, J= 1,2}. 
}fa [61 c.11e.nyeT, l!TO cyw.ecrnyeT Btt11epoBCKHH npouecc w (t) = (w1 (t), 

w2 (t) ) TaKOH, l!TO 
t 

"( (t) = .) a (a (s)) dw (s), 
0 

- - 1;2 
r.ne <J (a) = B (a). _ 

3 ttal!HT, npouecc s (t) y ,noB.r1ernopHeT y p aBHeHHI{) (6). Ho y paBHe1-rne (6) 
HMeeT e.a.m-1crne1-1Hoe pewerm e B ycJJOB HHX TeopeMhl. CJJe.noBaTeJJ hHO, npouecc 

f (t ) He 33BHCHT OT BbI6opa nocJJe,UoBaTe.'lbHOCTH en - 0 . no3TOMY KOHel!HOMep 

Hhie pacnpe.neJJemrn npouecca se (t) CXO/lHTCH K KOHel!H0MepHhlM pacnpe.neJJe

HH HM npouecca 1 (t) npu e -+ 0. OpouecchI Se (t) H 1 (t) - MapKOBCKHe npo

u eccb1. D,JJH cJJa6oi\: cxo,nHMOCTH Se (t) -+1 (t) npH e - 0 .nocTaTOl!HO [7] BhI
noJrneHHH YCJJOBHH 

sup P {II £e (t, x, s) - x II> <5} = 0 
xER.' 

O~ s- t~h 

(12) 

.l{JJH Ka)l<.noro <5 > 0, r.ne Se (t, x, s)- perneHHe CToxacTHl!ecKoro ypam-1e1mSI 

s s 

£e (t, X, s) = X + S A e (T, Se (t, X, T)) d.- + S <Je (T, Se (t, x, T)) dwe (T) + 
t I 

s -

+ S S Ce (T, Se (t, x, T), z) V e (dT, dz). 
t R.• 

AHaJIOfHl!HO oueHKaM (9) noJiyl!HM 

M II Se (t, x, s)-x II~ C(! s-tl + I s-t 1112), (13) 

r.ne C - IlOCT0SIHHaSI, He3aBHCHM35l OT t, s, X H e. 113 HepaBeHCTBa 4e6billJeBa H 

(13) cJJe.nyeT (12). TeopeMa .n0Kasa1-1a. 
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