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(Hn--r MaTeMannm AH YRpa1rnb1, 1-tHeBJ 

HenOTOphIC acne1n'bl TeopeT1-rno-rpyrrnonoro rro,ri;xo,ri;a 
B 8a)];a11ax HeJIHHeihrnir MexaHmo1 

PaccMaTpHBa!OTCH nBa acn e1aa npHMe 11emrn MeTona aCH MIITOTH'le c1<0I°l )leKOMH03HUHIJ K HCCJie)lo

B3!Hl10 11e:rn1-1 e i i111,1x CHCTeM . n cp llb!H - pac11rnpem1c KJiacca cj:>y HKUHi'i. n o l(QTOpblM n poBOllH T
CH aC!lMIITOTH'lec1<0e p a3,10}1{elll-te :,a C'leT IIJ)HMe lle ttH H c n e1m aJ1bHb! X q:>)"IIKlll ti'i Ma Te~-1aTll'-leC1(0J°! 

(j)H3 HKft. B 1opoii - p ac npoc Tpa11e111-1e MeTOJW acHMflTOTH'teCK Oll n e ,rn ~tri 03H U!!H Ha IIO!lblii KJlaCC 

llH<jxpepe HUH3Jl b ll bl X CHCTeM - ncjla<jxpoBbl CHCTe Mbl 13 HIIBOJ!IOIU!lt. 

Po3r.1m1y10 JlBa ac n eKTH 33CTOcyBaHHH MeTO;l y aCIJMIITOTH'IHOi. ncKOM flO~HUii no 1ieJ1i1-1 iii HHX CH 

CTeM . n e pu.nti'I - p03U!Hpe 111rn trnacy cjl y 11 K ui11 . 33 Hl(HMH npOBOJlHThCil a CHM!lTOTH 'il!Hl1 p 03 KJ13JI 
3a pa xy 110K 3ac1ocysa1111H c n c ui a.% 11Hx cjiy1muii'i MaTe MaTH4HOi" cjl i :mKH . Llpyrni\ - noumpe11HH 

MeTony aCHMIITOTH •I HO'i ne KOMH03 HUi'i 11 a l!OJJHh K,1aC m 1tjicp e 11ui aJ1bHHX CH CTe M - mpacjxpos i 

CHCTCMH y iHBOJIIOUi 'i . 

l-fayqe1me 11e.nm1e{l!-lbIX 3(j1Cj;C J(T0B B CHCTeMaX 11m:jxj)epe I1UH c:i JlbHbl X ypaBHeHHll 

Tpe6yeT p a3pa6 oTI<H a11e1rnan 1oro MaTeMaTHllec1<0r o HHCTPYMCIIT3. Cp ei.11•1 MHO

rotJHCJieHHbIX o6o6w.e HHH KJl3CCI-JLleCJ{()ro Il011X0113 , CB 51 33HHOro C pa6 0T3MH 

H . IvL K.pw10Ba, H . H. 6oroJ1106osa, 10. A. Mm·ponOJl bCKoro ll-3], Bb111e.nHM 

HanpaBJJeHHe, HCTI0Jlb3 y1ow.ee a1mapaT TeopHH HenpepbIBHblX rpyrm Tipeo6pa3o

BaHHI1 141. B 11 aCT051W.et1 CT aTbe OCTa H0BHMC5l Ha llBYX a cneKT3X , B03HHl<alOLUHX 

npI-l HCI10Jlb30 B3HHH 3Toro Il0.llX0Jta. 

DepBblH- pacurnpe 1rne KJJacca cj) yilKUl-lH, no K0T0pblM npoB011HTC51 aCHMJl 

TOTl-lLJ ecKoe pa3JIO)!(elllle peUJeHI-151 33 Cl!eT n p1-1Me1-1emrn cnemiaJll, HblX Cj)yHKIUIH 

MaTeManF1ec 1<ott cj) M3 HK H. H eJl 1111e{11-lble 3(jxj.)e l<Tbl , Bbl3b!BaeMhle B33 HMOJle tt CTBHeM 

pa3,1 1Jl1Hb!X r a pM0HIILl eC l(IIX C0 CT3BJ151101UHX , OllHCb! Bc:il0TC51 60J1ee ll0JIII() 110 cp aB 

HeHJII0 c cywecni y 1ow m111 11011xo1raM11. vllne p ece 11 1 ,11c-Ke TOT t j :;1K·1, •no 11ynesoe 

npH6Jll-DKe1-1He M0}l<E'T fo,!Tb cyu.1.ecTBeHI·I0 1-leJll•!H efrnblM. 

!3Topo{1 - pacnpoc-rp aH e I JH e MeTOlia i:!C l!M llTOTHLJ eC J(O H 11eKOMI103H U HH Ha 

HOBblH KJiaCC l lHCpcj.lep eHuHaJlbHhlX CHCTE'M - mj.lacjJCj)OBbl CIICTb\.1bl B HHB0JIIOUHH. 

TipHHUH11H3 JlbHblM M0ME'HTOM :111ecb SI B.~SleTOI noJ1yci e1-1 11e Tt'XHHKH 0blCTpb!X 1-1 

Me,n.n eH HblX Tiep eMeHHblX, xapaKTepHblX 11,151 MeT0!ta y cp en1-1e111151. 

t. A Jl r Op HT M a C HM 11 TOTH tJ e C K O ii .!le KO M TIO 3 HU 1-1 H 

B npocTpaHCTBe npencTaBJleHHA KOHellHOMepHoA 

T p y 11 11 bl n H. DyCTb HMeeTC51 CHCTeMa o6bII<HOBeHHblX .ll.HCpcpepeHUH3JlbHbIX 

ypaBI-1e1mA 

dx/dt = w (x' ) + ew (x '), (1 ) 

r)le Ct) (x') = colon II (1) 1 (x'), ... , wn (x') II , W; (x') E ~ (G), i = T,n, e-MaJJblA 

noJ10)1mTeJ1bHb1f! 11apa~1eTp, ttyJ1e soe 11p116JJH}l<e1rne KOTo poA nopo)KnaeT Ko11etJ

ll0Mep 11 y 10 rpynny J111 c aJire6pot1 '.H,.. 
B pa6oTe 151 llOI<a 3aHo . 'IT0 B :HOM C.'1~"13e B03MO)KHO nocTpoeHHe aC HMllTO

THtJeCKoro p e llleHllH CHCTeMbl (I) n o c n e Ul·l cl .1 b HblM (j)yf-ll(UH~IM. npH ~TOM I-IC· 

HOJ!b3YIOTCH 0603 1-iacieHHH , np1-1H51Tble B UHTHpyeMblX pa60T3X. 

DpoHJlJllOCTpHpyeM llOJl)' lJe ~JHe 1a1<0ro peweH!-15l Ha l<OHKpeTHOM np1111-1 e pe. 

n p H M e p I . Ypas1-1emrn ,!lHH3MHl!e Cl<HX ~1a1-1eBp0B cnynrnKa n pH .!lBH

EeHHH Ha c cj)epe B ccpepHtJeCl<Oll CHCTeMe l<O0J) ll ll 113T f!Mee1 BH.ll. [6, c. 616] 

dq!ldv = - I + w cos cp ct g 0 - ebr 2 cos2 fl cosi cp, 

d0/dv = w sin cp - ebr2 s in 0 cos O sin <p cos <p, 

drldv = 0, 

r)le w = const - ynpaaJJmomee ycKop e 1-me ; cocTaBJJ51JOLUH e npH e _ yqHThlBaKn 

:ueueHTp aJJ bl-lOCTb rlOJIH npHT51)KeHH51 3e.MJ1H . 

nm:jxpepeHUH3JlbHble onepaTOpbl 

u 1 = cos cp ctg 0 a~ + sin (jJ :0 . 
~ A. K. JlOl1ATl1H, 199'1 
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BXOMU!He B KatieCTBe COCTaBJIHIOW.HX B onepaTop 

U = - :(p + w ( cos cp ctg 0 :qJ + sin q; a~ ) , 

acCOUHHpoBaHHblR c CHCTeMo iI HyJieBor o rrpH 6JimKeHHH , H onepaTop 

U 2 = [U 3 , U1 ] = sin q; ctg 0 :cp - cos cp :o , 
nopom:.ua10T aJire6py rpynrrbI Bpau~e1mH ccj)epbI SO (3). CJie.UoBaTeJibHO, B Kaqe
CTBe rrpocTpaHCTBa m CJie.uyeT paCCMOTpeTb npocTp aHCTBO OCI-IOBHhIX cq)epH
lJecrrnx ¢YHKUHH . 

6a3HCHbie onepaTOJ)bl L1, L2, L3. y.uoB.lJeTBOJ)HIOW.He COOTHOlleHHHM 

L j>.i - 3 V 6n i cp . V3n 0 i !/; = u;, i, j = 1, , r.ue !J1 = - r ~ e sm 0, y 2 = r -~ cos , y 3 = 

V 6n -•<I> 0 = r ~ e cos ' HMelOT BH.U 

L = _ V 6n e-i<1> [- _i _ _!_ + cos 0 _j_ + sin 0 _!__] 
1 3 r sin 0 ocp r ae or , 

L V 6n ill) l" i iJ cos 0 a . O a j 
3 = - 3- e . 0 ;;- + -- ,:,0 + Sll1 . ~ , r srn · ucp r u ur 

L = V 12n l- sin 0 _j_ + 0 _!__] 
2 3 r ae cos or . 

-
Pa3Jiom:eHHH onepaTopoB u, U no 6a3HCHOMY 3anHCb1Ba10TCH CJie.uy1ow.HM 

{)opa3oM: 

r.ue 

-i 
. V2 

0 - t -2-(t) 

A V2 
0 

V2 - - i --(t) - i-- (t) 
2 2 

0 
V2 

i -i--w 
2 

R COOTBeTCTBeHHO 
U = a. 1 (L1 + L3 ) + a 2L2 , 

V 6n b 3· . e 2 e 
CG1 =eta= 4n r l Sll1 cos . COS<p; 

V 3n b ·3 • 2 0 0 . a.2 = 2n r- s111 cos sm q; cos cp. 

lla.nee, paCKJiallb!Ba H K03CjxjmrrneHThl Gt1, ct2, Gt3 no c¢epw:iecKHM ¢yHKUHHM 
H3 :m, llOJiy4aeM (BCIOllY B )l3JlbHef!weM LlJIH yMeHbWeHHH 06beMa 33 l1HCeH orpa
HH4HMCH c¢epH4eCKHMH r apMOHHK3M H .uo l = 3 BKJ110q1neJihHO), 

U~ -t(l>s L + 1·< 2>3 L + t <3>3 L - 11 12 13 J 

L = colon II Li, L 2 , L3 II, 

B I b s . 
11 =-7o rt 

I O 1 

0 0 0 

-1 0 -1 
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0 0 0 

() 
- Vs 

() 
2 

- 1 0 - 1 

Bia = VT4 b :i. 0 0 0 
;32 r L 

0 0 

Vs 
0 0 -2-

0 () 0 

/ (I) ~ V6n i,r • 0 V 3n 8 V6n -icp . 0 11 = - -- e sm , - 2- - cos , - 4- e sm , 
4:n: n n 

/ (3 ) ,,·1 1 3cpi ( V7J _. :i 0) 1 2q,;(+ V10s _0 . 20) = V2n e - -8- :,m ' V2n e -4-- cos s111 • 

V~n eq,i(- v:2 sin 8(5cos2 0-l)), V~n (V~ 4 ~in2 0cos0 X 

x (5cos2 8 - 3)), V~n e-q,i ( V ; 2 sin 0 (5cos2 0 - 1)), 
1 - 2cpi ( V 10s . 2 8 e) V2n e - 4- sin cos , _1 -3q,i ( V'l~ . 3 e) // 

V2n e 8 sm . 

Haii)].eM ueHTpaJi tt30Ba1-rny10 cttcTeMy B nepB0M rrpu6Jitt)KeHHH. Llm1 ynpo
meHH5I BbIKJia)].0K rrpHMeM (t) = 1. PacCMOT[)HM o nepaTop1we y paBHeHHe 

(2) 

Orreparnp S1 B coorneTCTBHH co CTpy1nypoii rrp aBOH 4acTH (2) HIU.eM: B BH)].e 

s - t(l)r L + t (3> r L 
1 - 11 13 • 

r.ue f 11, f 13 (f 13 E R'3 •3)rl 3 E R'7 ' 3))- HeH3BeCTHble llOCT0HHHhie MaTpHUbl. 
M aTpHUbl rrpe,llCTaBJieHHH onepaTopa U B 110,ll.11p0CTpaHCTBax ml> m3 

HMelOT BH.Ll 

3i V 6 -- i 
2 

- V6. 
-2i -2-L 

- VTo. 
-2- L 

24 

- VlO 
2 

- i 

-V3i 

i 

0 

-V3i 

-V3i 

- VTii 
2 i 

-V10 . 
---l :z 

2i - V G 
---i 

2 

-V6 
- - -i 

2 
3i 
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Onep~TOpHoe ypaBHeHHe (2) CBOJl,HTCH K perneHHIO CHCTeM aJire6paHLJecKHX 
ypaBHeHHH 

F1r 11 - l\1A = B 11 , 

F3f 13 - f 13A = B 13• 

B COOTBeTCTBHH C on11ca1-1HOH MeTOJl,HKOH HaXOJJ.HM 

pr (B13) = - br3i 

-2-

0 

0,048934 

-0,060032 

-0,025064 

V2 
-4-

0 

V2 
-4-

0 ,034428 

- 0,056187 

0,026722 

0,06571 l -0,000442 

0,062822 0,027026 

0,0 I 9568 0,057126 

0,000 189 0,034962 

0 

V2 
4 

-2 

-0,0001 89 

0,020494 

-0,063866 

0,065947 

0,0256 12 

-0,060155 

-0,049 198 

CJie.IJ.OBaTeJihHO, MaTpHUhl f 11 , f 13 HaXO,iUITCH H3 CHCTeM ypaBHeHHH 

Flrll - fuA = Bu - pr (Bu), 

Faf1s - f13A = B1a- pr,(B1a), 

a onepaTopbI N 11, N 13 - no cpopMyJJaM 

N 11 =t0 >pr(B 11 )L, 

N 1s = f' 3) p.r (Bia) L. 

UeHTpaJIH3oBaHHaH CHCTeMa B nepaoM npH6JIH)KeHHH (c yqeToM rapMOHHJI,: 

.no l = 3 BKJIIOLJliTeJibHO) HMeeT BHll 

d<pldv = - 1 + cos <p ct g 0 - .,,b, 2 {- 2
1
0 (cos <p ctg 0 - 1) + 

+ (0,059253 cos 0 sin 0) cos3 cp + [0,059253 (5cos2 0 - l )-

- 0,058525 sin2 0] cos 2<p + 10,071097 sin 0 cos 0 (5 cos2 0 - 3) -

-0,17758 cos 0 sin 0] cos <p + 0,002371 (5 cos2 0 - I)}, 

d0/dv = sin <p - ebr2 {- 2
1
0 sin <p + 0,059253 sin 2 0 sin .1cp + 

+ [0,08294 cos 0 sin3 0 + 0,05992 sin 0 cos 0 (5 cos2 0 - l)J sin 2cp + 
+ [O, 17776 cos 2 e sin2 0 + 0,071104 sin2 e cos 2 e (5 cos 2 e - 3) + 

+ 0,03555 sin 2 0 (5 cos2 0 - l)] sin <p}, 
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drldv = - ebr3 {r0,059254 s in4 0 + 0 ,05992 sin2 0 (5 cos2 0 - 1) - 0,02370 1 X 

x (sin 2 0 cos2 0)1 sin 2(p + [0, 17776 cos 0 sin'3 0 + 0 .071104 sin2 0 cos 0 X 

x (5 cos2 H- 3) - 0 ,03555 s in 8 cos 8 (5 cos2 0 - l)] sin (p}. 

2. A C HM TITO TH q e CI{ a 51 .II. e I{ 0 Mn O 3 H I.l H 51 II cp a q) cp O • 

B hl X C H C T e M B 11 H B O JI 10 i.l H H C M a JI bl M TI a p a M e T p O l\f, 

B pa60Te [7] npoae.11.eHO 06oc 110Ba 1-me MeTO,ll,a aCHM l1TOTHlleCl{OH ,ll,eKOMTI03HIUHf 

)],MI BTIOJ!He HI-ITerpHpyeMblX m pac\xpOBblX CHCTeM. PacnpocTpaHHM 3TOT p e3y.'lb

TaT Ha TiqlarllcpOBbI CHCTer,11,1 B 1urnomouHH. P accMoTJ)HM ml)ac\xjloay c1-1cTeMy 

dx1 = w( 1> (t, x, u) dl1 + ... + w\ml (t, x, u) dtm 
(3) 

dx,, = w'./l (t, x, u) dt 1 + ... + w;,ml (t, x, u) dtm, 

r.11.e x = II x 1, . . . , Xn Ii - Bel{TOp 3aBHCHMbIX nepeMeHHbIX, t = II t1 , . . . , tm li-
Be1nop 11e3aBHCHMbIX nepeMeI-IHbIX, u = II u 1, ... , u,. II - Bel{Top napaMeTpHYec

KHX nepeMeHI-JbIX , 1{03C!Jcj)HUHeHTI,I w;il (t, X, u) - Bel..l..{eCTBeI-IHO-aHaJmTHlJecrme 

¢y1-rnmm no sceM apryMeI-ITaM B 06J1acTH G = Rm x R" x Rh. 
I1pe.11.no.'IO)l{IJM, l!TO CHCTel\13 (3) 1-13XO,ll,HTC5J B HHBOJIIOUHH H, CJie,ll,OBaTe/Ibl-10 , 

ttMeeT mnerpa.'lbHoe MI-IOroo6 pa3 11e 9Tl111 , 3a.11.asaeMoe cttcTeMott aHaJIHTHLiec1rnx 

,cpyHI<UHH 

X;=(P;(t1 , . .. • tm). U; = ,p;(ti,·•·,tm), t=l,n, j=l,h, 

npOH3BOJI BbI6opa KOTOporo 011pe.uem1eTCH noc.1e.11.0BaTeJi bHOCTbJO xaparnepoB 

S0 , S 1 , S2 , . .. , S,n · (4) 

flpe,11.TTOJIO,KHM , l!TO ncjJacjxpoBa CHCTeMa B 111-JBOJIIOUHH (3) IIO,!l.BeprnyTa Ma

.Jlb!M B03Myw,eHH5JM . BBO,!l.51 HOBble nepeMeHHbl e 

x' = colon II x;, ... , < II , u' = colon II u'1, . •• , u~ II , 
sarrmneM ee B Bl-1)1.e 3BTOHOMHoiI CHCTeMbl 

d ' (I) ' ~(I)' - (m)' ~(m)' -
Xn =(Wn +ewri )dt 1 + ... +(w11 +ew,, )dtm, 

dt 1 = div ... , dtm = dim . 

(5) 

3)1.eCb cpyHKUHH B03Myl.IJ,eHH5l wzi)' (f, x', u')- Bel.IJ,eCTBeH HO-aHaJIHTHl!eCKHe n o 

aceM apryMeHTaM B 06J1acr1-1 G = R"' x Rn x Rh. 
HaXO)l{,11.eHHe HHTerpaJibHOro M[!Oroo6pa3HH CHCTeMbl (5) B HHBOJl!Oll.I-Ui 

CBO,!l.HTCH K HHTero1-1posamuo pacw1-1pe1rno11 ncpac!Jcj)OBOH CHCTeMbl 

d , ( (I)' ~(I)' dt- \m)' -(m) ' d-
X1 = W1 + ew 1 ) 1 + ., . + (w 1 + ew1 ) tm , . . . . . . . . . . . . . . . . . . . . . . . . 

(6) 

. . . . . . . . . . . . . . . 
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r,ne Ha napaMeTpHL1ec1rne np0H3B0llHbie HaJiaraIOTC51 ,!l0TT0JIHHTeJJhHbie CB513H H3 

YCJIOBHH HHTerpnpyeM0CTH CHCTeMbl (5) 

r,D.e 

a (ffi~}J)' + effi~)') 

i)t i 

i) ( ffi:-1)' + cffi:.i>,) 

i)t p 
i , p = I, 111, a = I,n. 

3anmueM onepaT0pbl, aCC0UHHpoBaHHbJe c CHCTeMOH (6), s BH,!le 

,* ou; 0 iJu~ 0 
U; =-0---;:i-, + ... + -8---8 ,, i= 1,m. 

Xj ou l Xj uh 

(7) 

(8) 

(9) 

OlleBHJIHO, onepaT0 pb! (8) 51BJI5110TC51 pacwttpe HHblMH onepaTopaMH B03My

meHHOH CHCTeMbl (5), a onepaT0pbl (9) - pacwnpeHHhie onepaT0pbl CHCTeMhl 11y

JieBoro npH6JIH)KeHH5l, TTOJIYll 3l'MO ti H3 B03My1ue~rnoh CHCTeMbl np11 f'. = 0. 
Jler1<0 BHJieTh, llT0 YCJ!0BH,I HJ-ITerpHpyeM0CTH (7) 3KBHBaJJeHTHbl K0MMy

TaTHBH0CTH pacw11p e HHblX onepaT0()0B B03MY1UeI-IHOfI CHCTeMbl 

(10) 

6yneM npennoJJaraTh, 'ITO CHCTeMa HyJieBoro npH6JIHX<eI-llHl B03MYLileHHOH 

CJ ICTeMbl (5) HaX011HTC5l B HHB0m0UHH H CTPYKTypa ee HHTerpaJibH0f0 Ml!Of006-

pa3H51 onpe.ueJrneTcH pHll0M xapaKTepoB (4). 
C.ueJiaeM Tenepb Heo6xo1111Mbie npe;moJJ0MefIHH 06 orpaHulleIIH HX Ha B03-

MymaJOII~He cpyHKUH H. nJI51 3T0ro HCTT0JJh3yeM YCJI0BH51 mrrerpH pyeM0CTH ( J 0): 

ru,, D~1 + e nu1, D;1 + 1D1, u;n + e2 ru;, u:1 = o. 
TTpH e = 0 .TOM.!leCTBO npeBpawa eTC51 B ycJI0BHe HHTerpupyeM0CTH CHCTeMbl 

HyJJeB0ro npH6JIH)KeHH51 

(11) 

3TH ycJI0BH51 npHB0)l51T K orpaHHlleHHHM Ha napaMeTpHlleCKHe npoH3B0JIHbJe. 

IlpennoJIO)!{HM, 'ITO B03MyllleHHa51 CHCTeMa (5) TaKMe HaX0.!lHTC5l B HHB0JIJO

UHH B CHJJY ycJJOBHfl HHTerp11pyeM0CTH (11) CHCTeMbl HyJieBoro npH6JJH)KeHH51. 

J13 3T0f0 npennoJI0)KeHH51 CJieny10T ycJJ0BH51 

~ ~ 
IU1, U1I =0. 

TaKHM oopa30M, 33.!la'la HCCJJelloBamrn B03MYll.l.eirnofr ncpacjxj)OBOH CHCTeMhl B 

HHB0JJI0!lHH (5) CB0.!lHTCH K HCCJlell0BaHHI0 BTI0JIHe HH'rerpHpyeMOH B03MYll.l.eHHOH 

CHCTeMbl ypaBHeHHJ1 

HyJieBoe npH0JIH)KeHHe l{OTOpol'i T,1K)K(:' BTI0JJHe HI-ITerpnpyeM0. 

}Ja111-1aH 3a.Ua4a nonpooi10 H3 YlleI-Ia B [71 H TT0JJYLle HHble raM pe3y.'IbT3Tbl 

nep t>H()CHTC 51 Ha mjJaCpcl)OBbl CHCTeMbl BH.!la (5). IloHCHHM 3T0 Ha l<0HKpeTHOM 

np11Mepe. 

r l p 11 M e p 2. PaCCMOT()HM 0JJI-I0MepHoe B0JII-I0B0e ypaBHeHHe 

(12) 
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00)1.BeprnyTOe MaJibIM BO3Mylll.eHHHM 

iPu iJ2u -r OU 
at2 = ox2 + 1:,f lt, X, u, a[ ' 

TiycTb mnerpaJibHOe MHOroo6p a 3 He y p aBHeHHH (12) 3a,ZJ.aeTCH cpyHKUHeH 

u = cp(x,t), 

(13) 

( 14) 

noJiyqeHHOH B pe3yJibTaTe peweHHH HeKOTOpOH HaqaJibHOH HJIH Kpae~OH 3a.uaq1-1_ 

HccJie,ZJ.yeM rrOBe)l.e1-rne HHTerpaJibHOro Mlloroo6pa3HH (14) TI O,Zl. BO3)].eHCTBHeM He

JIHHettHbI X B03Myu~eHHH B rrpaBofi qacTH ( 12). C 3TOH ueJihIO n o MeTo,uy acuMITTO

TH'IeCKOH ,!I,eKOMTIO3HUHH Hatt,ZJ.eM peweHHe ypaBHeI-IHH (1 3) B BH)J.e 

u = (p(x, t) + ~ e"q\,(x,t), 
V= l 

r.ue (j)v (x0 , f0) = 0. 
BBO,Zl.51 HOBble rrepeMeHHb!e 

Z1 = u, Y1 = X, Y2 = t, Z2 = oz/oyl = oulox, 

23 = 02/0Y2 = ou!ot, U1 = 02/oyl = a2u/ox 2 , ll2 = 022loy2 = 021.doxot . 

3arruweM ypaBHeI-rne (13) B BH,11,e 3KB J1BaJieHTHOH CHCTeMhl ypaBHeHHH rrepsoro 

nop5I.UKa 

OZ/OY1 = U1, 

02/0yl = 22, 

a221ay2 = u2, 

az11ay2 = z3 , 

02/0ljl = U2, iJz/oy2 = U1 + e[ (!J , Z, U), 

YpaBHeHHH ( 15) MO)KHO 3aMeHHTb mpaqxpoBOH CHCTeMOH 

dz 1 = 22dy1 + 23dy2 , 

d2 2 = utdy1 + u2dy2 , 

d23 = u.2dY1 + (u1 + Ef) dY2· 

(15) 

(1 6) 

H a p5I,uy C B03MyIUeHHOH CHCTeMOH (16) 6y,11,eM p aCCMaTpHBa Tb CHCTeMy HyJieBo

ro npH6JIH)KeHJ:rn 

d21 = 22dy1 + z3dy2 , 

d2 2 = u1dy 1 + u 2dy2 , 

d23 = u2dy1 + u1dy2, 

( 17) 

Bbl5!CHHM orpaHHqeHHH , IrnJia r aeMhle Ha rrpOH 3BO,Zl.Hble OT rrapaMeTpHqec,rnx 

n ep eMeHHblX ycJIOBH5IMH HHTerpup yeMOCTH CHCTeMbl (17). TTe perrHWeM ypaBHe

HHH (17) B BH,11,e CHCTeMhl ypaBHeHHH B qacTI-lblX npO113BO,!I,HbIX 

02/0!J 1 = Z2, 

OZ)O!J1 = U1, 

oz/oy1 = U2 , 

oz/oy2 = 23, 

02zlO!J2 = U2, 

02/oy2 = u1 . 

(1 8) 

TipttpaBHJ.rna 5I BTOpb!e rrpoH3BO.UHbi e , TIOJi y4eHHbl e H3 COOTHOWeHHH (1 8). rroJiy

qaeM y c JIOBH5I HHTerp1-1pyeMOCTH 

02/oy2 = oz/oy1 , ou/oy2 = ou/oy1, ou/oy2 = ou/oy1 • 

TiepBoe 1-13 3THX COOTI-IOWe HHH B CHJIY (18) rrpHBOllHT K TO)K,Zl.eCTBY ll2 = ll2 - CTie

,11,OBaTeJibHO, CHCTeMa (18) HaXO,Zl.HTC5I B HHBOJIIOUHH H rrpoH3BOJI B TIOCTpoeHHH 

ee HHTerpaJibHOro MHOroo6pa3H5I orrpe,ueJI5l eTC5I 11BYM5I cpyHK UH5IMH OT O,Zl.HOH 

He3 aBHCHMOH rrepeMeHHOH, TaK KaK P1 = 0, P2 = 2 B CHJIY COOTHOWeHHH 

ou/oy2 = ou/oy1, ou2/oy2 = OU1loy1. (19) 
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ITepeii,11.eM OT CHCTeMbl (16) K pacnrnpe1u10?'1 3BTOHOMHOH CHCTeMe 

dz 1 = z 2dy1 + z3dy 2 , 

dz2 = u1dY1 + t-12dY2, 

dz 3 = u 2dy 1 + (u 1 + ef) dy2 , 

dt1 = d!Ji, dt2 = dy2 • 

CooTBeTCTBem10 ,11.JUI CHCTeMbl ( 17) 110JIY'IHM 

dz1 = z2dY1 + Z3dy2, 

dz 2 = 11 1dy1 + u 2dy2 , 

dz 3 = u 2dy1 + u 1dy2, 

d aul d aul 
u1 = ar;- Y1 + at2 dy2; 

O nepaTOpbl, accoum1poBaHI-1bie C CHCTeMOH (21), 3311HCb!B3JOTC51 B mrne 

" a a a a + au 1 a au. iJ 
ul = atl + 22 azl + UI OZ2 ---j- Uz OZ3 at; OU1 + at: OUz I 

" a a a a au1 a au. a U--+z-+u-+u- ~ - ----+--~--
2 - at2 3 az] 2 az2 1 823 ' dt2 aul at2 au2 . 

(20) 

(21) 

C ooTBeTCTBeI-JHO pacnrnpeIJH bi e onepa-ropbl, accou1111poBaI-1Hbie C CHCTeMOH (20), 
3 311 HlllYTC51 Talc 

(22) 
~ ~ a 

r n e U2 = f -8-. 
Z3 

Oner aTOpbl D 1• f; 2 KOJl,IMYTaTHBHbl B n!Jly ycJIOBHH (19) HHBOJIIOTHBHOCTB 

CllCTeMbl (21) 
(23) 

no cneJiaHH0My BbIWe npe,unoJJo:>KeHHIO B03Myw,eHH35l CllCTeMa (20) 
,ll0Jl:>KHa H3X0,UllTbC5l B llHB0Jl!OllHH B CBJJY TeX ,Ke ycJJOBHH, T. e . onepaT0 pbl 

u 01• f; 02 D,0Jl:>KHbl 6bITb J<OMMyTaTHBHbl npll JII060M 3H3'IeHHH napaMeTpa C B 

CHJJY (23), T. e. [U 01 , U 02 ] = 0. oTKy,ua cJJenyeT BHD. cpy1-IKUHH B03Mylll.eHB51 

(24) 

TaKHM o6pa30M, npH Bbll10JJHeHHH pase J-ICTl3 (23), (24) np1-1xonHM K sa_ua,,e 06 

8CHMTITOTHtleCKOH .ue K0MI103 HUHH BTI0JIJ-Je HHTerpHpyeMOH mpacpcpOBOH CHCTeMbl 

(20), HyJJesoe npH6JJHJKem-1e KOTOpoii TaKJKe BD0J!He HHTerpupyeMO. 

3anaeMC51 K0HKpeTHb!M BH,11.0M peweHH51 ypaBHeHH51 (12) B BHlle ll JIOCKOH'. 

B0J!Hbl u = cos (Y1 - Y2)- TeM C3Mb!M onpe,11.eJJeHo HHTerpaJibH0e MH0roo6pa3 He 
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mpaqxpoBOli CHCTeMhl HyJieBoro npH6JIH)KeI-I!Ul 

2 1 = cos(t1 - t2), 2 2 = - sin (t1 - t2), 2 3 = sin (t1 - t2), (25) 

U1 = - cos U1 - t2 ), U2 = cos U1 - t2)-

Coon10111e11H5l (25) noJIHOCTb!O onpe,ueJ1 5l!OT Ha<rnJ1bHYIO T04KY M Cto1 , fo2, 
201 , 2 02 , 2 03 , 11 01' u02). TToJIO)I<ttM t,11 = t02 = 0. T or,ua 2 01 --:: 1, 2o2 = 0, 2 03 = 
= 0, U.0 1 = 0 , llo2 = I H onpe).l.eJieHbl TalOKe 31-!34eHH5l CBO0O)lHbl X 11apaMeTpH
qec1rnx nepe\1e11 llblX 

au2liJt, = - sin (tl - t 2), iJu/iJtl = sin U1 - t2)

I11nerpaJi bl ncpacj)(j.>OBOH CHCTeMbl HYJl eBoro n p116JIH)1<eH1rn 

<Pi = l/.2 - cos (t , - t2), 

(jl2 = ll1 + cos U1 - t2), 

qi3 = 2 3 - sin (t 1 - t2) + (t 1 - t2) cos (t 1 - t 2 ) - t1u2 - t2u1, 

{jl4 = 22 + sin (tl - t 2) - (tl - t2) cos (/ I. - t2 ) - tlul - t 2ll2 , 

(26) 

1 2 I 2 
{jl5 = 21 - cos U1 - t2) + 2 t1U1 + 2 t1 cos (tl - t2 ) - t122 - f 2Z3 - (tl -

onpe,uemieM H3 Bl"lOJIHe HHTeqrnpyeMOH CHC"fe\1161 

,,.._ ,,.._ 

r.ne B K03cj:xjmuHeHrnx onepa-ropoB U1, U2 rno6011 11 1,1e napaMe-rpnqecKHe npoH3· 
BO)lHble iJU1f iJf1, iJu2fiJf1 33MelleHbl 11!)3Bb!MH 43CT511,1H p aBeI-ICTB (26) . 

.[LJIH cpyHKUHH f B03Myll(eHH5l npHMeM BblpmKe1-me 

t = (1 + <p5)2. 

TTpoH3Be.neM B onepa-ropax (22) 3aMetty nepeMeHHhIX t1 = t;, t2 = t;,, x; = <p 1, 

x; = <P2, x; = %, x; = {jl4, x; = cp5 , B H0BblX nepeMe HHblX onepaTOpbl t22 > 
npHMYT BHJ1 

CJienoBaTeJibHO, B H0BbIX nepeMeHHbIX B03Myr.ue1-rnan CHCTeMa (20) npHHHMaeT 
BH,!l, 

dx; = 0, 

dx~ = 0, 

dx~ = e (I + x;)2dy2 , 

dx; = 0, 

dx; = - et; (l + x~)2dy2 , 

dt; = dy1 , dt; = dy2 • 

(27) 

TTpHMeHHM K CHCTeMe (27) anropHTM aCHM TITOTWJeCKOH .UeK0MTI03HIJ.HH, COBeplllHB 
aaMeHy nepeMeHHhIX 

30 

xj = exp(eS)xj , i = T:5, 

t; = exp (eS) t 1, i = U, 
(28) 
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r.n:e 
2 5 

S = S1 + eS2 + ... , S,,, = ~ "r,,,; ii + ,L "r,,,; 0~i . 

i=l i= I 

BbrmmteM B H0Bb!X rrepeMeHHb!X orrepaT0pbl Lfo1, [} 02, accou1mpoBaHHb!e C 
CHCTeMor1 (27) C T0lJH0CTb!O no BeJIHLIHH BT0poro rropHnKa M3JI0CTH: 

r.ne 

" i) 
U 01 = 7ft + e (- [U 1 , S1 ] + F 11] + e2 (- [U1 , S2 ] + F 12 ), 

1 

F 11 = u1 = o, 

F 21 =V2 =(1+x5) 2 0~ -t2 (1+ x5)2 0~ , 
3 6 

~ l 
F12 = - [Uv S1 ] + 2 [[U1 , S1], S1], 

~ l 
F 22 = - [U 2 , S1 ] + 2 f[U 1 , S1], S1]. 

OrrepaTop S1 HaxonHM H3 CHCTeMbI ypaaHeHHH 

[U 1 , S 1] = 0, [U 2 , S 1] = F 21 - pr F 210 

r.ne pr F 21 = N 21 = (l + X5)2a!ax3. 
OocJie HeCJIQ)l(Hb!X Bb!KJl3)l0K IT0JiylJaeM 

S t~ 2 a 
1 = - 2 - (l + X5) 7fx • 

6 

OrrepaTOp S2 HaxonHM H3 CHCTeMbI ypaaHeHHH 

[U 1 , S 2 1 = 0, [U2 , S2 ] = F 2 2 - p r F 22 ; 

r.nt 

nocJie HeCJIO}KI-!blX BbllJHCJieHHH orrpe)l.eJI HeM 

t~ c) 
S2=-3(l+ xs)3 OX3. 

(29) 

TaKHM o6pa30M, orrepaTOpbI (29) rrocJie npeo6pa3oBaHHH (28) rrpHMY,T BRA 

A a 
Uo1 = 7ft, 

1 

U" a (I + , 2 a 
02 =75t-/- e X5 , -0-, 

2 X3 

a ueHTpaJIH30Ba HH35l CHCTeMa, C00TBeTCTBYIOIUaH B03MyrueI-IHOll CHCTeMe (271.
Bll)l. 

dx 1 = 0, 

dx2 = 0, 

dx..._ = e ( I + x 5)2dy1 , 
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dx4 = 0, 

dx5 = 0, 

dt1 = dy 1 , dt 2 = dy2 • 

IlpomnerprrpyeM 3TY CHCTeMy npH Hal!aJibl-Ib!X ycJIOBH51X X1 = ·. · = Xs = 
= 0 npH t1 = t2 = 0. B p e3yJihTaTe n oJiyllHM x1 = x 2 = x 4 = Xs = 0, X3 = 
= et2 • I1e p eMeHHb1e x', t' Bhipa:>KaIOTC5l q ep e3 n epeMeHHhie x, t no cpopMyJiaM 

{28). me cJie.nyeT noJI0:>KHTh S = S1 + c:S2 . 

BbIITHilleM 3 Hal!eHH51 x' C T0lJH0CTb!O .no BeJIH'lHH BT0poro n op H,LI.Ka M3JI0CTH 

x~ = 0, 

x; = 0, 

3 
• ·t 2 t2 

X3 = e 2-e 3' 

x; = 0, 

t~ e2 4 
x~ = - e 2 + 4 t2. 

OKOHll3TeJibHO .l(JIH <PYHKUHH u, z noJiyllttM BbipmKeHHH 

U 2 = COS (t1 - f 2 ), 

U 1 = - COS (t1 - f2 ), 

2 4 

2 1 = cos(t1 - t2 ) + t2x; + x~ = cos (t1 - t2 ) + e ~ - e2 :; , (3 1) 

z2 = - sin (t1 - t2 ), 

3 

z 3 = sin (t1 - t3) + x; = sin (t1 - t2 ) + et2 - e2 i , 
Y6e.Lll-IMC5l , l!TO Hafi.neHHbie cjJyHKUHH C TOlll-IOCTb!O .no e2 y.noBJieTBopmoT 

-CHCTeMe ypaRHeHHH (I 5), a CJieJlOBaTeJJb HO, H HCXOllHOMY B03Myw,eHHOMY ypaB

HeHHIO (1 3). no.ncTaBJIHH (31) B ypaBHeHH5l (1 5) , noJiy•rneM 

az21at1 = - cos u1 - t2 ) = u1 , 

iJz /iJt, = - sin (t , - f 2 ) = 22, 

iJzaf iJt 1 = COS (t 1 - f 2 ) = U 2 , 

iJziiJt 2 = cos (t 1 - t2 ) = u2 , 

iJz/iJt2 = sin (t1 - t2 ) + ( et 2 - c: 2 t; ) = z3• 

4T00bl nponep ttTb nocJieJIHee ypaBHe Htte, CJJenyeT oueHHTb BeJIHlJHHY (I + cp5)11• 
nonCTaBJIHH 4.JY HKUHH (31) B HtITerpaJJ cp5, 1-JaXOJIHM 

t~ e2 4 
(j)5 ~ - e 2 + 4 t2, 

c Jienosa TeJihI-10, 

( 1 + ())5)2 ~ ( I - eti), 

iJz 3/iJt 2 = - cos(t1 - t2 ) + (e- e2t~) = u 1 + e (I + cp5)2 = - cos (t, - t~) + 
+ e( l - et~). . 
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