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ASYMPTOTIC BEHAVIOR OF A CLASS
OF PERTURBED DIFFERENTIAL EQUATIONS

ACUMIITOTHYHA IMOBEAIHKA OJHOI'O KJIACY
3BYPEHUX JUPEPEHIIAJIBHUX PIBHAHD

This paper deals with the problem of stability of nonlinear differential equations with perturbations. Sufficient conditions
for global uniform asymptotic stability in terms of Lyapunov-like functions and integral inequality are obtained. The
asymptotic behavior is studied in the sense that the trajectories converge to a small ball centered at the origin. Furthermore,
an illustrative example in the plane is given to verify the effectiveness of the theoretical results.

Posrnsimaersest 3amada cTiiikocTi HeMiHIHHUX qudepeHIiaabHuX piBHAHD i3 30ypeHHsAMH. OTpUMaHO JOCTaTHI YMOBH IJIO-
6aJpHOT pIBHOMIPHOT aCHMIITOTHYHOI CTIHKOCTI y TepMiHax QyHKIiH Ty JImyHoBa Ta iHTerpajJbHUX HepiBHOCTEH. ACHUM-
NTOTUYHA TIOBEIIHKA BUBYAETHCS B CEHCI TOTO, IO TPAEKTOPIT 30iraroThCs 10 Maloi KyJi i3 IEHTPOM Y MOYaTKy KOOPHHAT.
Kpim Toro, 3 MeToro nepeBipku e(peKTUBHOCTI OTPHMAHUX TEOPETHYHHX PE3yNbTaTiB HAaBEACHO BiJMOBIIHUIA NPHUKIAJ Ha
[UIOLLMHI.

1. Introduction. The problem of Lyapunov stability of time-varying differential equations has
attracted the attention of serval authors and has produced a large important results [1 —6]. The two
major approaches for Lyapunov stability analysis [11, 15-19] are the linearization method and the
direct method. Stability of a system can be investigated via the first linearization method, but in
general and the most powerful technique is the second direct method. For this method one usually
assumes the existence of the so-called Lyapunov function which is a positive definite function with
negative derivative along the trajectories of the system. Therefore, because of the existence of
some perturbations, stability are defined in terms of the behavior of solutions under other restrictions
imposed on the term of perturbation. The natural assumption is to consider some stability property
for the unperturbed system with some information on the bound of the perturbed term. Many works
are given in this sense [4, 10, 13, 17]. The authors in [7, 8] introduce the concept of exponential
rate of convergence and for a specific classes of uncertain systems where they present controllers
which guarantee this behavior. In particular, when the origin is not necessarily an equilibrium point,
in this case one can study the asymptotic behavior of the solutions in a neighborhood of the origin.
This approach is used to study systems whose desired behavior is asymptotic stability about the
origin of the state space or a close approximation to this [9, 10, 12—14]. In [18], the authors
studied the robust stability of nonlinear systems, which admit simultaneously disturbances on the
structure of the system and the initial conditions. This kind stability requires that the disturbing
function is bounded. However, the system may oscillate close to the state, in such situation for
allowable uncertainties and nonlinearities, we can estimate the region of attraction from which all
solutions converge to a small ball containing the origin of the state space. The usual techniques
is to use the Lyapunov function associated to the nominal system as a Lyapunov candidate for the
perturbed system (see [16]). The idea used in [4] is to add in the Lyapunov function associated to the
nominal system a special function which is chosen such that the derivative along the trajectories of

© A. DORGHAM, M. HAMMI, M. A. HAMMAMI, 2021
ISSN 1027-3190. Yxp. mam. ocypn., 2021, m. 73, Ne 5 627



628 A. DORGHAM, M. HAMMI, M. A. HAMMAMI

the system in presence of perturbations is definite negative. Another approach is to use some integral
inequalities of Gronwall — Belmann type to deduce the asymptotic stability of systems in presence of
perturbations (see [14]). In this paper, under some restrictions on the perturbed term, we show that
all state trajectories are bounded and approach a sufficiently small neighborhood of the origin. One
also desires that the state approaches the origin (or some sufficiently small neighborhood of it) in a
sufficiently fast manner, in this sense, we prove that the solutions of the perturbed systems converge
to a small ball centered at the origin. Furthermore, we provide some sufficient conditions for the
exponential stability of a class of perturbed systems based on a new nonlinear inequality. Finally, a
numerical example is given to show the efficiency and accuracy of the method.
2. Stability analysis. We consider the first unperturbed nonlinear system described by the
equation
&= f(t,x), t=0, ey

where x € R™ and f: Ry x R™ — R" is continuous in (¢, x) and locally Lipschitz in 2 uniformly
in t. We suppose that f(¢,0) = 0, ¢ > 0, in this case the origin is an equilibrium point of (1). The
second one, is a perturbed system given by

y=f(t,y) +g(t,y), t>0, ()

where f, g: Ry x R™ — R" is continuous in (¢,y) and locally Lipschitz in y uniformly in ¢.

The function g(.,.) is the perturbation term which could result from errors in modeling a non-
linear system, aging of parameters or uncertainties and disturbances. In practice, if we know some
information on the upper bound of this term and if the associated nominal system (1) has a uniformly
asymptotically stable equilibrium point at the origin, what we can say about the stability behavior of
the perturbed system (2). Unless otherwise stated, we assume throughout the paper that the function
f(.,.) encountered is sufficiently smooth. We often omit arguments of function to simplify notation,
R™ is the n-dimensional Euclidean vector space; R is the set of all nonnegative real numbers;
|z|| is the Euclidean norm of a vector x € R". B, = {x € R"/||z|| < r, r > 0} denotes the
ball centered at the origin and of radius » > 0. For all zp € R™ and t, € R", we will denote by
x(t, to, zo), or simply by x(t), the unique solution of (1) (respectively, by y(t, to, yo), or simply by
y(t), the unique solution of (2)) at time ¢ starting from the point x (respectively, starting from the
point gy at time tg). We recall now some standard comparison functions which are used in stability
theory to characterize the stability properties and uniform asymptotic stability (see [11, 16]): K is
the class of functions R™ — R which are zero at the origin, strictly increasing and continuous.
Ko is the subset of K functions that are unbounded. L is the set of functions R™ — R™ which are
continuous, decreasing and converging to zero as their argument tends to +oo. KL is the class of
functions R™ — R which are class K on the first argument and class £ on the second argument.

We will consider more general case when we do not know that g(¢,0) = 0 for all ¢ > 0. The
origin may not be an equilibrium point of the perturbed system (2). We can non longer study the
stability of the origin as an equilibrium point, nor should we expect the solution of the perturbed
system to approach the origin as ¢ goes to infinity. The best we can hope that for a small perturbation
term the solution approach to the a small set which contains the origin. The asymptotic behavior of
the solutions of (2) can be studied in a neighborhood of the origin, in this case the solutions converge
to a certain small ball. Let consider the system (2), in the case where g(¢,0) # 0 for a certain ¢ > 0.
We introduce some basic definitions and preliminary facts which we shall need in the sequel. First,
we give the definition of global uniform asymptotic stability of a ball B, (see [3, 9]).
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Definition 1. Let » > 0 be a positive number. The ball B, is said to be globally uniformly
asymptotically stable for (1), if there exists a class KL functions 3 such that the solution of (1) from
any initial state xy € R"™ and initial time ty € R" satisfies the estimation

lz(@®)|| < B(||xoll, t — to) + 7 forall t >ty > 0.

The next definition concerns the global uniform exponential stability.

Definition 2. B, is globally uniformly exponentially stable, if there exist v > 0 and k > 0 such
that, for all t > ty > 0 and xy € R",

()] < kllzollexp(—=y(t — to)) + 7.

Note that, in the above definition, if we take = 0, then one deals with the standard concept of the
global exponential stability of the origin viewed as an equilibrium point. Moreover, if g(¢,0) # 0,
we shall study the asymptotic behavior of a small ball centered at the origin for 0 < [[z(¢)| — r
Vit > tg > 0, so that the initial conditions are taken outside the ball B,..

Lyapunov’s direct method allows us to determine the stability of a system without explicitly
integrating the differential equation.

Definition 3. Let V: RT x R"® — R a Lyapunov function

V(t,0)=0 Vt>0,

V(t,) >0 V(t,z) € R x R"\ {0}.

(i) V (t,x) is positive definite, i.e., there exists a continuous, nondecreasing scalar function o(.)
such that a(0) = 0 and

0 <afllzl) <V(t,x) vy #0.

(i) V(t,z) is negative definite, that is,

V(t,z) < —=y([lz]) <0,

where ~(.) is a continuous nondecreasing scalar function such that v(0) = 0.

(iii) V(t,x) < B(||x|), where B(.) is a continuous nondecreasing function and 3(0) = 0, i.e.,
V' is decrescent, i.e., the Lyapunov function is upper bounded.

(iv) V is radially unbounded, that is, o(||z||) — oo as ||z| — oo.

The classic Lyapunov direct criterion establishes that, given a nonlinear system, the existence of
a smooth positive definite function with the property of having a nonpositive derivative along the
solutions implies that the origin of the system is stable. If such derivative happens to be negative,
the origin is asymptotically stable. If, in addition, the Lyapunov function of the system, is radially
unbounded, then the origin is globally asymptotically stable. Furthermore, converse Lyapunov the-
orems ensure that the existence of a Lyapunov function is also a necessary condition for stability.
The classic Lyapunov result for a nonlinear nonautonomous system can found in [11]. The following
theorems give sufficient conditions to ensure global stability of a ball. Their proofs can be deduced
from [7-9].
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Theorem 1. Consider system (1) and suppose that there exist a continuously differentiable func-
tion V: RT x R" = R, a class Koo functions a1(.), az(.), a class K function as(.) and a small
positive real number o such that the inequalities hold, for all t > tqg > 0 and © € R" :

a((fz]) <Vt z) < az(]z]]),

av oV
5 t 55 [t z) < —ag(|lz]]) + o

Then the ball
B, ={z e R"/|lz|| < a; ' cazoaz'(0)}

is globally uniformly asymptotically stable with
r=a;loasoaz(o).

Now we state sufficient conditions for global exponential stability (see [3]).
Theorem 2. Consider system (1) and let V : [0, +0o[xR"™ — R be a continuously differentiable
Lyapunov function such that

allzl* < V(t,z) < eo|z]?,

ov oV
o + 2 f(t,x) < —c3V(t,x) +p

forall t > tg > 0 and x € R"™, where c1, co and c3 are positive constants. Then the ball

B, ={x e R"/||z[| < v/p/cica}

is globally uniformly exponentially stable with

r = \/p/ClcQ.

3. Stability of perturbed system. We study in this section the asymptotic behavior of perturbed
systems via different approaches for certain classes of perturbed differential equations.

3.1. Lyapunov approach. There exist equations of the form (1) such that the origin is globally
uniformly asymptotically stable, but there exists bounded perturbations such that (2) becomes unstab-
le. This motivates us to study the problem of uniform stability of perturbed systems by assuming that
the nominal associated system is globally uniformly asymptotically stable and some assumptions on
the size of perturbations.

We assume that the perturbation term g(., .) satisfies the uniform bound:

lg(t, )l < 0@yl +£@) VE=to=0 VyeR", A3)
where 0(.), £(.) € C[RT,R*] such that

supf(t) =n < 400
t>to

and the function £(t) satisfies
sup&(t) = k < 4o0.
t>to
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For the asymptotic behavior of equation (2), we shall suppose for system (1), that there exists a
continuously differentiable function V(.,.): RT x R” — R which satisfies the inequalities

a(llal) < V(t,2) < as(l)), @
ov. oV
E—i—%f(t’m) < _a3(||1:||)+@(t)7 (5)
oV
|52 < catal) ©

in [0,00) x R™, where a;(.), i = 1,2,3,4, are class K, functions and o(.) € C[RT,R*] such that

sup o(t) = 0 < +00.
t>to

Theorem 3. Suppose that the conditions (3), (4)—(6) hold and
(Fcoa4 + na4.a1_1 o a2)< lag, 0<I<1. @)

Then the ball
By ={z e R"/|z]| < oy ' cazoa;'(d)}

is globally uniformly asymptotically stable respecting the system (2).
Proof. We use V(.,.) as a Lyapunov function candidate for the perturbed system (2). The
derivative of V (¢, y) along the trajectories of (2) gives

(t.0) < —aalul) + o0+ | 5 late. 0 <

< —as(llyl) + calllylD (nllyll + x)+o(?).

Thus,
V(t,y) < —as(llyll) + (kou + nas.a; ' o az)([lyl) + @

The last expression in conjunction with the fact that the functions «;, ¢ = 1, ..., 4, satisfy (7), yields

V(t,y) < —(1 =Das(llyl) + o

Let ap(r) = (1 — l)ag(r), 0 <1 < 1. One has oy € K, and by using Theorem 1, we deduce that
the ball B, with
r=oaj'oazo0;' ()

is globally uniformly asymptotically stable.

Remark 1. If [ approaches to zero in the inequality (7), then the radius r of the above ball
decreases.

For the exponential behavior of equation (2), we shall suppose for system (1) that there exists a
continuously differentiable function V : RT x R™ — R which satisfies the inequalities

alz|? <V(t,z) < ez, (8)
ov oV
E + 87 f(ta .%') < _C3V(t7 .Z'), (9)
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H%‘y”H < au(ll2l)

for all t > 0 and = € R", where c1, c2, c3 and ¢4 are positive constants.
Theorem 4. Suppose that the conditions (3), (8)—(10) hold and

31

Cq

Then the ball
B, ={z e R"/||z]| < a7 cazoa;'(d)}

is globally uniformly exponentially stable respecting the system (2).

Proof. We use V(.,.) as a Lyapunov function candidate for the perturbed system (2).

derivative of V (¢,y) along the trajectories of (2) gives

1%
V(ty) < —esV(ty) + HayH Lot <

< —csV(t,y) + calllyl) (nllyl| + #).

Thus,

V(ty) < - (c3 - 4’7) Vi) + ST,

. c
By assumption, the term c3 — ean > 0. Let

c1
v(t) = V(ty).

The derivative with respect time gives

It implies that

C4R
1 c4n Cq

1) < ot g =)t -t
) < el (= 1) -0+ iy
C1

Hence, the ball B, with
C4R

r= -
C1C3 — C47]

is globally uniformly exponentially stable.

(10)

The

Next, we will prove a new nonlinear generalized Gronwall — Bellman-type integral inequality, and,
as application, we give a new class of time-varying perturbed systems which is globally uniformly
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exponentially stable in the sense that the trajectories converge to a small ball centered at the origin.
Moreover, we give an example to illustrate the applicability of the result.

3.2. Integral inequality approach. We consider now, the nonlinear perturbed differential equa-
tion

y = A(t)y + g(t,y). (11)

Here, the nominal system is supposed linear, where A(.) is continuous bounded matrix defined on
RT and ¢g: Ry x R™ — R™ is continuous in (¢,y) and locally Lipschitz with respect y uniformly
in t.

The natural assumption is to consider some stability property for the unperturbed system with
some information on the bound of the perturbed term where the nominal system is supposed to be
globally uniformly asmptotically stable.

Suppose that, for

T =A(t)x,

x = 0 is globally uniformly exponentially stable equilibrium point, this is equivalent to say that
H(I)(tvt()”’ < kexp(—’y(t - tO))v t >ty > 07 (12)

where k£ > 0,7 > 0, ®(¢t,to) is the state transition matrix of the matrix A(t).
We assume that the perturbation term g(., .) satisfies the uniform bound

lgt: )l < 0Dyl + &) VE>to >0 Yy eR", (13)

where 6(.), £(.) € C[RT,RT].
The solution of the perturbed equation which starts at (o, y9) is given by

y(t) = B(t, to)y(to) + / B(t, 5)g(s,y(s)ds, 1>t >0,

By using (12), we obtain

t
[y < ke—”(t_tO)lly(to)HJr/ke—w_s)llg(s,y(S))IdS-
to

Thus,
t

My < kem\ly(to)\+/k€“||9(say(8))Hd8-

to

By using inequality (13) imposed on the term of perturbation, we have

t

My < kemIIy(to)||+/kevs(e(S)Hy(S)ll +&(s))ds.

to
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It follows that
t
M y(t)]| < ke [ly(to)|+ / RO()C [y(s)]| + (ke6(s)ds,  t>19>0.  (14)
to

To obtain an estimation on the solutions of the perturbed system (11), we need the following lemma
which a generalization of Gronwall type integral inequality.

Lemma 1. Let u(.), ¥(.) and (.) be continuous functions on [0,+0c0) such that 9(.) > 0. We
suppose that the inequality

t

u(t) <c+ /(ﬁ(s)u(s) +((s))ds  forall t>a (15)

a
holds, where a and c are arbitrary positive constants. Then

¢
u(t) < cela 9T 4 / C(s)efst YOdTgs  forall t>a.

Proof. For t > a, we put

By using the inequality (15), we obtain
F'(t) > co(t) + 9(t)F(t) + ((¢).
Let y the maximal solution of the linear equation

y' (1) = 9(t)y(t) + cd(t) + ((t)
with y(a) = 0. It is clear that

¢
y(t) = cela¥)ds _ oy /C(s)efst o(r)dr,

a

By comparison, we deduce that
F(t) < y(t).
Finally, we obtain

¢
u(t) < cela () + /C(S)ef; O(r)dr g forall t > a.

a
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Lemma 2. Let § € LP(R;,R;), where p € [1,4+00) U {+00}. We denote by ||0||, the p-norm
of 0. Then, for all t >ty > 0,

/ oy < e [(1 - ;) wup] (t—to).

Proof. We first consider the case p € (1,400). By using Holder inequality to the function 6,
we obtain, for all ¢ > tg,

1 p=1
t t P t P

/ 0(c)do < / 0% (0)do / do| <

to to to

We put

then f is continuous on [0, +o0) and differentiable on (0, +00) and verifying
@) =222 (1-073)
z)=——I\1—2 7).
flz) ==

Hence, f is decreasing on [0, 1] and increasing on [1,+00). Since f(1) = 0, we conclude that f is
positive on [0, +00) which means that

=1 1 p-1
p p

x VYx>0.

Consequently, we have
=1 1 p—1
(t—to) r < *—‘ri(t—to) Yt > to.
p p

j ouydn < e [(1 - ;) |e||p] (t — to).

This inequality holds also for p € {1, +00}.
Theorem 5. Suppose that the conditions (12), (13) hold and £ € L>* (R, R,), 6 € LP(Ry,R,)

with )
v
1+ — =
ol < (1425 ) 7

1
’y—k(l—) 0
o )10

is globally uniformly exponentially stable respecting the system (11).

Then

Then the ball

B, ={z e R/|a]| <
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Proof. Since the conditions (12) and (13) are satisfied, then one gets an estimation as in (14),

t

My < ke”tOHy(to)HJr/(k9(8)6”sHy(8)H + ke™¢(s))ds.

Let
u(t) =" ly(®)]-

Then, by applying Lemma 1, we obtain

t
u(t) < ku(to)ekﬁo Bledds / keT3g(s)ek Js 0T g,

to

Since
ly()]| = e " u(t),

we obtain the estimation
¢
t
Iyl < lly(to) o A H=20710) / ke (s)els M —0-3) g
to

Then

t
oo < Kl O 1 (o] [ kIO 0gs
to

Now, by using Lemma 2, we get

t

[ ot < e 10D o, - o).

to

Consequently,
t
(o)) < blyaa) e+ 5" e ORI ey (52 bt )00,
to

Using the fact
L\~
0 1+ ——) -
o < (1+-25) 7.
1
which implies v — k (1 - ) 10]|, > 0. Finally, we obtain the estimation
p

plelp

lell _(~_ _1 _
Iyl < ke fyaap (O Klelle 7
v k(1= )il
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Hence, the ball B, is globally uniformly exponentially stable with

Ell9llp
_ E[€]lee 7
1 .
y—k 1_]; 101l
3.3. Example. Consider the system
: . 1 7 et
r1 = xr
! 2T A+22 11 /ad ol T aTr 2y
(16)
2
)
=tr1 —x2 +

t
L+t 1+ /27 + 22

which can be writing as
&= A(t)x + h(t,x),

where
z1
~[2)
—-1-1
()
and ha(t.2)
1tz
= (hzu,x))
with
22 ot

hl(t, l‘) =

+t2 1—}-\/3: —|—x2 (1+t2)(1+a?)’

73

¢
(L+#2)2 1+ /a? + 23

h2 (t7 ZL‘) =
It is clear that the system
T =A(t)x
is globally uniformly asymptotically stable. Indeed, the transition matrix R(¢,to) satisfies
cost —sint
R(t,tg) = e~ (=) ;
sintcost

thus, we obtain
IR(t, to)|| = ke ()

with v = k = 1.
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On the other hand,

By using the classic inequality

we get

where

and

< - -
T (1412)?

A. DORGHAM, M. HAMMI, M. A. HAMMAMI

[h(t,2)||* = hi(t,x) + h3(t, ) <

2¢t
2, 2
(w1 + x3) + a+e)r

va2+bv:<a+b Va,b>0,

(e, 2)] < GOl +<(2) Ve >0,
o) = 1

It is easy to verify that ¢ and e are continuous, positive and bounded on [0, +00). In particular,

and

1l =

Then

H?":Hoo = \@7 ¢ € LP(R-HR-I—)

2 -1)

T
21 ((p— 1)) 3 Vp € [1,+00).

1
<l4+—— VYp2>1

and we can apply Theorem 5 to prove that the ball B,., where

r =

@E=1)!
227D ((p-1))2 2

2e P

N @e- 0 7
- (1) i

W

is globally uniformly exponentially stable respecting the system (16).

Remark?2. The above example show that the trajectories of the system converge exponentially
to a small ball centered at the origin under some sufficient conditions on the perturbed term. This
fact motivated to study systems whose desired behavior is asymptotic stability about the origin of the
state space or a close approximation to this, e.g., all state trajectories are bounded and approach a
sufficiently small neighborhood of the origin. Quite often, one also desires that the state approaches
the origin (or some sufficiently small neighborhood of it) in a sufficiently fast manner. So, one can
introduce a small parameter ¢ > 0 on the perturbations so that when ¢ — 0 the solutions of the
system tend to zero when t goes to infinity.

ISSN 1027-3190. Vkp. mam. scypn., 2021, m. 73, Ne 5



ASYMPTOTIC BEHAVIOR OF A CLASS OF PERTURBED DIFFERENTIAL EQUATIONS 639

4. Conclusion. Sufficient conditions for global uniform exponential stability of perturbed sys-

tems are obtained using Lyapunov techniques or integral inequalities approach. It is shown that
the trajectories converge to a small ball centered at the origin where a new nonlinear generalized
Gronwall — Bellman-type integral inequality is proved. As an application, we give a new class of
time-varying perturbed systems which is globally uniformly exponentially stable. Moreover, an ex-
ample is given to illustrate the applicability of the main result.
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