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A NOTE ON S-NAKAYAMA’S LEMMA
3AYBAKEHHS OO0 S-JTIEMU HAKASIMUA

We propose an S-version of Nakayama’s lemma. Let R be a commutative ring, S a multiplicative subset of R, and M
be an S-finite R-module. Also let I be an ideal of R. We show that if there exists t € S such that tM C I M, then
(' +a)M = 0 for some ¢’ € S and a € I. We also give an analog of Nakayama’s lemma for a w-ideal and an S-w-finite
R-module, where R is an integral domain. Thus, we generalize the result obtained by Wang and McCasland [Commun.
Algebra, 25, 1285-1306 (1997)].

3ampomnoHoBaHo S-Bepcito gemMu Hakasmu. Hexait R — xoMyTaTHBHE Kinblle, S — MYJBTHIUTIKATHBHA MiAMHOXUHA R, a
M — S-ckinuennuit R-monynb. Kpim toro, Hexail [ — inean B R. JloBeneHo, 10 y BHIAAKY, KOJIM icHYe ¢ € S Take,
mo tM C IM, maemo (t' + a)M = 0 nnst meskux t° € S ta a € I. Takox HapeneHo aHanor jemu Hakasmu s
w-ineany ta S-w-ckiHueHHOro R-Moxyins, ne R € iHTerpajibHOK MHOKHHOI. TakuM YHHOM, y3arajJbHEHO pe3ylibTaT, 0
OyB orpumanuii Banrom Ta MakKaciaanmgom [Commun. Algebra, 25, 12851306 (1997)].

1. Introduction. Let R be a commutative ring with identity and let M be a unitary R-module.
Nakayama’s lemma is a well-known result, which states that every finitely generated R-module M
such that M = I M for some ideal I of R, implies that there exists an a € I such that (1+a)M =0
[6] (Theorem 2.2). Some generalizations of Nakayama’s lemma has been given and studied, in the
literatures [1, 3].

In [2], Anderson and Dumitrescu generalized the notion of finitely generated module by intro-
ducing the concept of S-finite modules. Let R be a commutative ring with identity, S C R be a
given multiplicative set and M be an R-module. We say that M is S-finite if sM C F' for some
finitely generated submodule F' of M and some s € S. Note that if S’ consists of units of R, then
M is an S-finite module if and only if M is a finitely generated module.

The first result of this paper is to try to relaxing the condition finitely generated for M with
weaker condition (S-finite) and we will study the Nakayama’s lemma. Let R be a commutative ring,
S be a multiplicative subset of R and M be an S-finite R-module. Let I be an ideal of R. We show
that if there exist ¢ € S such that tM C IM, then (¢’ + a)M = 0 for some ¢ € S and a € I. Also,
if there exist ¢t € S such that tAM C IM + N, for some submodule N of M, then (' +a)M C N
for some t' € S and a € I. Note that if S consists of units of R we find the Nakayama’s lemma.

On the other hand, in [4], the authors gived an analogue of the Nakayama’s lemma for a w-ideal
and a w-module of finite type. First, let us recall the following notions. Let D be an integral
domain with quotient field K and let J be an ideal of D. We say that J is a Glaz—- Vasconcelos
ideal (GV-ideal) if J is finitely generated and J~! = D. Let GV (D) be the set of GV-ideals of
D. Following [4], a torsion-free D-module M is called a w-module if xJ C M for J € GV (D)
and r € M ® K imply that x € M. M is a w-ideal if M is an ideal of D and is also a w-
module. For a torsion-free D-module M, Wang and McCasland defined the w-envelope of M in
[4]as My, = {xr € M ® K |xJ C M for some J € GV (D)}. In particular, if I is a nonzero
fractional ideal of D, then I, = {x € K |zJ C I for some J € GV (D)}. We say that a torsion-free
R-module M is w-finite type if M = N,,, for some finitely generated submodule N of M. For
a w-finite type R-module M and a proper w-ideal I of D, Wang and McCasland showed that if
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M = (IM),, then M = 0. In [5], the authors generalized the notion of w-finite type module by
introducing the concept of S-w-finite modules. Let D be an integral domain, S be a multiplicative
subset of D and M be a (torsion-free) w-module as a D-module. We say that M is S-w-finite if
sM C F,, for some s € S and some finitely generated submodule F' of M. Note that if S consists
of units of D, then M is an S-w-finite module if and only if M is a w-finite module.

The second result of this work gives an analogue of the Nakayama’s lemma for a w-ideal and
an S-w-finite module. Indeed, let D be an integral domain, S be a multiplicative subset of D
and M be an S-w-finite D-module. Let / be a w-ideal of A disjoint with S, we show that, if
tM C (IM),, for some t € S, then M = 0. So we generalize the result of Wang and McCasland
[4] (Corollary 2.10).

2. Main results. Let R be a commutative ring, S be a multiplicative subset of R and M be
an R-module. Recall from [2] that M is called S-finite if sM C F' for some finitely generated
submodule F' of M and some s € S. The next result give an S-version of Nakayama’s lemma. Let
M be an S-finite R-module, I be an ideal of R and N be a submodule of M. We show that if
there exist t € S such that tM C IM + N, then (¢ +a)M C N for some t' € S and a € I. The
demonstration of this general statement reduces to that of the particular case N = 0.

Lemma 2.1. Let R be a commutative ring, S be a multiplicative subset of R and M be an S-
finite R-module. Let I be an ideal of R. If there exist t € S such that tM C IM, then (t'+a)M =0
for some t' € S and a € I.

Proof. As M is S-finite, then there exist an s € S and a finitely generated submodule F' =
=awmR+...+a,R oan such that sM C F C M. We have stM C sIM C IF. Then, for all
1 <4< n, sta; = Zj_l yija; with y; ; € I. Noting Y the matrix of y; ; and d the determinant
of stl,, — Y. By Laplace formula we have, for all 1 < ¢ < n, da; = 0, hence d(sM) = 0,
because sM C F. Moreover, by developing the determinant it’s easy to see that d € (st)™ + I, then
sd € s"T1t" 4 I, thus sd = t' + a where t = s"T1t" € S and a € I.

If S included in the set of units of D, we find the following corollary, which is a particular case
of Nakayama’s lemma (N = 0) [6].

Corollary2.1. Let R be a commutative ring, I be an ideal of R and M be a finitely generated
module over R. If M = IM, then (1+ a)M = 0 for some a € I.

Our next result give an S-version of Nakayama’s lemma.

Theorem 2.1. Let R be a commutative ring, S be a multiplicative subset of R and M be an
S-finite R-module. Let I be an ideal of R and N be a submodule of M. If there exist t € S such
that tM C IM + N, then (t' +a)M C N for some t' € S and a € I.

Proof. We put N’ = M /N. Since M is an S-finite R-module, then N’ is also an S-finite
R-module. Moreover, tN' =tM /N C (IM+ N)/N CIM,/N = IN'. Thus by Lemma 2.1,
there exist a ¢’ € S and an a € I such that (¢ + a)N' = (¢’ +a)M /N = 0, which implies that
(' +a)M C N.

Corollary2.2. Let M be a finitely generated module over R, I be an ideal of R and N be a
submodule of M such that M C IM + N, then (1 + a)M C N for some a € I.

Remark?2.1. Let R be a commutative ring, S be a multiplicative subset of R and M be an
S-finite R-module. Let IV be a submodule of M and I be an ideal of R contained in the Jacobson
radical of R. If there exist ¢t € S such that tM C IM+ N, then by the previous theorem, (t'+a)M C
C N forsome t' € Sand a € I.

Remark that if S consists of units of R, then ¢ + a is an unit of R, thus M = N.
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The next two results are analogues of the S-version of Nakayama’s lemma for a w-ideal and an
S-w-finite D-module.

Theorem 2.2. Let D be an integral domain, S be a multiplicative subset of D and M be an
S-finite torsion-free D-module. Let I be a w-ideal of D disjoint with S. If t M, C (IM),, for some
te S, then M = 0.

Proof. As M is S-finite, then there exists an s € S and a finitely generated submodule F' =
=a1D+...+a,D of M suchthat sM C F C M. Since F is a finitely generated and ¢t C tM C
C tM,, C (IM)y, then tJF C IM for some J € GV (D), which implies that stJM C IM. Let
r € J. Forall 1 <i < n, we have s®tra; € s’tJM C sIM C IF, then, forall 1 <i < n, s’tra; =
= Z;L_l y;ja; with y; ; € 1. Noting Y the matrix of y; ; and d the determinant of s’trl, — Y.

By Laplace formula, we have, for all 1 < i < n, da; = 0, hence d(sM) = 0, because sM C F.
By developing the determinant it’s easy to see that d € (s%tr)" 4 I, then sd € "1ty + 1. If
M # 0, then sd = 0 (since sdM = 0) which implies that ¢'r™ € I where t' = s?"*1¢" € S. Thus,
t'J C VI, because for each r € J, we have (t'r)* = (¢')*~'#'r™ € I. Therefore, by [4] (Proposition
1.6), t' € (V1) = VI, then there exists a ¢ € N, such that (¢')9 € I hence ()7 € SN1I, a
contradiction.

Let D be an integral domain, S be a multiplicative subset of D and M be a (torsion-free)
w-module as D-module. We say that M is S-w-finite if sM C F,, for some s € S and some
finitely generated submodule F' of M ([5]).

Corollary2.3. Let D be an integral domain, S be a multiplicative subset of D and M be an
S-w-finite D-module. Let I be a w-ideal of A disjoint with S. If tM C (IM),, for some t € S,
then M = 0.

Proof. Since M is S-w-finite, then there exist an s € S and a finitely generated submodule F' of
M such that sM C F,, C M. We have stF,, C stM C s(IM), = (sIM)y C (IFy)w = (IF)w
[4] (Proposition 2.8). Then stF,, C (IF),. Since F' is a finitely generated submodule of M, then
F' is an S-finite D-module. Moreover, F' is a torsion-free D-module. Thus by the previous theorem
F = 0, which implies that sM = (0, hence M = 0.

In the particular case when S consists of units of D, we find the result of Wang and McCasland
[4] (Corollary 2.10).

Corollary2.4. Let D be an integral domain, M be a w-finite type D-module and I be a proper
w-ideal of D. If M = (IM),,, then M = 0.
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