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REPRESENTATION OF A SOLUTION OF THE CAUCHY PROBLEM
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AND PERMUTABLE MATRICES

30BPAKEHHS PO3B’SI3KY 3AIAUI KOIII J1JIs1 KOJIUMBHOI CUCTEMU
3 IBOMA 3AIII3HIOBAHHSMU TA IEPECTABHUMU MATPULISIMUAU

We represent a solution of a nonhomogeneous second-order differential equation with two delays using matrix functions
under the assumption that the linear parts are given by permutable matrices.

OTtpumMaHO 300paKeHHS pO3B 3Ky HEOTHOPITHOTO AU(EPEHIIIANEHOTO PIBHAHHS APYTOro MOPSAKY 3 IBOMA 3alli3HIOBaHHS-
MH i3 BUKOPHCTaHHIM MaTpHYHUX (YHKLIH 3a MPUIYLICHHS, 1110 JiHiiHI YaCTHHU 33/1aHO NMEPECTaBHUMH MATPHULISIMH.

1. Introduction. Representation of a solution of system of first-order differential equations with
single delay using matrix polynomial derived in [9] led to many new results in theory of ordinary dif-
ferential equations with delay, such as controllability, exponential stability, boundary-value problems,
etc. [1-3, 10, 13], but also in theory of boundary-value problems in partial differential equations [4].
On the other side, solutions of differential equations with multiple fixed or variable delays and dif-
ference equations with single and more delays were represented in similar ways [7, 11, 12, 15]. Also
their asymptotic properties and controllability were investigated [6, 11, 12, 14, 15].

In [8], any solution of a system of differential equations of second order with single delay is
represented using matrix polynomials. This representation was used in control theory [5].

In the present paper, by the use of permutable matrices, we are able to construct matrix polyno-
mials which solve a linear homogeneous system of differential equations of second order with two
different delays and linear terms given by these matrices. Later, using these functions, we represent
a solution of initial problem of the corresponding nonhomogeneous system. So, the assumption of
permutability leads to extension of [8] to systems with two different delays. Without the assumption,
the matrix functions would not solve the homogeneous equation.

Let us recall the result from [8].

Theorem 1.1. Let 7 > 0, ¢ € C?*([~7,0],R"), B be a nonsingular n x n matrix and
f:[0,00) = R™ be a given function. Solution x: [—7,00) — R™ of equation

i(t) = —Bx(t — 1) + f(t) (1.1)
satisfying initial condition
z(t) = (1),
—7<t<0, (1.2)
x(t) = sb(t)a
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OSCILLATING SYSTEM WITH TWO DELAYS 59

has the form

x(t) = Cos, Bt o(—7) + B~ 'Sin, Bt p(—7)+

0 t
+B71 /SinTB(t —7—5)p(s)ds + B! /SinTB(t —7—35) f(s)ds
—T 0

fort € [—7,00), where

© —o00 <t < -,
ey it (1.3)
b BZZ ot (CDRBE — (];2;)!1)7)%, (k—1)r<t<kr, keN,
> —o0 <t < -7,
B, —r<t<0,
e 1.4
" Bt+) - BSi ot (g 2 E];k_j)&)%ﬂ’ (1.4)

(k—1)r <t<kr, keN.

Here, we used the notation © and E for the n xn zero and identity matrix, respectively. Moreover,
N denotes the set of all positive integers. The above stated matrix functions Cos; Bt, Sin, Bt have
the following properties (see [8])

%COSTBt = —BSin,B(t — 1),

d2
@COSTBt = —B%Cos,B(t — 1),

(1.5)
%SinTBt = BCos; Bt,
d2
ZSin, Bt = —B?Sin, B(t — 1)

for any ¢ € R, considering one-sided derivatives at —7 and 0.

2. Systems with two delays. In this section, we derive the representation of a solution of
equation (1.1) with two delays, using matrix functions analogical to (1.3) and (1.4). More precisely,
we consider equation

#(t) = —Biz(t —m) — Bya(t — 1) + f(t) 2.1)

with 71, 72 > 0 and permutable matrices By, By, i.e., By By = By Bj. But first, we slightly improve
Theorem 1.1 to C''-smooth initial function.
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Proposition 2.1. Let 7 > 0, ¢ € CY([~7,0],R"), B be a nonsingular n x n matrix and
f:]0,00) — R™ be a given function. Solution x: [—T,00) — R™ of equation (1.1) satisfying initial
condition (1.2) has the form
(1), —7<t<0,

Cos,; B(t — 7) ¢(0) + B~!Sin, B(t — 7) ¢(0)—

= 0
=) -B Sin; B(t — 27 — s) ¢(s)ds+ 22

—r
+B7! / Sin,B(t — 7 — s) f(s)ds, 0<t.
0

Proof. Obviously, x(t) satisfies the initial condition on [—7,0) and z(0) = ¢(0) due to (1.3),
(1.4). Furthermore, if 0 <t < 7, then

t—T

t
z(t) = ¢(0) + to(0) — B? /(t —7—8)p(s)ds + /(t —s)f(s)ds
0

since
Bt—71—s), se€|-1,t—T1],
Sin,B(t — 217 — s) =
o, s e (t—r,0],
for 0 <t < 7 and s € [—7,0]. Accordingly,

t—1

i(t) = $(0) — B / o(s)ds + / f(s)ds,
0

-7

B(t) = —B%p(t — 1) + f(t). (2.3)

Hence, one can see that lim,_,q+ @(t) = ¢(0), i.e., z € C1([—T,00), R").
Next, using properties (1.5) for ¢t > 7,
#(t) = —BSin, B(t — 27) ¢(0) 4+ Cos; B(t — 7) ¢(0)—
0 ¢
—B? / Cos;B(t — 21 — s) p(s)ds + /COSTB(t — 7 —3) f(s)ds,
-7 0
i(t) = —B*Cos, B(t — 27) ¢(0) — BSin, B(t — 27) p(0)+

0 t
+B? / Sin, B(t — 317 — s) p(s)ds — B / Sin, B(t — 27 — s) f(s)ds + f(t) =
-7 0

= —B2%x(t — 1) + f(t). 2.4
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OSCILLATING SYSTEM WITH TWO DELAYS 61

In the last step, we applied the identity

t t—T1
/SinTB(t — 27 —3) f(s)ds = / Sin; B(t — 21 — s) f(s)ds.
0 0

Taking the second derivatives at 7, we get

lim i(t) = —B2%p(0) + f(1) = lim &(t)

t—7~ t—7t

by (2.3) and (2.4). Summarizing, x(t) given by (2.2) solves equation (1.1) on [0, 00), satisfies condi-
tion (1.2) on [—7, 0] and

z € CY([—7,00),R™) N C?([0, 00), R™).

Proposition 2.1 is proved.
From now on, we assume the property of empty sum, i.e.,

Y fiy=0, D F(i)=6

1ED 1€

for any function f and matrix function F, whether they are defined or not. Define functions XTBQ,
VB R — L(R") as

- \2i
XBQ t) .= —]. Z.BQZ‘(.I(:_ZT) 9
PO =3 C0E
iT<t
B2, ._ i (=)
Ve () '_;( 1)'B (20 + 1)!
i<t

for any ¢t € R. Note that
Cos,B(t—7)=Xx5(t),  Sin,B(t—7)=BY> ().

Function XTBQ inherits its properties from function Cos,B(- — 7). As the next lemma explains, so
does the function Y5* from Sin, B(- — 7).
Lemma 2.1. Let 7 > 0 and B be n X n complex matrix. Function y§2 (t) solves equation

ij(t) = —-B*y(t — 1) (2.5)

for t > 0 with initial condition
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Proof. The initial condition is immediately verified. If the matrix B is regular, then y;92 (t) =
= B~!Sin, B(t—7) and equation (2.5) is fulfilled by (1.5) (clearly, this is valid also if B is complex).
Also the other case can be proved easily:

Let ¢ > 0. Then

B2 i i (t — i) > o (t — i)
t) = -1)BY—F—— =tF yB* L
VP = 3 (FN B g = X (0 + (-1 B g e
>0 i>1
iT<t iT<t
where s is a characteristic function of a set M given by
1, teM,
xm(t) =
0, t¢ M.
Hence,
B2 e A
t) = -1)B =
iT<t
_ B (—1yip2-n ( — B (t—7).  (26)
120 (2(1 — 1)+ 1)! T
(i—1)r<t—7
Lemma 2.1 is proved.
. B2,B2
Define functions Xr %, 2, mi :R— L(R") as
R D e (R T e e
0= ), ;) BB )
it fjra<t
2.7
B2,B2 ing (15 poi g (t = im1 — jmp) ()
D102 (1) = —1)"t Bi'B; —
o= X (T ) ey oI

1,520
i1+ <t
for any ¢t € R. Some properties of functions 2(71 17’2 : and yn T < are concluded in the next lemma.
Lemma 2.2. Let 1,7 > 0, By, By be permutable matrices. Then the following holds for any
teR:
2 2
(1) if B = ©, then X537 (1) = X7 (1),
. B2,B2 B
(2) if By = ©, then Xr, 7, ( )_ (1),
P )

3) lfT = ’7'1 = 7o, then XTllT’Q (t) X

@ X = a2,

(5) taking the one-sided derivatives at 0, 71, T2

- B2 B2 B ,B2 B ,B2
XTthz 2( ) = _Bl 71,172 2(t - Tl) BZ 71,172 2(t - 7'2), (2.8)
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OSCILLATING SYSTEM WITH TWO DELAYS 63

(6) considering the one-sided derivatives at 0 (they both equal ©)

. 2 2 2 2
D05 (1) = AL ().

Statements (1)—(5) hold with ) instead of X .
2 2 .
Proof. (1) and (2) are obtained easily from definition of Xf }T’f 2 because ©% = F if i = 0 and
©% = © whenever i > 0. Since

S rH = > fi,4)
,j>0 >0 4,520
(i+5)T<t Ir<ti+j=l

for any (matrix) function f, for (3) we get

B2, B2 t—17)% B2 B2
A ) = Syt sy T L e
>0 )
<t

Property (4) is trivial.
Next, if 7 := 7 = 7, then

.- B2 B2 - 32 2 2 2
Al () = B0 = —(BY + BT (- 7) =

=B (- m) - BRAL(E- m)

for any ¢ € R, by (3) and the property of Cos;+/Bj + B3t (see (1.5)). Note that Cos, Bt solves
equation (2.5) even for complex matrix B.

Without any loss of generality, we assume that 7; < 79 and consider two cases: ¢ < 79 and
t 27 B2 B2 B2

Ift < m, thent — 7 < 0 and X7 5, 2(t) = X' (t). Thus (2.8) is verified for ¢ < 7 by the
property of Cos,, By (t — 11).

Now, let ¢ > 7. We decompose

B2 B2
Xt 2 (8) = EX(0,00) (t) + S1(¢) + S2(t) + S3(t),
where
2i

Sy = 3 (-l imT

i>1 (20)!
i <t
- oi(t— )
sy = 3 (-y B IR
= (25)!
Jr2<t

Y R Ay 2,(t_i71_j72)2(i+j)
t) = —1)t B#B )
s= 3 oW (") ey g
1,51
iT1+ T <t
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Similarly to (2.6), we obtain

"o i o2i (=T )2(1;1) _
S1(t) = ; (—1)'B} W =

1T <t

o (t— T —iT)?
_ —B% Z (—I)ZB%Z (21)' = —B% — B%Sl(t - 7'1)7
>0

im <t—m1

v o (t— g )Z(J'*l) _
Sy(t) = ; (*UJngﬁ

g2 <t

- oj (t — 10 — jTo)%
=B} Y (CIPBYS S = B - By ).
Jj=0

Jre<t—T2

Using the property of binomial numbers

1+ J 1—147 t+7—1
. = ) + ) )
{ 1—1 j—1

i+ 9% 2.(t_i71_j72)2(z‘+j—1)
Sy() - o (T ) ey R _
3 ]22:1 i )PP T - )
iT1+jm2 <t

sy ().
1—1>0,5>1
(i—1)m1+jre<t—71

for i, j > 1 we derive

o g26-D g2 (t—71 — (i — 1)1y — jro)2(~14J) B
1 2 (2(i — 1+ j))!

By e ()
1>1,7—1>0 J
i71+(j—1)72§t—T2

Go1) (t — T2 —imy — (§ — 1)7p)20HI—1)

2@+j-D)

i 2
x Bi'B,

Rewrite ¢ — 1 — 4 in the first sum and j — 1 — 5 in the second one:

Sé/(t) _ —B% Z (_1)z+] < >BllBQJ _
. ; Y]
i>0,5>1 t (2(i +4))!
1T+ <t—T71
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-B} ) (- <Z ; ]> B2 BY (t = —imy — j2)*( 1)
. . ' .
i>1,7>0 J (2(i +4))!
iT1+ e <t—T2

Now, we split the first sum to ¢ = 0 and ¢ > 1, and the second sum to j = 0 and 5 > 1:

ot =T — )%
S0 =8 Y (s n P ) -
i1 I

Jre<t—m1

_ B2 2: (—1)B2Z(t 2_i71)2i_BZS (t_T)f
i>1
1T <t—T2

= —B%Sg(t — T1) — B%Sg(t — 7'1) — B%Sl(t — ’7'2) — B%Sg(t — 7'2).

In conclusion (adding formulae for S (), S5 (t) and S% (¢ )) we get exactly formula (2.8) for ¢ > 7.

For yn};Q : statements (1)—(4) are proved as for Xn }7’2 3 . Next, if 7 := 7 = o, we apply (3)

and Lemma 2.1 with B = \/B} + B3 to get
B2 B2 B2 B2+ B2
L2 (1) = DPPE (6 = (B2 + BHYE (1) =
:_Bl 7172 (t_Tl) BZ 7172 (t_7'2)

For 11 < 79, t < 79, we have yﬁl’BQ( t) = yn (t) and (2.8) is verified with the aid of Lemma 2.1.
If t > 19, we split the sum

VA2 () = tEX[ 00 () + S1(E) + Sa(t) + Ss(t)

with
o (t— Z'7.1)2i+1
S t — *1 ZBQZ(%,
i <t

) (t _j7.2)2j+1
So(t) = Y (-1 ipult ™)
( ) = ( ) 2 (2] + 1)|
g2 <t

.1 +] 9 9 ( iTl — j7—2)2(i+j)+1
S3(t) = —1”]( >B’BJ 2 )
®) z‘jz‘>:1 =) i (2(i +j) +1)!
iTl-"y-];QSt

2 2
The rest proceeds analogically to Xf }T’QB 2(t).
Property (6) follows immediately from definition (2.7).

Lemma 2.2 is proved.

ISSN 1027-3190. Yxp. mam. scyph., 2013, m. 65, Ne 1



66 J. DIBLIK, M. FECKAN, M. POSPISIL

Remark 2.1. Using statement (5) of the previous lemma, statements (1)—(4) can be proved
easily by the uniqueness of a solution of the corresponding initial value problem. For instance in the
2 2 2
statement (2), both Xf }T’QB %(t) and Xf ' (t) are matrix solutions of equation

i(t) = —Bix(t — 1)

{ —n <t<0,
=0,

—’7’1<t<0

with initial condition

Definition 2.1. Let 71,7 > 0, 7 := max{m,n}, ¢ € CY([-7,0],R?), By,By be n x n
matrices and f: [0,00) — R" be a given function. Function x: [—T,00) — R™ is a solution of
equation (2.1) and initial condition (1.2), if v € C([-7,00),R™) N C%([0,00),R") (taken the
second right-hand derivative at 0), satisfies equation (2.1) on [0, 00) and condition (1.2) on [—T,0].

We are ready to state and prove our main result.

3. Main result.

Theorem 3.1. Let 7,7 > 0, 7 := max{m, 72}, ¢ € CY([-7,0],R"), By,By be n x n
permutable matrices and f: [0,00) — R™ be a given function. Solution x(t) of equation (2.1)
satisfying initial condition (1.2) has the form

o(t), —r<t<0,

3.1)

where X = Xﬁ }712 3 , Y= mi
Proof. We consider only the case 71 # 72, since if 71 = 72, one can use (3) in Lemma 2.2 to
show that this theorem coincides with Proposition 2.1.
Obviously, z(t) satisfies the initial condition on [—7,0) and x(0) = ¢(0). For the derivative, it
holds lim,;_,y- &(t) = $(0). Moreover, if 0 < ¢t < min{7y, 72}, then
t—71

o(t) = 0(0) + 16(0) ~ B [ (¢ =71~ s)ols)ds—

t—1o t
—Bg/fp—m—s d&+/t—s (3.2)
0

—Ty
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since
(t—1—s)E, sé€|-m,t—T,
y(t—n—s) =
O, s € (t—m,0],

for 0 <t < min{7m, ™}, s € [-7,0] and ¢ = 1, 2. Thus

t—71 —T2 t
i(t) = ¢(0) — B? / ©(s)ds — B2 / ds+/f (3.3)
—T1 —T2 0

and lim,_,q+ 2(t) = $(0). Clearly,
z € C1((0,00),R™) N C?([0, 00)\ {71, 2}, R™).

We show, that although X' (¢) is not C? at 71, 72, function x(t) is C? at these points, and, therefore,
in [0, 00). At once, we show that z(¢) is a solution of equation (2.1).

For instance, let 7y < 7. Assume that 0 < ¢ < 7;. Then equalities (3.2), (3.3) are valid and we
obtain

i(t) = —Bio(t — 1) — Bip(t — m) + f(1).

Now, let 7y <t < 719. Then

ds

|
AR
=
|
3
|
Cl)
Q.
»
_|_
o
<
|
&

.
since Y(t — 10 — s) = © if s € (t — 72,0]. By (6) of Lemma 2.2,
0

i(t) = X(1)p(0) + V(1) $(0) — B / V(t — 71— s)p(s)ds—

—T1

t—T1o t
—B%/X(t—TQ—S ds+/yt—s ds.
0

—To

With the aid of (5) of Lemma 2.2 and since X' (t) = Y(¢) = © for t < 0, we derive

#(t) = —BiX(t — 11)(0) — BY(t — 71)9(0)+
+Bj / V(t — 211 — s)p(s)ds — Bip(t — )+
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t—T1—T2
BB / V(t— 71— 7 — 8)p(s)ds + F(t)—

—To

t—11

-B? / V(t—m—s)f(s)ds =
0

= —Bia(t — 1) — Bip(t — ) + ().

Finally, if 7o < ¢, we have

So, using

" t !/

t t
[ve-9seis| = [xe-oeas) = rw+ [Ie- s
0 0
we get directly the second derivative

0
ﬂw=X@wm+y@ﬂm—83/ﬁ@—n—@w@w—

-7

0 t
B%/ﬁ@m@ﬂ$%+/5@$ﬂ@@+f®
—T2 0

and after applying (5) of Lemma 2.2, relation (2.1) results. Hence, one can see, that function x(¢)
given by (3.1) really solves equation (2.1), satisfies initial condition (1.2) and, moreover, that z €
€ C2((0,00),R™). Indeed, taking limits at 71, 7> in the computed second derivatives, one gets

lim #(t) = —B2p(0) — B3p(m, — ) + f(11) = lim &(t),

t—T t—7]

lim #(t) = —Biz(rs — 1) — B3p(0) + f(m2) = lim &(2).

- +
t—7y t—T1y

Cases 71 = 12 and 71 > 7o can be proved analogically.

Theorem 3.1 is proved.
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