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HOPMAJIBHO PAPEIIIMMBIE OITEPATOPHBIE YPABHEHUA
B BAHAXOBOM ITPOCTPAHCTBE

On the basis of a generalization of the well-known Schmidt lemma to the case of linear, bounded, normally solvable
operators in Banach spaces, we propose a procedure for the construction of a generalized inverse for a linear, bounded,
normally solvable operator whose kernel and image are complementable in the indicated spaces. This construction allows
one to obtain a solvability criterion for linear normally solvable operator equations and a formula for finding their general
solutions.

Ha ocHoBi y3aransHenHs Bigomoi emu E. IlIminTa Ha BUnagoK JIiHIHHUX 0OMEXEHUX HOPMAJIBbHO PO3B’I3HUX ONEPaTOpiB
y 0aHaxoBHX MPOCTOpaxX 3aNpPONOHOBAHO KOHCTPYKIIIO y3aralbHEHO-OOEpHEHOro oreparopa A0 JIHIHHOrO 0OMeXeHOro
HOPMAJIBHO PO3B’SA3HOTO, SAPO Ta 00pa3 SKOTO JOMOBHIOBAJIBHI B IMX MpocTopax. Ll KOHCTPYKILis JO3BOJSE OTPHMATH
KpHUTEPil po3B’I3HOCTI Ta GOPMYITy IS 300paXkeHHs 3arajbHOTO PO3B’SI3KY JiHITHUX HOPMAJIbHO PO3B’SI3HUX OIEPATOPHUX
PiBHSHB.

MHorouuciieHHbIe 331a91 Teopur (HYHKINOHATIHHO-IU((EepEeHITHATBHBIX YPAaBHEHU U KPaeBBIX 3a-
nad s HuX [1, 2] mMoryT OBITh 3amucaHbl B BHAE JTHHEWHOTO OMEpaTOpHOro ypaBHeHUs Lz = f
C OrpaHMYEHHBIM OmepaTopoM. Takasi 3amuch MO3BOJISIET COCPENOTOUYUTHCS HAa OOIIMX 3aKOHOMEP-
HOCTAX, TPUCYIIMX KaXXIOMy Kiaccy 3ajad. B ciydae, xorma omeparop L BCIOOy W OZHO3HAYHO
paspemnm, T.e. KOorja CyIeCTBYeT OrpaHHUEHHbIH 06paTHEI oneparop L~ !, Takue ypaBHeHus Xo-
pomo m3ydeHbl. Ecim ke omepatop L He sBISETCA BCIOAY pPa3pelIMMbIM, BO3HUKAIOT 33Ja4d 00
0000111eHHOM 00paIlleHIH ONepaTopoB B PyHKIIMOHAIBHEIX pocTpancTBax [1]. M3BectHo [3, 4], uto
MIpH ITOCTPOCHUN 000OIIEHHO-00PaTHBIX OIEPaTOPOB K HOPMAJIBHO Pa3pelInMbIM KJlacCHYecKast KOH-
crpykius 3. llIMuara mpumennMa JIums IS GpeAroIbMOBBIX oreparopoB. [losTomy akTyanbHOM
SIBIISICTCSI 3a]la4ya O BO3MOXKHOCTH TIOCTPOCHUS OrpaHHYCHHBIX 0000IIEHHO-00PAaTHBIX OIEepPaTopoB K
Pa3IUYHBIM KJIacCaM JIMHEWHBIX OTPaHUYCHHBIX HE(PPEArOIIEMOBEIX ONEPAaTOPOB B OAaHAXOBBIX MPO-
cTtpaHcTBax. Tak, B [5] ¢ ucnonb3oBanueMm Teopembl @. B. ATkuHcoHa [3], KOTOpas OMKCHIBAET
KJIacC HETEePOBBIX omeparopoB M 0000ImIaeT n3BectHyr Teopemy C. M. Hukonbckoro [6], momyde-
Ha KOHCTPYKIHs 0000IIeHHO-00paTHOTO omneparopa K HerepoBomy. OJHAKO OHAa HE OXBaThIBACT BCE
MHOXXECTBO 0000IIEHHO-00paTUMBIX omiepatopoB [7]. B paboTe BbIAeneH Ki1acc OrpaHUYEHHBIX OTIe-
paropoB, NEHCTBYIONMX B OCCKOHEYHOMEPHBIX OaHAXOBBIX MPOCTPAHCTBAX, IUISI KOTOPBIX YIAETCS
MOCTPOUTH KOHCTPYKITUIO OTPAaHUYEHHOTO 0000IIEHHO-00paTHOTO OTeparopa, aHaJOTHYHYI0 H3BECT-
HOW KoHCTpykuuu . llImunra.
IlocTanoBKa 3anaun. PaccMoTpuM ypaBHEeHHE

Lz=f e))

B IPEATNOJIOKEHNUH, YTO L — JIMHEHHBIN OrpaHnYeHHBINH oneparTop, ASUCTBYIONIMNA U3 OaHaxoBa Mpo-
crpanctBa B B 6anaxoBo npoctpanctso By, L: B; — B.

I[Tyctp simpo N(L) u 06pa3 R(L) oneparopa L nononusiems! [8, 9] B 6aHAXOBBIX MPOCTPAHCTBAX
B, u B, coorBercTtBeHHo. OT0 3HauUT [7, ¢. 139], uTo oneparop L 0606menHo oOparum. C kaxaon
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Mapoi B3aMMHO JOTIOTHSIEMBIX MPOCTPAHCTB CBA3aHBI OTPAHUYCHHBIE POCKTOPHI [§] ,@N(L) u @R(L),
KOTOpBIe HHAYIHPYIOT pazouenue B; u B, B mpsMble TOOIOTHYESCKUE CYMMEBI

B, =N(L)®X,

2
B, =Y ®R(L),

Py Bi = N(L), Pry: B2 — R(L). JlononnutenbHble NPOEKTOPBI Ha ToanpocTpanctsa X u Y
COOTBETCTBCHHO OyneM obo3Hauate Py = Ip, — QN(L) u Py=1Ig,— @R(L).

M3BectHoO [8, ¢. 73], UTO ecay MOAIPOCTPAHCTBO X| JOMOIHAEMO TOAIPOCTPAHCTBOM X, B OaHa-
XOBOM TIPOCTpaHCTBE B, TO OHO MMeeT GECKOHEUHO MHOTO PasIMYHBIX TOMOTHEHHH X;. C Kakmoi
Hapoi B3aMMHO JIOTIOHAEMBIX TTOAIPOCTPAHCTB CBA3aH OrPaHUYEHHBIH mpoekTop . Hopma mpo-
eKTOpa MOXET CIIy’KUTh OLICHKOM ,,KadecTBa” JOMOJHEHHs: 4yeM Oonblue || Py, ||, TeM ,,Xyxe” 10moi-
Henue. Onucanne OrpaHNYEHHBIX TIPOEKTOPOB %{1 B 00IIEeM BHJE, MOPOKAAIONINX 3TO MHOXKECTBO
JOTIOJTHeHUH, maeTcs B jeMMe A. CoOunka [8, c. 80].

B nanpHeiimem kinacc TMHEHHBIX OTPaHUYEHHBIX 0000IIEHHO-00PaTUMBIX ONEPATOPOB, ACHCTBY-
foIMx U3 6aHaxoBa mpoctpancTea B B 6anaxoBo mpoctpanctso By, Gynem o6osuauare GI(B;,B,).
OueBnyHo, uto oneparop u3 GI(B,B;) sBisieTcst HOPMAIBHO Pa3pEIIHMbIM.

CraBuTcs 3aja4a 0 HAXOXKJCHHH YCIOBHUH CYIIECTBOBAaHHSA M MOCTPOCHUH OTPAaHUYCHHOTO 0000-
IeHHO-00paTHoro omeparopa L~ k omeparopy L € GI(B1,B;), ycTaHOBICHHH KPHTEPHUS pa3pelLi-
MOCTH U TIPEACTaBICHUH pemieHnid ypaBHeHus (1).

BcenomorarenbHblii pesyibrar. [locTaBneHHas 3aada OyleT paccMaTpuBaThCS B MPEATIONIONKE-
HUU, YTO BBHIIIOJHEHO OJHO W3 CIEHYIOIINX YCIOBUI:

1. IHoonpocmpancmeo N(L) auneiino uzomopgrno oonoansiemomy ¢ Y noonpocmpancmesy Y,
N(L) =Y, C V.

DTO 3HAYMT, YTO CYIIECTBYIOT JMHEHHBINH OrpaHUYeHHbIH 00paTuMblil omneparop J;: N(L) — V)
Takoif, uto JIN(L) =Y1, J; 'Yy =N (L), 1 orpaHu4eHHbIH poektop Hy, : By — Bo, pasbusarommii
MOJIPOCTPAHCTBO Y B MPSAMYIO CYMMY 3aMKHYTBIX TTOAIIPOCTPAHCTB

Y=Y16Y,, 3)

e Y1 = Py, By, Vo = Py, By, Py, = (Py — Py,) — orpaHuueHHbIN mpoektop. B atom ciydae
CIIPaBEUTUBHI CIEAYIONIME PA3IOKEH s IS TOXKIECTBEHHBIX ONEPATOPOB:

Iy, = Py + P,
4)
Ig, = Py, + Py, + QZR(L)

npoctpaHcTB By u B, coOTBETCTBEHHO.

2. Hoonpocmpancmeo Y auneiino uzomopgro dononnsemomy 6 N(L) noonpocmpancmsy Ni(L),
Y = Ni(L) C N(L).

B aToM ciydae cymiecTBYIOT JIMHEHHBIH OTrpaHMYEHHBIH 00paruMmblii omeparop Jo: Nij(L) — Y
Takoif, uto LN (L) =Y, J, 'y = Ny (L), u orpannyenusiii mpoextop Py, 1)+ B1 — By, pasbuaroumii
noanpoctpancTBo N (L) B MpsAMYI0 CyMMY 3aMKHYTBIX MOAMPOCTPAHCTB

N(L) =Ni(L) ®N2(L),
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tie N1 (L) = Py, )B1, Nao(L) = Py, )B1s Puy) = Pnw) — Py (L) — OTPAHUYEHHBIN TIPOEKTOP.
B sTOoM ciydyae umeeM J(Ba pasioxKeHust

Iy, = Py + Pwon) + Pxs
Iy, = Py + Pruy)-

3. Hoonpocmpancmeo N(L) nunetino usomopghno noonpocmpancmesy Y, N(L) =Y.

B sTOM ciydyae cymiecTBYeT JIMHEHHBIM OrpaHHYeHHBIH 0Oparumsbiii omeparop J3: N(L) — Y
Takoi, uto J3N(L) =Y, J; 'Y = N(L).

IIponomxum Hynem oneparopsl J; U J3 Ha noanpoctpanctse X, a J, Ha nogmnpoctpancTee X @
@ Ny (L) u 0603HauMM paciuupenus oneparopos J;,i = 1,2, 3, Ha npocTtpanctso By uepes Py, : B; —
— Y1 C Y. AHajoru4Ho MpoJODKAM HYJIEM omeparop J, ! Ha noanpocrpanctse Y, & R(L), a onepa-
Topst J; ', J; ! Ha nommpoctpanctse R(L) 1 0603HaunM uepes Py, r): B2 — Ni(L) € N(L) pacum-
penust orepatopos J; |,i = 1,2,3, na npoctpanctso B,. B ciyuae 3 ¥; =Y, Ny (L) = N(L) u nostomy
gzyl = gzy, ‘@NI(L) = '@N(L)'

Jemma 1. [lycmo L npunaonescum GI(By,By) u evinoaneno oono usz ycnosuii 1 unu 2. Toeoa
onepamop L = L+ Py, umeem ozpanuyentviii 00HOCMOPOHIE 06paAmHblil

lr —

—1 (L—I—@Yl)l_1 — neswvit, eciu N(L) =Y CY,
(L—|—?Y);l — npasvul, eciu N(L) D Nj(L) 2Y.

. +-1 .
Obwuii 6ud oonocmoponne oopammuvix onepamopos Ly . 3adaemcs popmynotu

= 1

(Is, — Pnv))L, — npasvii, eciu N(L) D N;(L) 227,

— {LII(IB — Py, —  neswii, ecru N(L) =Y, CY,
lo,ro —
2oe é;NZ(L): B, = Nao(L) u %2: B, — Y>— npouzeonvuvie ocpanuuennvie npoexmopbi.
Hoxazamenvcmeo. 1lycts, Hanpumep, N (L) usomopdHo nomnpocrpanctsy Y C Y. [Tokaxem, 4to
omneparop L—|—@yl AMeeT OTpaHWUYCHHBIN JIEBBIN 0OpaTHEIA. [ 3TOro HEoOXOAMMO U JOCTATOYHO
rokasarhb, 4to [7, c. 61]:
i) N(L) = N(L+ Py,) = {0};
ii) R(L+ Py,) nononusiemo B B,.
ITokaxem 3To0.
i) [Tycts cymiecTByeT aneMeHT zg € By, zg # 0, Takoii, uto

(L4 Py,)z0 = Lzo + Py 20 = 0. )
U3 (5) cnenyert, uro
Lzo €R(L), Pyz0 €.

IMoampocrpanctea R(L) 1 Y B3anMHO JOMONHSIOT ApyT Apyra, ¥; C Y, cienoBarensho, R(L) (Y =
= {0}. Takum 06pa3oM, OHH UMEIOT TOJBKO OJMH OOIIHI IEMEHT — HyNeBoit, Lzg = 0 u ?yl z0 =0,
T.€.20 € N(L) u z0 € N(Py,) C X omnospemenno. Ioanpoctpanctsa N(L) u X B3aUMHO JIOTIOTHSIOT
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apyr apyra. CiemosarensHo, N(L)(X = {0}. Orcrona cienyert, uro zg = 0. [TomyueHHOE TPOTHBO-
peune nokaswiaet, uto N(L+ Py,) = {0}.

ii) Jlononusiemocts R(L+ Py, ) criefyeT u3 OrpaHHueHHOCTH IPOEKTOpa Py, U cooTHomenus (3).

Takum 00pazom, oreparop L—i—?y1 WMEET JIEBbIii OOpaTHBIMH.

M3BectHO [7], uTO NeBBIe OOpaTHBIE OMEpaToOphl B 00IIEM BHUJIE 3aIHMCHIBAIOTCA CIEAYIOIIMM 00-
pasom: Zlgl = Zflt@R(z), e Pp(f) — HEKOTOPHI MpoeKTOp co cBofictBoM R(Ppp)) = R(L). Kak
ciaexyer u3 (4), TaKUM CBOMCTBOM oOnamaeT HpoekTop Ip, — %2, T.¢. R(Ip, — ,giyz) =R(L), tne
@}2: B, — Y, — orpaHuWYeHHBI TPOEKTOP, MOCTPOCHHBIA B 00mIieM Buie. OTCioma CIENyeT, 4To
o011iee MmpeacTaBIeHHUE JIEBBIX OOPAaTHBIX OMEPaTOPOB TAKOBO:

Zzo_l :Zz_l(le - 9)7 )
2

B ciyuae, xorma Y uzomopduo nopnpocrpanety Ny (L) C N(L), umeem Y| =Y u Py, = Py. s
CYIIECTBOBAHHS OrPaHHYEHHOTO MPABOTO 0GPATHOTO oNepaTopa K oneparopy L+ Py HeobXoauMo u
JIOCTAaTOYHO TOKa3arhb, 4To [7, ¢. 62]:

i) R(L) = R(L+ Py) =By;

ii) N(L+ Zy) nononusiemo B B.

[ aToro citydas 1oKa3aTenbCTBO aHAJIOTHYHO IMPOBEICHHOMY BBIIIE.

3ameuanue 1. Ecmu omeparop L € GI(B;,B,) nerepos (ind L = dimker L —dimker L* # 0 < o),
TOo leMMa | mepexoaut B nemmy 2.4 u3 [5, c. 47; 2].

3ameuanue 2. B omnnyne oT KOHEYHOMEPHOTO CITydasi, KOTJa SJpo U KOsSApo oreparopa L ko-
HEYHOMEPHBL, JIsl OTPaHMYEHHOCTH OTHOCTOPOHHE 0OpaTHOTO oleparopa Zl;m B OECKOHEYHOMEPHOM
city4yae TpeOOBaHUs TOMOTHIEMOCTH HyJb-ipocTpancTBa N(L) u obpasa R(L) oka3siBaeTCs HEqOCTa-
TOYHO, TaK Kak spo M 06pa3 omeparopa L MOTYT OKa3aThCsl HEAOMOIHAEMBIMH. [103TOMy mOMONIHSE-
MocTb noanpoctpancts Yy, Ni(L) BY u N(L), COOTBETCTBEHHO, SIBIISICTCS CYIIECTBCHHBIM yCIOBHEM
U BBITIOJHSIETCSA B 0aHAXOBBIX MPOCTPAHCTBAX JAJIEKO HE BCeraa (B OTIMYME OT THMIIBOCPTOBBIX, UMe-
IOIINX OPTOTOHAJIBFHOE JIOTIOJIHEHHE K JTF000MY MOAIPOCTPAHCTBY).

B kauecTBe WIUIIOCTpaLMU NPUBENEM CIEAYIOIIHUA TpUMED.

Hpumep 1. Paccmorpum oneparop Pz = (21,22, +,21,0,0,...), T 2= (21,225 - - s Zny Znt1s---),
JeMCTBYIONINI Ha KOHEYHOMEPHOE IMOIIPOCTPAHCTBO OECKOHEYHOMEPHOTO 0aHaXOBOTO IPOCTPaH-
crBa, Py I, = 1y, tne p < g, p,q € [1;+00], p # 2. JIUHEHHOCTb U OrPaHUYEHHOCTb TAKOTO ONepaTopa
ouyeBnHa. Snpo N(P,) oneparopa P, COCTOMT U3 BCEX BEKTOPOB IIPOCTPAHCTBA [,,, y KOTOPHIX MEPBHIE
1 KOOPIMHAT PaBHbI HyIH0. OYEBHIHO, YTO OECKOHEYHOMEPHOE MOAIPOCTPaHCcTBO N (P,) HOTONHIEMO
B npocTpaHcTse [,. Ero mononnennem ciyxur usomopdHoe R" moanpocTpaHcTBO, cocTosIEe U3
3JIEMEHTOB, Y KOTOPBIX BCE KOOPAMHATHI, HauuHAast ¢ (n+ 1)-if, paBHbl Hymr0. M3BecTHO [8], uto Oec-
KOHEYHOMEPHOE MOAIPOCTPAHCTBO X NPOCTPAHCTBA /), JOMONHAEMO TOIIA U TOIBKO TOIA, KOIJa OHO
usoMopduo /,. OTcrona, B 4aCTHOCTH, CIEAYET, 49TO [, HE JOIONHAEMO B [,. MHOXeCTBO 3HAYEHHI
oneparopa B,, oueBuano, usomoppuo R", u, ciaenosarensHo, nononnsemo B ;. Ero nononnennem
ABIAETCS TOANPOCTPAHCTBO, M30MOpHOE [,. Ha OCHOBaHMM H3I0XKEHHOTO BBILIE MOXHO CJIEJIaTh
BBIBOJL O TOM, 4TO OIlepaTop P, MHAyLUpPYeT CIeayIolue pa30ueHus NOIPOCTPAHCTB [, u [,

l,=N(P,)®X,
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I, =Y &R(P),

rie noanpoctpanctBo N(P,) uzomopdHo [, a moanpocTpancTBo ¥ usomopdHo /,. Takum obpaszom,
noanpocTpanctso N(F,) H30MOP(HO HETOMONHIEMOMY B ¥ MOAIPOCTPAHCTBY V).

Jemma 2. [lyems L npunaorescum GI(By,By) u evinonneno ycnosue 3. Toeoa onepamop
L =L+ Py umeem ozpanudennvlii o6pammolii

L'= (L—l—@y)_l.

Hoxazamenvcmeo. Tockonbky N(L) usomopdHo Y, mo semme | CymiecTBYIOT OrpaHHYCHHBIH
JIEBBIN ¥ MPaBbIii 0OPaTHBIN omepaTopsl K oneparopy L. OTCIoia CIEAYET, 4TO CyIIECTBYET OTPaHH-
YeHHBII 0OpaTHBIN oreparop L

3ameuanue 3. Ecmu omeparop L € GI(B,B) neiictByer u3 GaHaxoBa npocrpanctBa B B cebst n
N(L) nzomopdHo Y, TO OH Ha3bIBACTCS MPHUBOIMMO-00PATHMBIM M J0Ka3aHHAs JIEeMMa MEPEXOIHT B
Teopemy 1.6 u3 [11, c. 28].

3ameuanue 4. Ecmu oneparop L € GI(B;,B;) dpenronsmos (indL = 0), To 1emMmMa 2 nepexoaut
B u3BecTHyto JemMy E. llImunra [4, c. 340].

OCHOBHOI1 pe3yabTar.

Teopema 1. [lycmo L npunaonexcum GI(By,By) u evinonneno oono uz ycnosuii 1 unu 2. Toeoa
onepamop

B (L-f—ﬁyl);l — Py — aeewt, ecru N(L) =Y, CY,

= L = 6
{(L—i— Py), g PN — npaswvuil, ecru N(L) D Ni(L) =2, ©

ABAAEMCA 02PAHUYEHHBIM 0000UenHo-00pamHubim Kk onepamopy L.

Obwuii 6u0 0606w enno-obpamnvix onepamopos L, k onepamopy L oaemca ¢popmynou
Ly = (Is, — Pyw)L (I8, — Pr),

20e QAZ/N(L) By = N(L)u Py:By Y — npou3BONbHLIE OECKOHEUHOMEPHbIE 02PAHUYEHHbIE NPOEK-
Mopul.

Hokazamenscmeo. J11s1 N0Ka3aTeNnbCTBA TEOPEMBbl HEOOXOIMMO U JOCTATOYHO MIPOBEPUTH, UTO L~
YIOBJIETBOPSIET PaBEHCTBY [7, c. 140]

L=LL L. (7)

[Tycts, ms onpenenennoctd, N(L) m3omopdHo moampocrpanctsy Yy C Y. Torma cymiectByer
o N ——1
neBbli 00patHbIA oneparop L; . IIpensapuTesnbHO MOKaKeM, 4To

——1
1L, = Iy, — Py. (8)

JleficTBUTENBHO, OCKONBKY Py Py, = Py, n Py (Lz) =0, Tak xak Lz € R(L), noneiictBoBan
crpasa onepatopoM L+ &y, Ha 00e 4acTu paBeHCTBA (8), IONYYHM TOXKIECTBO, JJOKA3bIBAIOIIEE 3TO
COOTHOILICHHE:

L:L(lBl - ‘@Nz(L)) :LZZEIZE (IBz - QZY) (L+ﬁY1) :L+ﬁY1_

ISSN 1027-3190. Yxp. mam. xcyphu., 2013, m. 65, Ne 2



168 A. A. BOMUVYK, B. ®. )KXYPABJIEB, A. A. IIOKYTHBIIA

—~PyL— Py Py, =L+ Py, — Py, =L.
Janee mokaxem, 4To
LL =1Ig,— Py. ©
Tak kak L?N1 () = 0, ucnone3yst paBeHCTBO (8) 1 pezacTaBieHue (6), nonyyaeMm
Ll =L(L, '~ Pyw) =LL, —L Py =In, — Py.
C yuetom (9) mpoBepuM BeINONIHEHKE cooTHOMIEHUs (7). meem
LL L= Iy, —Py)L=L—PyL=L,

Tak Kak HyL = 0. OrpaHH4eHHOCTH oreparopa L~ ciielyeT U3 OrpaHUYCHHOCTH OIepaTopa Zl;io u
oneparopa Py, (i)

W3 teopemsr 5.2 [7, c. 140] cnenyer, 4ro 0000mEHHO-00paTHEIE OmepaTopsl L, B 00mEeM BHIE
3anMChIBAKOTCA Tak: Ly = &L~ 25, rjie IpOM3BOIbHbIE OTPAHUYEHHbIE IPOEKTOPEl | U &) yjo-
BIICTBOPSAIOT cBoiicTBaM (Ig, — &1 )B; = N(L), &;B, = R(L). B kadecTBe TakuX IPOEKTOPOB MOKHO
B3SITh IIPOCKTOPHI Ip, — :WTN(L) ulg, — %, e :@TN(L) By > N(L)u %: B, — Y — npousBosbHbIe
OrpaHUYCHHbBIC OECKOHEYHOMEPHBIC MPOCKTOPHI, IIOCTPOCHHBIC B 00IIEM BH/IC.

B ciyuae, korma Y uzomopduo mommpoctpanctBy Ni(L) C N(L), Teopema J0Ka3bIBAETCS aHAIO-
THYHO.

3ameuanue 5. Ecnu oneparop L € GI(B;,B;) nmeer KoHEYHOMEpPHBIC SAPO U KOSAPO, T.E.
SIBIISIETCSI HETEPOBBIM, TO KOHCTPYKIHA (6) mepexonuT B KOHCTpyKuuio (2.14) u3 [5, c. 53; 2].

B cBsi3u ¢ MHO)KECTBEHHOCTBIO JIOTIOTHEHHUH, O KOTOPOH 1IU1a pedb B Havase paboThl, 0000IIeHHO-
o0patHsIii oneparop L~ ompezaensercs HeoaHo3HayHO. C KXo mapoil orpaHMYeHHbBIX TPOSKTOPOB
Py n Py CBsA3aH CBOH 06001IEHHO-00PATHBIHA ONEPaTOP.

3ameuanue 6. Ecrn Py(y: By — N(L) u Py: By — Y — orpaHuueHHbIE IPOEKTOPSI U L~ —
HEKOTOPBII CBSI3aHHBIM ¢ HUMH 000OIEHHO-00paTHBII oneparop K orneparopy L, Takoi, 4to LL™ =
=1Iy,— Py, L L= Iy, — Py), 10 m0boii npyroii 06001meHHO-00paTHbIi K L orneparop L~ (cBs-
3aHHBIN C MIPOCKTOPAMH %(L) B > N(L)u Py By — Y) uMeer Buz

L™ = (I, + Py — Pnw)L (Is, + Py — Py),
e R(ﬁN(L)) =R(ZPNw)) =N(L), R(%) =R(Py)=R(L), Ip,, Iy, — TOXIECTBEHHbIE OLEPATOPDI
B npocTtpancTBax B, B, coorBercTBenno [12, c. 827].

Jtst cirygas, koraa N(L) m3omMopdHO Y, IMeeT MeCTo CIeAyoliee yTBepKIACHHUE.
Teopema 2. [lycmo L npunaonexcum GI(By,By) u evinonneno ycnosue 3. Toeda onepamop

— PN (10)

AsnAemcst OcpaHu4ernHblm 0606W€HHO-06PCZMHbZM K onepamopy L.

L™ =(L+Py)"! —@N(L) =L

Obwuii 6u0 0600wenno-obpammnix onepamopos Ly k onepamopy L oaemca gpopmynou
Ly = (Is, — Zn))L (Is, — Py),

20e Py Bi = N(L) u Py: By — Y — npouseonvrvle ozpanuuernvie beckoneurnomeptvie npoex-
Mopbl.
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Jokazamenscmeo 3TOH TEOPEMBI aHAJIOTHYHO J10Ka3aTelIbCTBY TEOPEMBI 1.

3ameuanue 7. Ecmu omeparop L € GI(B;,B;) nmeer KOHEUHOMEpHBIC SIIPO U KOSAPO U
dimN(L) = dimN(L*), T.e. oH siBasieTcsi HpearobMOBbIM, TO KOHCTpyKItHs (10) mepexoaut B KOH-
cTpykuuio u3 [4, c. 340].

Janee momy4uM yCcIOBHUS pa3pelIMMOCTH U MPEACTaBICHHE O0IIEro pelleH s OTIePaTOPHOTO ypaB-
Henus (1).

U3 (3) cnenyer, 4To oblee pemieHne OnepaTopHoro ypaBHeHHs (1) ¢ IMHEHHBIM OrpaHUYCHHBIM
00001IEHHO-00paTUMBIM OTIepaTopoM L TpencTaBisieT co00l IpsMYIO0 CyMMY

z2=Z+z2

obmero pemenust Z coorsercTByromero (1) ogHopoaHoro ypaBHeHHs Lz = 0 M 4acTHOTO pelleHHs
7 =L~ f HeogHoponHoro ypaBHeHU (1).

IMockonbky omneparop L npunamiexur GI(B1,B,), muneiiHoe oneparopHoe ypaBHenue (1) siBis-
eTCsS HOPMAJIBHO Pa3pelluMbIM, U I ero paspemumocTd [10] Heo6xoauMo U JOCTaTOYHO, YTOOBI
aneMeHT y € B, npunamnexan o6pasy R(L) oneparopa L. ITockosnbky R (L) = N (Py), u3 (2) cienyer,
uto y € B, Gyner npunamiexars o6pasy R(L) oneparopa L Toraa u TOIBKO TOrIa, KOTaa

Py f=0. an

OTH paccyXIeHus MO3BOJAIOT CHOPMYITHUPOBATE CIEAYIONIYIO TEOpEMY.

Teopema 3. [Ilycmo L npunaonexcum GI(By,B;). Onepamopnoe ypasnenue (1) paspewumo
ons mex u moiavko mex y € By, onsa xomopwix evinonusiemca ycnosue (11), u npu smom oo umeem
cemelicmeo peuletull

z=Pyu)i+L f, (12)

20e Py ()2 — obwee pewenue coomeemcmsyioue2o (1) oonopoonozo ypasnenusn Lz =0, 2 — npous-
6ONbHYII deMenm banaxoeoeo npocmpancmea By, L~ f — uacmuoe pewenue onepamopnozo ypas-
nenus (1), L= — oepanuuennvlii 0606w enno-obpamuulii onepamop x onepamopy L.

Hoxkazamenscmeo. 1lonctasus pemenue (12) B ucxogHoe ypaBaenue (1), ¢ yueToM COOTHOIIEHUI
(9) u (11) momygum

Lz = L@N(L)f—i-LL_f =LL f= (1]32 — @y)f =

:IBzf_f@Yf:]Bzf:f7

Tak Kak LPy ) =0, a Py f =0 no ycnoBuio TeOpemsl.

Teopema nokasana.

006 aHAIUTHYECKOM NPeACTABIEHUN NMPOEKTOPOB. [IpoeKTophl, UCTIONIb3yeMble B JaHHOM CTa-
Th€, MOTYT OBITH NPEICTABICHBI aHATUTUYCCKHU, eCii OaHaxXoBbl mpocTpaHcTBa B; u B, umeror
TOTOJOrHYecKue 6a3uchl. [ onpeneseHHoCTH MPEaIoN0oKUM, 4TO MpocTpancTBo B umeer 6aswmc
[laynepa. Torna noampoctpancteo N(L) Taxxke umeer 6asuc llaynepa.

HaromH#M, 9TO HIOCIIE0BATENBHOCTH { f,, 77 € N} BeKTOpOB 6aHAXOBOTO POCTPAHCTBA HA3HIBACT-
cs 6azucom Illaynepa unu TomonornyeckuM 0a3uCcoM STOrO MPOCTPAHCTBA, €CIIH KAXJIBIH €ro BEKTOP
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Z OJHO3HAYHO PACKJIa[bIBACTCS B PN 7 = Z:: | Anfn, CXOmSIIMIACS IO HOpME. Takoe MPOCTPAHCTBO
00s13aTeNbHO cemapabenbHoe.

[poekTop Py (1) MOKET OBITH NPENCTABIEH C MOMOIIBIO OHOPTOTOHANBLHOM CUCTEMBI (YHKIMO-
HAJIOB K 2JIeMeHTaM 0a3mca, KOTopas CYyIIECTBYeT B CHIIy MUHHUMAJIBHOCTH 0a3ucHOM cructemsl [15].
I[TycTs mociemoBarenbHOCTSH { f;}, | € N, sBisiercst 6asucom N(L), a ¥ € (B;)* — coorBercTByrommast
el GMOPTOTOHAIbHAS CHCTEMA JIMHEHHBIX HENPEPBIBHBIX (yHKIHOHANOB ¥ (f;) = &;j,i, j € N. Torna

L@N(L)Z = lim e@N(ﬂ)(L)Z;

n—soo

e &) () — MOHOTOHHAs IOCIIE0BATENBHOCTE IPOEKTOPOB Ha IOMIPOCTpaHCTBa N (")(L) c N(L),
L@N(n)(L)Z = Z?:l %(Z)fl, n=1,2,3,....

AHaJOrHYHO MOTYT OBITh HANICHBI U JIPyTHe MPOSKTOPHI B CIydae CyiiecTBoBanus Oasuca [lla-
yaepa (SBISIONIEr0Cs: OJHOBPEMEHHO U MUHHUMAIBHOW CHCTEMOI) B COOTBETCTBYIOLIUX MPOCTPAH-
CTBax.

Ormernm, 4To JH060€E cenapadenbHOe TILOepPTOBO MPOCTPAaHCTBO MMeeT Oasuc [llaynepa, kako-
BBIM SIBJISICTCS KaXK[asi TOTAJIbHAs OPTOHOPMUPOBAHHAS CHCTEMa BEKTOPOB (B TO BPEMs KaK Cpelu
cernapabeibHbIX GAHAXOBBIX MPOCTPAHCTB BCTPEUAOTCS HE MMEIOLIUE TOMOIOTHYECKOr0 0asuca).

B cnyuae, korna npocrpanctsa By u B, runs6epToBsl H spo 00NagaeT MUHUMAIBHON OPTOro-
HaJIbHOM cucTeMoii { fy, @ € A}, IPOEKTOpP HA HYIb-TIPOCTPAHCTBO L UMEET BH/I

Pyyi=Y, (fa:2)fas

acA

e fo: (fo,fp) = Oup, A — MHOXKECTBO MPOM3BOIBHOM MomHOCTH [13, c. 239].
Ecnu runmp6epToBO MpocTpaHCTBO cernapabesbHO, TO YCI0BUE MUHUMAIBHOCTH CHCTEMBI BEKTOPOB
{fi,i € N} skBuBanentso cienyromemy [14]: ais a060ro j BemuyrHa

. T(fj, fietye-sJn)
52:1 JrJ]
J ngl;lor(fj+1,fj+25"'7fn)

rae I'(g1,82,-..,8n) — onpenenutens I'pama cucteMbl BeKTOpoB {g;}7 .

>0,

B 3TOM citydae mpoekTop Ha HyJb-pocTPancTBO N (L) MOKHO HAWTH CIEIYIOMMM 00pa3oM:

<@]\/(L)Z = lim @N(ﬂ)(L)Z;

n—oo
e
"D
Py )z = Z o (fa)finn=123,...,
ij=1
Oci(fl) — 3JIEMEHTBI MaTpHIIbl, o6patHoil kK Matpuue ['pama I'(f1, f, ..., fn). CyluecTBoBaHue npenena

Y TO, YTO TaK OMPEENIIeMEIi onepaTtop OyAeT MPOeKTOpoM, ciemyeT u3 Teopemsr 7 [15, c. 230] B cuiny
MOHOTOHHOCTH ITOCIIEI0BATEILHOCTH HPOCKTOPOB Py (1)2- B cityuae, xorna N (L) — xoHEeYHOMEpHOE
MOJIPOCTPAHCTBO, KOHCTPYKIHUS MPOEKTOPA MEPEXONUT B W3BECTHYIO IJIsl N-HOPMaJbHBIX OIeparo-
pos [16].
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Ilpumep 2. HaiineMm yciioBHs pa3pelIIMOCTH U OOIIUI BUJ PELICHUH OMEpPaTOPHOTO ypaBHEHHUS
1

(L2)(6) = 2(6) + M() | N(s)a(s)ds = (), (13)
0

B KOTOPOM OIepaTop-(yHKINH

M(t) = diag{e',e',...,e' e ,...},

N(s) = diag{s,0,s,0,...,s,0,...}

neficTeyrot u3 6anaxosa npocrpanctsa C([0, 1],¢) B ce6s ¢ nopmamu |[|M||[c(jo,1).c) = SuPsejo, 1] [|M (t) [ e
N[l c(o,11.¢) = supsefo,) |V () |lc, BexTop-Gynxums f() nefictsyer u3 orpeska [0, 1] B Ganaxoso npo-
CTPAHCTBO € BCEX CXOSAIINXCS YnCI0BbIX ocaenoBarensrocteit: f(¢) € C([0,1],¢):={f(-): [0,1] —
— ¢}

U3 onpenenenus oneparop-byukimit M(t) u N(f) crenyer, 4Tto

IM|llcoay,e) = sup  |mj(r)| = sup || <e,
t€[0,1],i,jEN t€[0,1]
HINIlcoag,e) = sup  |mij(t)| = sup [¢| < 1.
t€l0,1],i,jeN t€l0,1]
Torma
1Lzl (0,11,
ILllco,1,c) = sup -

zec(0.1],0),220 1Zlleqo..e)

I=(2) + M (1) Jy N(s)z(s)dslicqo.ne <

= sup
z€C([0,1],¢),270 HZHC([O,I],C)

120 leo.a.e) + 1M ) lleoe) Jo INGS) oo llz() oo ds -

< sup
2€€([0,1],¢),22£0 Izllc(o,1],0)

(I+e)llzllcqo..e)
ec(oe) 20 zlleqo.e

<

<1+e.

Takum oOpa3om, omeparop L sBIseTCs] TUHEHHBIM OTPaHUYEHHBIM OIEPaTOpOM, AEHCTBYIOIINM
u3 GaHaXOBOrO MPOCTPAHCTBA HempepsiBHBIX Ha mpomexytke [0,1] dyrkumit C([0,1],¢) B cebs.
BeckoneuHomepHbie moanpoctpanctda N (L) u Y u30MOp(dHBI Kak MOIIPOCTPAHCTBA cenapabenbHOro
6anaxosoro npoctpanctsa C([0,1],¢) [10, c. 55 ].

Hcnomnp3ys M3JI0KEHHYIO BBIIIE TEOPHIO, TOCTPOUM 0000IIEHHO-00paTHEIN oneparop L~ K ore-
paropy L.

Jns oneparopa L npoektopbl Py ) U Py, UMEIOT BUJ

1 1

(Pyw?)) =X() [T)z)ds. (Pnf)0) = [ D) f(s)ds.

0 0
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a oneparopbl Py, u @N(L) — COOTBETCTBEHHO BUJ
1 1
(Pn2)) =¥ [T61ds, Py )6 =X(0) [ S()7()ds
0 0
e

X(t) = diag {X(4><2)(t)7X(4><2)(t)7' . '}a F(t) = diag {1—22><4)(t)>1—22><4)(t)" "}a

D(t) = diag{¢(2><4)(t)7(p(2><4)(t)7"-}7 Y= diag{q’(4><2)(t)aql(4><2)(t)a-“} ;

1 1
/F(S)X(s)ds =E., /(D(s)‘l’ds =E.,
0 0
E.. — GeckoHeuHasl eqMHUYHAS MaTPHIIA.
U3 orpanudennoctu oneparop-pynxuuit X (1) u I' (1) criesryeT orpaHU4eHHOCTh HPOeKTopa Py ;) :
HgZN(L)ZHC([O,l],c)

||«@N(L)\|C([o,1},c) = sup =
2€C([0,1],¢),2#40 HZHC([OJLC)

1X () Jo T (s)z(s)ds cqpo.1y.¢ -

2€C((0,1],¢),24£0 Izllcqo,1.0)

1X (1) llcqore) Jo 1T leqo.n.e12() leo.n.ods -
2€C([0,1],€).5#0 Izllc(o,1],0) -

<

Z
< swp e|| lcqo,1.0) e

T ec(oale) 20 zlleqoe
AHAIOrHYHO yOEKIACMCs B OTPAHHYEHHOCTH POeKTopa Py , onepartopos Py, u Py ;). Benen-
CTBUE OTPAHUYEHHOCTH TIPOEKTOPOB Py (1) U Py Hylb-IPOCTPAHCTBO N (L) u moampocTpancTBo Y
nononasiemsl B poctpanctee C([0, 1],¢). CrenoBarensHo, oneparop L siBisiercst 0600meHHo 00pa-
THMBIM. BeckoneunomepHblie noanpoctpanctea N(L) u Y u3oMopdHBI Kak HOANPOCTPAHCTBA Cema-
pabenpHoro 6anaxosoro mpocrpanctea C([0,1],¢) [10, c. 55].
ITo nemme 2 omepatop

1

1
(L+PPy)2)(1) = 2(1) + M(1) / N(s)z(s)ds+ W / (s)2(s)ds =
0 0
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1
— (1) + M() / N(s)z(s)ds,
0
rac

M(t) = diag {M(2><3) (t)vM(2><3)(t)v - } )

N(s) = diag {N3x2)(5), N3x2) (), - }

T
e 0 -2 s 0 s
M(2><3)(t) = < 0 & 0 )7 N(3><2)(S) = < 0 0 0 > )

MMEeT OrpaHNYEHHBIN 00paTHBIN.
Onepatop, o6patHblii k onepatopy L = L+ Py, , uMeeT Buj

1
(L+Py) ")) = (1) +M(1)s™ /N(S)f(S)ds,
0

rae S~ = diag {S(’31X3),S(’31X3),...} — omeparop, oOpaTHbIi kK oneparopy S = Ee — D,
2 0 -1 1
Sax3) = 0 1 0 |, D= / N(s)M(s)ds.
-1 0 0 0

Torna, ucmons30BaB TeopeMy 2, MOTy4yuM 0000IIeHHO-00paTHBII orepatop L~ k oneparopy L :
1
L) = (L+Py) " = Pywyf)0) = f(1) + M (1)~ / N(s)f(s)ds—
0

1

1
=X(0) [ @(5)f(5)ds = £(0) +M1(0) [ Mi(s)(s)ds,
0 0
e

M, (1) = diag {M(2,a) (1), M) (1), - }

Ni(s) = diag {Ni42)(s), Nax2) (5) - } 5

20e—=1) 0 —¢ —¢ s 0 s s\
M(2><4)(t)_( 0 P 0 0 )7 N(4><2)(S)_( 0 0 0 0 ) .

Oneparop L 00001IeHHO 00paTuM H, CIIE[0BATEIBHO, HOPMaIbHO pa3pemumM. Toraa mo Teopeme
3 Tpu BBITIOIHEHUH YCIIOBUS

1

(Put)0) =¥ [ @(5)f(s)ds =0 (14)

0
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ypaBuenue (13) umeer pemieHue. Ycinopue (14) BBIMOMHIETCS, €CIM KOMIIOHEHTBI BEKTOP-(QYHKITUH
f@t) =col(fi(t), f2(t), f3(t),...) yIOBIETBOPSIOT COOTHOLICHUSIM

1

/sfzk_l(s)ds:O, k=1,2,3,.... (15)
0

[Ipu BemMonHEeHMH ycnmoBuit (15) omeparoproe ypaBHeHue (13) MMeeT CeMEHCTBO peleHHIA

1 1

2(0) = (PywDO)+ (LN =X(0) [ TO)s+ O +M0) [ M) ()ds,

0 0

e Z(¢) — nmpou3BONBHBIH deMeHT GanaxoBa npocrpancta C([0,1],¢).
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