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GLOBAL NONEXISTENCE OF SOLUTIONS OF A SYSTEM
OF NONLINEAR VISCOELASTIC WAVE EQUATIONS
WITH DEGENERATE DAMPING AND SOURCE TERMS

INIOBAJIBHE HEICHYBAHHS PO3B’SI3KIB CUCTEMM HEJIHIHHUX
B’A3KOEJACTHYHUX XBUJIbOBUX PIBHSHDb
I3 BUPOJUKEHUM 3ATYXAHHSAM TA JIKEPEJTAMHU

The global existence and nonexistence of solutions of a system of nonlinear wave equations with degenerate damping and
source terms supplemented with initial and Dirichlet boundary conditions was shown by Rammaha and Sakuntasathien in
a bounded domain Q C R", n = 1,2,3, in the case where the initial energy is negative. A global nonexistence result
on a solution with positive initial energy for a system of viscoelastic wave equations with nonlinear damping and source
terms was obtained by Messaoudi and Said-Houari. Our result extends these previous results. We prove that the solutions
of a system of wave equations with viscoelastic term, degenerate damping, and strong nonlinear sources acting in both
equations at the same time are globally nonexistent, provided that the initial data are large enough in a bounded domain
Q of R", n > 1, the initial energy is positive, and the strong nonlinear functions f1 and f> satisfy appropriate conditions.
The main tool of the proof is based on methods used by Vitillaro and developed by Said-Houari.

['moGanpHe icHyBaHHS Ta HEICHYBaHHS PO3B’S3KiB CHCTEMH HEJIHIMHMX XBHIILOBHUX PIBHAHB i3 BUPOMKCHUM 3aTyXaHHIM
Ta JUKepellaMH, JIOMOBHEHOI MOYaTKOBUMHM yMOBaMH Ta TpaHMYHHMH ymoBamHu Jlipixie, Oyiao BcraHoBieHo Rammaha Ta
Sakuntasathien y o6mexeHiit obnmacti 2 C R™, n = 1,2, 3, npu Bix eMHiil mo4aTkoBiii eHeprii. Pesynbrar mpo rmobansHe
HEICHYBaHHS PO3B’S3Ky CHCTEMH HENIHIMHUX B’SI3KOCIACTUYHUX XBUJIBOBUX PIBHSHB 13 HENIHIHHUM 3aTyXaHHIM Ta JDKEpe-
JIaM¥ TIpH TOAaTHIH Io4aTKoBii eHeprii Oyno orpumaHo y poboti Messaoudi ta Said-Houari. Hamr pesynbrar y3araibHroe mi
noriepeniHi pe3ynsraru. JloBeneHo, o po3B’sI3KU CUCTEMH XBIJIBLOBUX PiBHSHB i3 B’SI3KOENACTUYHIM YJICHOM, BUPOHKEHHM
3aTyXaHHSAM Ta CHIIbHO HENIHIHHUMH JDKEPEIaMu, 10 TIF0Th OJHOYACHO B 000X PIBHAHHSIX, NIOOAIBHO HE iCHYIOTb, SKIIO
MOYAaTKOBI JIaHi € JOCTaTHhO BEIMKUMHU B 0OMexeHiit obmacti {2 8 R™, n > 1, moyarkoBa eHeprisi € [OJaTHOIO, & CHILHO
HemiHiiHI QyHKINT f1 Ta fo 3aJ0BOJBHAIOTH BiAMOBIAHI YMOBH. JloBeACHHS 0a3yeThcs Ha METOMAX, IO OYJId BUKOPUCTAHI
y pobori Vitillaro Ta po3BuHyTi y pobori Said-Houari.

1. Introduction. In this work we consider the following system of viscoelastic wave equations with
degenerate damping and strong nonlinear source terms:

t
upy — Au + /g (t—s)Au(z,s)ds + (a lul® + b ]v|l) ||y = fi1(u,v),

0

(1.1)

t
vy — Av + /h (t—s)Av(z,s)ds + (c v +d |u]9> log|" Yoy = fa(u,v),
0
where m,r > 0, k, 1,0, p > 1 and the two functions f; (u,v) and f3 (u,v) given by
fi(w,v) = arlu 4+ o (w4 v) + by fulPulo] P2,

(1.2)

fa(u,v) = arfu+ v (w4 0) + bifu| P o], ai, by >0, p>-1L
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In (1.1), v = u(t,x), v = v (t,x), where z € Q is a bounded domain of R™, n > 1, with a
smooth boundary 9f2 and ¢ > 0, a,b,c,d > 0.
System (1.1) is supplemented with the following initial conditions:

(u(0),v(0)) = (uo,v0), (us(0),v:(0)) = (u1,v1), =€, (1.3)
and boundary conditions
u(z) =v(x) =0, x €. (1.4)

Viscoelastic materials have properties between two types (elastic materials and viscous fluids).
This two types of materials are usually considered in basic texts on continuum mechanics. At each
material point of an elastic material the stress at the present time depends only on the present value
of the strain. On the other hand, for an incompressible viscous fluid the stress at a given point is a
function of the present value of the velocity gradient at that point. Such materials have memory: the
stress depends not only on the present values of the strain and /or velocity gradient, but also on the
entire temporal history of motion.

This type of problems arise usually in viscoelasticity, it has been considered first by Dafermos
[9], where the general decay was discussed. A related problems to (1.1) have attracted a great deal
of attention in the last decades, and many results have been appeared on the existence and long time
behavior of solutions. See in this directions [3-5, 8, 11, 15, 19-21] and references therein.

In the absence of viscoelastic term, some special cases of the single wave equations with nonlinear
damping and nonlinear source terms in the form

ug — Au+ alug|™ tug = bluP (1.5)

arise in quantum field theory which describe the motion of charged mesons in an electromagnetic
field. Equation (1.5) together with initial and boundary conditions of Dirichlet type, has been exten-
sively studied and results concerning existence, blow up and asymptotic behavior of smooth, as well
as weak solutions have been established by several authors over the past decades.

The study of single wave equation with the presence of different mechanisms of dissipation,
damping and nonlinear sources has been extensively studied and results concerning existence, nonex-
istence and asymptotic behavior of solutions have been established by several authors and many
results appeared in the literature over the past decades. See [2, 10, 12, 13, 16, 18, 23] and references
therein.

Concerning the system of equations, in [1] Agre and Rammaha studied the following system:

ug — Au + |Ut\mflut = fi(u,v),

vy — Av + |Ut|r_lvt = fa(u,v),

in Q x (0,7) with initial and boundary conditions and the nonlinear functions f; and fo satisfying
appropriate conditions. They proved under some restrictions on the parameters and the initial data
many results on the existence of a weak solution. They also showed that any weak solution with
negative initial energy blows up in finite time using the same techniques as in [10].

In [23], author considered the same problem treated in [1], and he improved the blow up result
obtained in [1], for a large class of initial data in which the initial energy can take positive values.
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In the work [18], authors considered the nonlinear viscoelastic system:

¢
uy — Au + /g(t — 8)Au(z, s)ds + \ut|m71 u = f1 (u,v),

0
zeQ, t>0, (16)
t

vy — Av + /h(t — 8)Av(z, s)ds + |v|" " vp = fo (u,0),
0

where
fi(u,0) = alu+ o (w+ 0) + BlulPulo] ¢+,
fa(u,v) = alu+ o0 (w+ 0) + blul O o,

and they prove a global nonexistence theorem for certain solutions with positive initial energy, the
main tool of the proof is a method used in [23].

Concerning the study of decay of solutions of systems of evolution equations, let us mention the
work of B. Said-Houari, S. A. Messaoudi and A. Guesmia in [25], where they treated the nonlinear
viscoelastic system in (1.6) and under some restrictions on the nonlinearity of the damping and the
source terms, they prove that, for certain class of relaxation functions and for some restrictions on
the initial data, the rate of decay of the total energy depends on those of the relaxation functions.

Recently, in [22] M. A. Rammaha and Sawanya Sakuntasathien focus on the global well-
posedness of the system of nonlinear wave equations

u — Au + (d |u|k +e |v\l> |ut|m_1ut = fi(u,v),

vy — Av + (d’ ]v|9 +é |u]p> |vt]“1vt = fa(u,v),

in a bounded domain 2 C R™, n = 1,2, 3, with Dirichlet boundary conditions. The nonlinearities
fi(u,v) and fa(u,v) act as a strong source in the system. Under some restriction on the parameters
in the system, they obtain several results on the existence and uniqueness of solutions. In addition,
they prove that weak solutions blow up in finite time whenever the initial energy is negative and the
exponent of the source term is more dominant than the exponents of both damping terms. This type
of problems are not only important from the theoretical point of view, but also arise in many physical
applications and describe a great deal of models in applied science, many questions in physics and
engineering give rise to problems that deal with system of nonlinear wave equations.

The presente paper is organized as follows:

In Section 2 we introduce and present some notation and prepare some material needed for our
proof. In Section 3 we state and prove our main result, where we prove a global nonexistence (blow
up for all time) of solution of system (1.1)—(1.4) with positive initial energy for some conditions on
the functions f; and fs.
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2. Assumptions, notations and preliminaries. In this section, we introduce and present some
notations and some technical lemmas to be used throughout this paper. The constants ¢;, 1 =
= 0,1,2,..., used throughout this paper are positive generic constants, which may be different
in various occurrences.

We assume that the relaxation functions g, h: RT — R are of class C'' and nonnicreasing
differentiable satisfying:

1= [gl)is =150, g0)=0. ) <0,
0
t>0. @.1)

= /h(s)ds — k>0, h(t)>0, W(t)<O0,

0

Lemma 2.1. There exists a function F(u,v) such that

1 1 2(p+2) p+2
- - - - >
F (u,v) 50519 [ufi (u,v) +vfa (u,v)] 501 2) ai |u+v| + 2b1 |uv| } >0,
where
oF OF
%_fi(u?v)v %_fQ(uaU)'

We introduce the “modified” energy functional F(t) associated to our system

2E (t) = [Jug]|3 + o3 + J (u,v) — Q/F(u,v) de, (2.2)
Q
where
t t
J (u,0) = 1—/g(s)ds IVl + 1—/h(s)ds V0|2 + (g 0 V) + (h o V)
0 0
and

(g0 u) (1) :/g<t—7> lu (8) - u (7) 2 dr,
0

t

(ho) @) = [ =)o (®) - v (l3dr
0
Let us point out that the integral / F (u,v)dz in (2.2) makes sense because Hg () C
c L2P*2)(Q), for ’
—1<p if n=1,2

4—n . 23)
—l<p<< —— if n>3.
n—2
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Lemma 2.2 [23]. There exist two positive constants co and ¢y such that

o 2(p+2) 2(0+2)\ < <A 2(p+2) 2(p+2)
55573y (PO + ) < F (o) < gt (PO + o)

The following technical lemma will play an important role in the sequel.
Lemma 2.3. Suppose that (2.3) holds. Then there exists n > 0 such that for any (u,v) €
€ H}(Q) x H}(Q) the inequality

2
2(p+2) /F (u,0) dz < n (| Vul? + | V]3)"" (2.4)
Q

holds.

Direct computations, using Minkowski, Holder’s and Young’s inequalities and the embedding
H(Q) — L2P+2)(Q) yields the proof of this previous Lemma 2.3.

Lemma 24. Let v > 0 be a real positive number and L(t) be a solution of the ordinary
differential inequality

d
Zit) > §L1+V(t) (25)

defined in [0, c0).
If L(0) > 0, then the solution ceases to exist for t > L(0) V¢ VL.
Proof. Direct integration of (2.5) gives

L7 (0) — L™ (t) > évt.

Thus we obtain the following estimate:

LY (t) > [L77(0) — &vt] "

(2.6)
It is clear that the right-hand side of (2.6) is unbounded when
vt =L""(0).

Lemma 2.4 is proved.

3. Blow up results.
Lemma 3.1. Suppose that (2.3) holds. Let (u,v) be the solution of the system (1.1)—(1.4) then
the energy functional is a nonincreasing function, that is for all t > 0,

E'(t) = _/ (‘U (t)‘k + v (t)‘l) |ug (t)’m-f'l dr — / (”U (t)|6 + |u(t)|g> v (t)‘r—i-l dot

Q Q

1 1 1
+= (g o Vu) + 3 (W o V) — g (s) |Vul3 - 3h () |Voll3. (3.1)

2

N =

Our main result reads as follows:
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Theorem 3.1. Suppose that (2.3) holds. Assume further that

k+m—-314+m—-3 0+r—3 o+r—3
2
p > max < 9 ) 9 ) 9 ) 9 ) ) (3 )
and that there exists p, such that 2 < p < 2 (p + 2), for which
i i (v/2) -1
max g (s)ds, /h s)ds | < , (3.3)
[ S R F AT
0 0
holds. Then any solution of problem (1.1)—(1.4), with initial data satisfying
IVuoll3 + Vol > of  and  E(0) < B
blows up for all time, where the constants «y and FEo are defined in (3.4).
We take a1 = b; = 1 for convenience. We introduce the following:
057 -G L 1 2
B = n2let =B rt Fi=-—-—— 34
n ) a1 ) 1 <2 2(p+2)>a17 ( )

1 1
O O,
p 2(p+2)

where 7 is the optimal constant in (2.4).
Lemma 3.2 [23]. Suppose that (2.3), (3.2) and (3.3) hold. Let (u,v) be a solution of (1.1)-
(1.4). Assume further that E (0) < Ey and

IVuol3 + [[Vwoll > af.
Then there exists a constant as > o such that
J(t) > a3, (3.5)
and

2(p+2) /F (u,v)dz > (Bas)?**? vt > 0.
Q

Proof of Theorem 3.1. We suppose that the solution exists for all time and we reach to a
contradiction. For this purpose, we set

H(t)=FEy,—E(t). (3.6)
By using the definition of H (t), we get
H'(t)=—-FE'(t) =
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= / <|u(t)|k + |v (tW) |u (t)‘m‘*‘l dx + / (‘U (t)’9 +lu (ﬂ,g) v (t)’T—i—l du—
Q

Q

1 1 1 1
-3 (¢ o Vu) — 5 (W o V) + 59(5) | Vul3 + 3h(s) [Voll3 >0 Vt>o0.

Consequently, since E’(t) is absolutely continuous

H(0) = Ey — E(0) > 0.

Then
1 J(t)
0<H(0) < H(t) = B2 = 5 (hulld + llull3) — ===+
- 2(p+2) P+2
Y5559 [+ 01202 + 2w 243]
From (2.1) and (3.5), we obtain
1 J (t) 1 1
By — 5 (ludll3 + ll3) = == < B2 = 503 < Ba = 5oi <
< Bl -~} L 200 w0
LT NI S '
1 9 1 2 (p T 2) 1 >

Hence, by the above inequality and Lemma 2.2, we have for all t > 0

2(p+2)

0<H(0)<H(f) < [+ wll50 1) + 23] <

S
2(p +2)

2(p+2 2(p+2
< 55 53 (s + Il )

/ u? +v x,t)dx.
Q

Then we define the functional

w\»—u

We introduce
L(t)=H"°(t)+eM'(t), (3.7)

for € small to be chosen later and

1 2p+3—(k+m) 2p+3—(I+m)
27 2(m+1)(p+2) 2(m+1)(p+2)’

O<J<m1n{

(3.8)

20+3—(o+71) 2p+3—-(0+r) 2p+2 }
2r+ 1) (p+2) 2(r+1)(p+2) 4(p+2)
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We will show that L (¢) satisfies a differential inequality in Lemma 2.4. By taking a derivative of
(3.7) and using (1.1), we obtain

L'(t) =1 —=o)H 7 () H' (1) + € (Juel3 + [oell3) — & (Va3 + [[Voll3) -

.y / w(fu @+ o @) fue ™ wda — ¢ / o (Jo O + [u(t)]°) o] " vida+

Q

2

¢
+5/ ufi (u, v) +vfa (u, v))d;v—l—f—:/ /g (t —s) Vu(r)deds+
Q 0

t

+6/VU /h (t — s) Vo (1) dxds.
Q 0
Then

L'(t) = (1= o) H77 () H' (t) + & (Juell3 + llvell3) — e (IVull3 + [Voll5) —

e [u(lu@F + @) [u wdz = [0 (joOF + e ©1) ol e +

Q Q

t t
2 2
e (Ilu+ vl + 2luvlf3) +e ( e ds> IVl + ( [rs) ds> Ivoll3 +
0

0

+€/g(t—s)/Vu(t).[Vu(T)—Vu(t)]da:ds+
0

Q

/h t—s/Vv (1) — Vo (t)] dzds.

By Cauchy - Schwarz and Young’s inequalities, we estimate

/g t—s/Vu (1) — Vu (t)] dxds <

= /g(t =) [Vull2[[Vu(7) = Vu (#)]y dr <
0

t
1
< MgoVu) + 5 (/g<s> ds> |Vulg, A0,

0
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and

/h (t—s) / Vo (t).[Vu (1) — Vo (t)] dxds <
0

Q

t
1
<A(hoVu)+ o5 (/h(s)ds) IVoll5, A >0.

0

Adding and substituting pF(t), using the definition of H(t), Fs lead to

V()= (=) B () H (t)+¢ (1+5) (Juell3 + oel) +

+e (g — A) [(goVu)+ (ho V)] + peH (t) — pecEs—

—¢ / w(lu@®F + o OF) lul™ " wde — = / o (Jo @1 + [u(t)[°) o] vida+

Q

Q2

p 2(p+2) p+2
e (1= gt (o o323 2huol) +

1 o0
e [(g ) (2-1e L) fowas| 1w
0
1 o0
+e {(g - 1) - (g 14 4A> /h(s) ds | [ Vvl3, (3.9)
0

for some A such that

alzg—A>0, as = {(21) <}27—1+41>\>max (7g(s)ds,/ooh(s)d8)] > 0.

0 0

Then, estimate (3.9) becomes

L) (1—0)H (@) H (1) += (1+5) (luell3 + lleel}3) +

+ear[(goVu) + (hoVv)| +peH (t) — peEs—

—5/u (|u )+ |v (t)|l) g |™ ™t updz—

Q

—5/1} (1o O + 1 (91°) fo ™™ vydr+

Q
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p 2
+e <1 - W) (Hu +oll3t) + 2HuvHZiQ) +eay (| Vull2 + [ Vo]|2). (3.10)
B i = p —2(p+2) : - 2(er12)
y taking c3 = 1 — P 2F5 (Bag) > 0, since oy > B P+l | Therefore, (3.10) takes
P
the form

L%wz(l—a)Hﬂwﬂfra)+s(1+g)ﬂmM%+Hmﬁ)+

+eay [(g o Vu) + (ho V)] + cag (HVuH% + HVU”%) +peH (t)+

ey (Jutvliars) + 2uvlp3) - / w (a0 + o OF) ™ wrda—
Q

—5/1} (\v ®)° + |u(t)|9) log|" L vyd.

Q

We use the Young’s inequality as follows:

axa  §ByB
XYS&X’+5 Y7
e B

1 1
where X,Y >0, § > 0, and o, 3 € R such that — + 3 =1, we get for all ;1 > 0
o

”LL |ut|m—1 Ut‘ < L—H | |m+1 + 75 (m+1)/m |Ut|m+1
“m+1 m+1
and
k l 5m+1 k ! m+1
lu ()" + v @)]") uw|u™ Vgl de < — lu ()" + v ()] |u dx+
Q Q
+m7_|_15 (m+1)/m/ <‘u (t)‘k + ’1) (t)‘l> ’ut‘m—&-l dz.
Q
Similarly, for all §3 > 0
(V'H ro
-1 1 r+1)/r r+1
"U|’Ut|r U‘<?| |7"+ ﬁ62( )/ |Ut|+ ’

which gives

J (0 @F 1) ooy ] < 7:11/(!@<t>|9+|u<t>|9) ol da+

Q Q

g O (lo@F 4 u01) ful ™ d
Q

+
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Then
L) Q=) H () H' (0) +& (145 ) (el + lloel3) +

+eay [(g o Vu) + (ho V)] + caz (HVuH% + HVUH%) +peH (t) +

p+2 5In+1 k l m—+1
ees (Jlu+ vl 3 + 2wl 3) — e s [ (@ + o OF) ™ do-
Q
m —(m m m
e B ar O [ (a4 o ) ™ d—

Q

57"+1 4l
e [ (0@ +u ) o+ do-
Q

T 5“7”“)/’“/(|v(t)ye+\u<t)\9) e[ de.

r+1 2
Q

Let us choose d; and 9 such that
sy A @), 6TV = MyH (1)
for M, and M5 large constants to be fixed later. Thus, by using (3.11), we get

L(t)2 (1 =0) = Me) B () H' (t) +¢ (1+ ) (Juell3 + vel}) +

+eay [(g o Vu) + (ho V)] + eaz (| Vull3 + | Voll3) + peH (t) +

2(p+2 2
tecy (Jlu+vlars) + 2uvlf3) -

e i 0) [ (ju @+ o o)) ™ de

Q

m —(m+1)/m m
—e s O [ (O + o @F) ful ™ de-
Q

~ed 1 (0) [ (o (O + fu o)) o+ do-

Q

r+1)/r r
et [ (O + o))l da,

Q

where M = m/(m + 1)M; + r/(r + 1) M. Consequently we have

(3.11)

(3.12)
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k l 1 k 1 l 1
[ (w®PF + o @) ™ de = izt + [ 1ol faf™ do
Q Q
and
0 1 0 1 1
J (0@ + @) 1o do = ollgt53 + [ fule ol da
Q Q

Also by using Young’s inequality, we obtain

l m+1

Ly, m+1 (I+mA+1)/1 ) l+m+1 (I+m—+1)/(m~+1) | 1l4+m+1
/|U| |ul < m51 ||U||l+m+1 m‘ﬁ \|U||z+m+17
Q

1
/|u|9 |U’T+1 < %5(94—%«—1)/9 |’uH9+r+1 + Lé (o+r+1)/(r+1) HUHQ+T+1
0
Q

r+1 2 otrtl T2 P
Consequently

17 0) [ (ln O + Jo 0) ™" do =

Q
l
g k 1 +m+1)/l 170 l 1
= H7" (1) IIU||kmL+m5§ MO () flo ] 4
m+1  (mt1)/(mt1) o Imal

oo (6 [l (3.13)
and

a7 (t)/ <\v(t)|0 + |u(t)|9) o™ dx =

Q
0 otr+1
g 0 1 (o 1
= BT @ ol + gt ¢ HT Ol +
(e+r+1)
rt+1 B T 1

o1 THHT () ol 4 - (3.14)

Since (3.2) holds, we obtain by using (3.8)
o k4m+1 20m(p+2)+k+m+1 20m(p+2 k+m+1
HO™ (0) lul Lt < es (lullagmg ™ 4 ollrn ™ fulfind)

(3.15)

(% 1 2 +2)+0+r+1 2 +2 6 1
HO () ollg 73 < o (1ol ar ™ o+ lullsg ™ Jellfirtt)

This implies
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I I+m+1 Lmal
g m
m‘ﬁ POHT () ol <
5l+7?+1 20m(p+2)+l+m+1 20m(p+2) I+m+1
_C7l—|—m+1 1 [v ||2 (p+2) + [[u ||2 (p+2) 1ol mt
.16
0 otr+1 (3.16)
] o g+r+1
mfsz H (t) |ullgrri1 <
0 et 2 2) 1 2 2)
or(p+2)+o+r+ ar(p+2) +r+1
Sesorg 0 (g e el )
By using (3.8) and the algebraic inequality
1
z”§(2+1)§<1+>(z+a) V2>0, 0<v<l1l, a>0, (3.17)
a
we have, for all £ > 0,
20m(p+2)+k+m-+1 2(p+2 2(p+2
lullsgrg ™2 < a (lul3ets) + 1 (0) < d (el + H (1),
(3.18)
2 +2 +O0+r+1 +2
lelsp 2t <d (Jollslrs) + B @) w0,
where d =1+ 1/H (0) . Similarly
2 +2)+1(m+1) (p+2 2(p+2
loll3gy D < a (olis ) + 1 () < d (lIbETs) + H (@),
(3.19)
207 (p+2)+o(r+1) 2(p+2)
lullsgy 70D < a (Jlulpiots) + H () v 0.
Also, since
(X+Y) <C(X°4+Y?), X, Y >0, s>0, (3.20)
by using (3.8) and (3.17) we conclude
20m(p+2) k (p+2) (p+2) +2) 2(p+2
ol ™ gt < e (I0lB73) + Nulifmts ) < e (013053 + b 13)) . 32D
similarly
2cr +2 +2
g ol < e (all3ss) + IwI3ss)) (3.22)
2 +2 l 2(p+2 2(p+2
lallsgrs ™ ol it < era (Iluliaors) + Ielair) ) - (3.23)
and
20r(p+2) 1 2(p+2) (p+2
ol Illsrt < exs (Nollslts) + lull3rs) ) - (3.24)
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Taking into account (3.13)—(3.24), then (3.12) takes the form

L(t) > ((1—0) — Me) H™ (t) H' (t) + 2 ()3 + [lur]2) +

(I4+m+1)
l I+m-+41 m+1 _
2—-CM; ™14+ ———4, ! - 5, ™ —
e |2 - Oy <+l+m+1l T )
r (otr+1)
_ 0 otr+1 T+1 i
- CM;" 14+ ———06, © — 5, T H(t
2<+Q+7"+12 +Q+r+12 ()+
(I4+m+1)
[ wma g g (Bl
- CM; ™14+ —-—0, ! — - 5, mft —
+e Cq C 1 ( +l+m—|—1 1 +l—f-m—|—1 1 >

(i) + 1el3rs). (3.29)

2(p+2) 2(p+2)

o+r+1 1 _ (Q+T+1)
oMy (1 2 s 4 T
o+r+1 o+r+1

At this point, and for large values of M7 and M5, we can find positive constants A; and Ao such that
(3.25) becomes

L'(t) 2 (1= 0) = Me) H™7 (8) H' (1) + 2¢ ([luel3 + lvell3) +

ety (Jlu (05675 + 1o () 5675)) + A H (1), (3.26)

Once M; and M are fixed (hence, A; and As), we pick € small enough so that ((1 — o) — Me) >0
and
L(0) = H'° (0) + / [ug.ur + vo.ve] dx > 0.
Q

Consequently, there exists I' > 0 such that (3.26) becomes

L/(t) > =T (H (&) + lludl3 + ol + Il 73) + Iol5073)) (3.27)

Thus, we have L (t) > L (0) > 0, for all ¢ > 0.
Next, by Holder’s and Young’s inequalities, we estimate

1/(1-0)

/u.ut (x,t)dx + /v.vt (z,t)dx <

Q Q

T 1 o) s/(1—c 7/(l—0 s/(1—o

< C (Jhullgfy + el 7 + Iollgly” + leels ) (3.28)
1 1 T 2 .
for —+ - =1. We takes s =2 (1 — o), to get = . By using (3.6) and (3.17) we get

T S l—-0 1-20

o < d (lul3ets) + 7 (1))
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and

loli3 o < a (lelsly) + HB)  vezo.

Therefore, (3.28) becomes
1/(1-o0)
/uut (z,t)dx + /th (x,t) dx <
Q

Q

2(p+2 2(p+2
< cua (Il 73] + 0307 + luall3 + ool + H (1)) ve > 0.

Also, by noting that

1/(1-0)
LMD @y = [ H'7 (t) 4 ¢ / (uwug +v.g) (x,t) do <
Q
1/(1-0)
<eis | H(t)+ /(uut (x,t) + vy (x,t)) do <
Q
2(p+2 2(p+2
<cr [H () + [ullts) + (vl + lull3 + w3 ve>o, (3.29)
and combining with (3.29) and (3.27), we arrive at
L' (t) > oL~ (t) vt > 0. (3.30)

Finally, a simple integration of (3.30) gives the desired result.
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