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FUZZY FUNCTIONAL DIFFERENTIAL EQUATIONS
UNDER DISSIPATIVE-TYPE CONDITIONS *

HEYITKI ®YHKIHIOHAJIBHO-IU®EPEHIIAJIbHI PIBHAHHSA
3 YMOBAMMU JUCHITATUBHOI'O THUITY

Fuzzy functional differential equations with continuous right-hand side are studied. Existence and uniqueness of a solution
under dissipative-type conditions are proved. The continuous dependence of the solution on the initial conditions is shown.
The existence of a solution on an infinite interval and its stability are also considered.

BuBuaroTbcst HewiTKi GyHKI[iOHaNbHO-AH(epeHIianbHi PiIBHIHHS 3 HEIIEPEPBHOIO MPABOI0 YacTHHOI. [I0BECHO iCHYBaHHS
Ta €JJMHICTH PO3B’I3Ky 3a yMOB AWCHIIATHBHOTO THIy. BCcTaHOBIIEHO HemepepBHY 3alIeXHICTh PO3B’SI3KY BiJl IOYaTKOBHX
yMOB. Takox po3mIHYTO MUTAHHS PO iCHYBaHHS PO3B’SsI3KY HAa HECKIHYCHHOMY IHTEPBAJi Ta HOTO CTIMKICTb.

1. Introduction. The real life models depend not only on the current state of the subject but also
on its prehistory. There are many papers devoted to delayed differential equations. We refer the
readers to [6, 14] where many examples of functional differential equations, representing models in
population dynamics, mathematical biology and medicine are provided. Often the models depend
on uncertainty which requires the usage of a special mathematical approach as stochastic models,
multivalued differential equations or fuzzy set models. The fuzzy differential equations had been
studied first by Kandel and Byatt in [4]. Starting with the work of Kaleva [5], the theory of fuzzy
differential equations was rapidly developed. We refer the books [8, 12] where the fuzzy differential
equations are comprehensively studied (see also [9, 11, 15]).

There are relatively small number of papers devoted to fuzzy functional differential equations
as [1], where the authors prove the existence of solutions using fixed point arguments. In the very
interesting paper [10], the author proves the existence and uniqueness of solution when the right-
hand side satisfied the locally Lipschitz condition (with respect to Kamke function), that paper is
also provided with significant examples. In [15] the authors prove existence and uniqueness of the
solution of fuzzy (ordinary) differential equations using Lyapunov-like functions.

We extend the results of the last two papers to fuzzy functional differential equations satisfying
Razumikhin dissipative-type conditions.

In the next section we give the needed preliminaries from the theory of fuzzy sets. In Section 3,
the system description and a needed preliminary lemma is proved. In Section 4, we prove the local
and global existence as well as uniqueness of the solution under dissipative conditions. Afterward
continuous dependence on the initial conditions and stability of the solution are shown. In the last
section the existence and uniqueness results with the help of Lyapunov-like function are proved.

2. Preliminaries. The space of fuzzy numbers is E = {z: R" — [0, 1]; z satisfies 1)- 4)}.

1) z is normal, i.e., there exists yp € R" such that z(yo) = 1,
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2) x is fuzzy convex, i.e., z(Ay+(1—\)z) > min{z(y), z(z)} whenever y, z € R™ and A € [0, 1],

3) x is upper semicontinuous, i.e., for any yo € R™ and ¢ > 0 there exists §(yg, ) > 0 such that
x(y) < z(yo) + € whenever |y — yo| < 9, y € R,

4) the closure of the set {y € R™; x(y) > 0} is compact.
The set [z]* = {y € R"; z(y) > «a} is called a-level set of x.

It follows from 1) — 4) that the a-level sets [x] are in C.(R™) for all « € (0, 1], where C.(R")
denotes the compact convex subsets of R™. The fuzzy zero is defined as

A 0 if y#0,
0(y) = .
1 if y=0.

The metric in E is defined by D(z,y) = sup,e (o1 PDu([*] [y]*), where Dy (-, -) means the
Hausdorff distance in C.(R").

Some properties of D(x,y) are as follows:

() D(z + 2,y + 2) = D(x,y) and D(z,y) = D(y, z),

(2) D(Az, \y) = AD(z,y),

(3) D(z,y) < D(z,2) + D(z,y), forall z,y,z € E and X € R.

We recall some properties of differentiability and integrability for fuzzy functions from [13]. Let
T > 0, further in the paper I = [0, 7T7].

The map f: I — E is said to be differentiable at £ € I = [0, T iff for small A > 0 the differences
f(E+h)— f(f), f(£)— f(f—h) (in sense of Hukuhara) exist and there exists a fuzzy number A = f({)
such that

L (et e 1 R (G e {0}

h—0+ h h—07+ h
At the end points of I we consider only the one sided (left or right) derivative. It is easy to check
that

- . - . o(h)
D(f(t+h), f(t)+ hf(t)) = o(h) where lim —— =0. (1)
h—0+ h

The fuzzy valued function F': I — E is said to be (strongly) measurable if for each o € [0, 1], the
set-valued function F*: I — C.(R") is measurable (see, e.g., [2]).

The integral of F' over I, denoted by / F(t)dt is defined level-wise as
I

«

/F(t)dt = /Fa(t)dt = /f(t)dt, f(t) € F(t) is integrable
T

I I

forall 0 < o < 1.
The function F: R — E (G : R x E — E) is said to be continuous if it is continuous w.r.t. the
metric D(-,-). The set of continuous functions from [a, b] into E is denoted by C(]a, b], E).
Proposition 1 [5]. If F': I — E is continuous, then it is integrable over I. Moreover, in this
t
case, the function G(t) = / F(s)ds is differentiable and G(t) = F(t).
0

m(t+ h) —m(t)

Let m: [—7,00) — RT be continuous. Denote 7" (t) = limy,_, o+ the upper

right Dini derivative.
We need the following known results:
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Lemma 1 (cf. Lemma 6.1.1 of [7]). Let g: I x R™ — R" and m: [—7,T] — R be two contin-
uous functions and m™ (t) < g(t,m(t)) for every t € [0,T]\G (where G is a countable set) with
m(t) = maxge_r 0 m(t + s). If m(0) < ro, then m(t) < r(t), where r(-) is the maximal solution
of 7(t) = g(t,r), r(0) = ro (provided that r(-) exists on I).

Lemma 2 [7]. Let the assumptions of Lemma 1 hold. If [0,t1] C [0,00), then there exists an
eo > 0 such that 0 < € < gy and the maximum solution r(t, ug, ) of

w=g(t,u)+e, ulto)=uo+e

exists on [0,t1] and lim._,o r(t, o, ug, ) = r(t, to, uo) uniformly on [0, t1].
3. System description. In the paper we consider the following fuzzy functional differential
equation:

i(t) = f(t,z), wo=¢ tel, 2
here f: I xE; — E, £ € E; := C([—7,0,E) and z; € E; is defined by z:(s) = z(t + s) for
s € [-7,0]. For 8, € E; we denote DC(B, ¥) = maxe—r0 D(B(s),7(s)). If v = 0 then we will

write D¢ (3, 0).
We refer the reader to [3] for a general theory of functional differential equations.
Notice that the system (2) is very general. It includes for example:
1. Variable times delay system & = f(¢,x(t—h(t))), where h(-) is continuous with 0 < h(t) < 7.
0
2. Distributed time delay #(t) = f <t, k(s,x(s))ds) as in the well know predator—prey
model of Lotka— Wolterra: o
_ 0 -
50 = (t) |r1~ (0~ [ Fu(olue+ 5)ds]

-7

- 0 -

y@:MﬂVM@—m+/E@MHﬂ@,

—T

where z(-), y(-) represent the population densities of prey and predator at time ¢t > 0, r; > 0 is the
intrinsic growth rate of the prey, ro > 0 is the death rate of the predators: v; > 0 and 2 > 0 are the
interaction constants.

The book [14] contains many examples of delayed differential equation from natural sciences.
Some examples of functional differential equations in fuzzy set settings are contained in [10].

The continuous function g: I x Rt — R™T is said to be Kamke function if g(¢,0) = 0, g(¢,-) is
monotone nondecreasing and v = 0 is the only solution of the scalar differential equation

We will use the following hypotheses:
(Hy) f: I x E; — E is continuous.

Remark 1. (H;) implies that there exist positive numbers a, b, M such that D(f(t,¢),0) < M
for every (t,) € [0,a] x Sp(§). Furthermore, one can take a < T Here Sp(§) = {¢ €

€ E1: Do(p,§) < b}
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(Hy) There exists a Kamke function g: I x Rt — R™ such that
h—0+ h

whenever (3,7) € Q. Here Q is given by Q = {3,y € E1: Dc(5,7v) = D(5(0),~(0))}.
Lemma 3 [5]. Under (Hy) the AC function x(-) is a solution of (2) if and only if xo = & and

< g(t, D(5(0),7(0))),

£(t) = £(0) + / f (s,5) ds. 4
0

Our next result is concerned with the construction of approximate solution to the problem (2).

Lemma 4. Let (Hy) hold and let a,b, M > 0 be as in Remark 1. Then for every positive integer
n there exists a continuous function x": [—7,a] — E, which is differentiable for every t € [0, a]\ N,
(here N, C I is countable set) and satisfies the following conditions:

() D), £t < -
(i) D(E"(1),0) < M,
(iii) x} € Sp(&) (recall that x} € Ey).

Proof. If x(-) satisfies (ii) then it is Lipschitz with a constant M. Indeed for 0 < s < t < a, one

¢
has that z(t) = z(s) +/ #(7)d7. Hence

D (x(t),z(s)) = /D (x(T),O) dr < M(t —s).

Suppose first that the needed z™(-) exists on [0, s], where 0 < s < a. If s = a, then the prove is
complete. Otherwise, for ¢ > s we define

2"(t) = w5 (0) + (t — 5) f (s, ).

The continuity of f(-,-) implies that there exists > s such that

forall ¢ € [s,t],

S|

D (&"(t), f(t, 1)) = D (f(s,25), f(t, 7)) <

i.e., (i) is satisfied on [0,¢]. Since D (f (s, z}), 0) < M, we have that (ii) and (iii) also hold on [0, #].

Let 0 < ¢t < a and let z"(-) be defined on [0,%). Since z"(-) is M-Lipschitz, then
lim, ; q2"(t) = 2"(f) exists, i.e., 2"(-) is defined on [0,7]. By standard application of Zorn’s
lemma, one can conclude that the needed solution z"(-) exists on [0, al.

4. Existence and uniqueness of solution. In this section we prove the main results in the paper.
The first theorem is devoted to the local existence and uniqueness of solution for (2).

Theorem 1. Let the hypothesis (H1) and (Ha) hold. Then for each & € Eq there exists unique

solution x(-) of the initial value problem (2) defined on |0, a).
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Proof. 1t follows from Lemma 4 that the approximate solution x™(-) exists on [0,a] and
D(f(t,a}),0) < M.
Let 2™(-) and 2¥(-) be two approximate solutions. Denote m(t) = D(z"(t), 2*(t)). By virtue of

the triangle inequality and (1) we have

m(t+ h) —m(t) = D(z"(t + h),z"(t + h)) — D(z"(t), z"(t)) <

< D(z™(t) + hi™(t), 2% (t) + ha (1)) + o(h) — D(z"(t), 2*(t)).

Thus
lim m(t+ h) —m(t) ~ lim D(a™(t) + hi™(t), 2% (t) + ha®(t)) — D(a"(t), 2% (t)) <
h—0+ h h—0+ h -
< DRI, 250 + R ) - D05 0) 11
h—0+ h n k

By (Hs) we have
1 1
n(t)" < g(t,m(t)) + =+ =
()" < gltm(t) + -+ 1
for every t € [0, a] with m(t) = max,c_ry m(s). It follows from Lemma 1 that D(z" (t), k(1)) <

< 1k (t), where 7y, 1 () is the maximal solution of

1 1
H) = g(t, (D) + 2. (0)
Since ¢(-, -) is a Kamke function, one has that z"(-) is a Cauchy sequence in C([0, a], E) and hence
2"(-) — x(-) uniformly on [0, a]. Therefore 2} — x; in E; uniformly on ¢ € [0, a]. Furthermore,

f(t,-) is continuous and hence f(¢,x}') — f(t,z;) uniformly on [0, a]. Therefore

t t
f(s,zl)ds — [ f(s,xs)ds.
[reme |

t
Consequently z(t) = £(0) + / f(s,zs)ds and hence it is a local solution of (2) thanks to Lemma 3.

0
Now we prove that the solution is unique.
Let x(t) and y(t) be two solutions, we define m(t) = D(xz(t),y(t)) and m; = Do (xy,y¢). It is
easy to see that m; = m(t) if and only if (2, y:) € €. In this case triangle inequality and (1) implies

m(t + h) —m(t) [D(z(t + h),y(t + h)) — D(x(t), y(t))]

lim = lim <
h—0+ h h—0+ h
o D) 4 hA ),y + b)) — Da(t) y(1) + ()]
~ h—0t h

Since limy,_,q+ h~'.0(h) = 0, one has that
m(t+ h) —m(t)

lim i [P0+ St y(6) + RS (1)) = D((8), y(H)]
h—0+ h h—0+ h
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Using (Hg) we derive

. ™+ R) = m()

IOt h < g(t, D(z(t),y(1)))-

Thus we have m™(t) < g(t,m(t)) for any t for which m(t) = m;. From Lemma 1 and the
last inequality it follows that D(z(t),y(t)) < r(t), where r(-) is the maximal solution of 7(t) =
=g(t,r(t)), 7(0) = Dc(xo0,y0). If 29 = yo, then r(t) = 0, i.e., () = y(t) on [0, a].

We are ready to study global existence of solution.

We need the following additional hypothesis:

(Hs) There exists a continuous function w: I x RT™ — R such that

(1) The maximal solution of ji(t) = w(t, u(t)), u(0) = Dc(£,0) exists on I;

A

(2) for any t € I with D¢ (z4,0) = D(z(t),0), we have

Tim, [D(x(t) + hf(t,z:),0) — D(a(t), 0)] < w(t, D(x(1),0)):

(Hy) f(-,-) is bounded on the bounded sets, i.e., for every ¥ > 0 there exists M such that
D(f(t,z(t)),0) < M if z € By, t > 0 and D(x,0) +t < 0.

Theorem 2. Under (Hy)—(Hy) for every £ € Ky there exists unique solution of (2) defined on
[0, 77.

Proof. By Theorem 1 we know there exists a > 0 such that fuzzy functional differential equation
(2) admits unique solution on [0, a]. Suppose that the maximal interval of existence for z(-) (unique
solution of (2)) is [0,.5), where S < T. It follows from (Hs) that DT (z(t),0) < w(t, D(z(t),0))
for t € I with D(z(t),0) = D¢(24,0). Using Lemma 1 we have D(z(t),0) < u(t) where p(t) is
the maximal solution of

fu(t) = w(t, u(t), u(0) = Do(€,0).

Since p(-) exists on the whole interval [0, 7], one has that there exist a constant M/ > 0 such that
wu(t) <M —T, forall t € [0,T].

Furthermore f(-,-) is bounded on the bounded sets and hence z(-) is ¥-Lipschitz on [0, .S) and
hence z(S) = lim;_,g_ox(t) exists. Consider the equation (2) on the interval [S,T]. The initial
condition zg is well defined, because S > 0.

It follows from Theorem 1 that there exists ¢ > 0 such that (2) has a solution on [S, S+ ], where
S < 8+ < T, a contradiction. Hence z(t) exists on the interval [0, 7], and Zorn’s lemma implies
the existence of unique solution z(-) (as it is shown in Theorem 1) on [0, T7].

The following corollary shows the continuous dependence of the solution of (2) on the initial
condition.

Corollary 1. Let f: I x Ey — E satisfy (Hy) - (Hs) and let x(-, ), y(-, 1) be solutions of (2)
with different initial conditions xy = ¢ and yo = » where v, € E;. Then D(x(t),y(t)) < r(t)
where r(t) is the maximal solution of

H(t) = g(t,r(t)), (0) = D(p,9).

Proof. Denote m(t) = D(x(t,¢),y(t,v)). Evidently m(0) = D(yp, ). Using the same argu-
ments as in the proof of Theorem 2 we can show that " (¢) < g(t,m(t)). Since g(-,-) is a Kamke
function, one has that the map ¢ — z(-, ¢) from E; into C(I,E) is continuous.
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Now we will study (2) on [0,00) = RT. We replace I in (H;) and (Hz) by [0, 00), i.e., we set
T = o0.

The hypothesis (Hs) in that case has the form:

(H%) For every S > 0 there exists a continuous function w: [0, S] x RT — R such that

(1) the maximal solution of fi(t) = w(t, u(t)), u(0) = D¢ (€, 0) exists on [0, S];

(2) for any t € I with D¢ (z¢,0) = D(x(t),0), we have

[D(@(t) + hf(t,24),0) — D(x(t), 0)]

< w(t, D(z(t),0)).

lim
h—0+
Theorem 3. Let (H;), (Hg) (with I replaced by [0,00), (H%) and (Hy) hold. Then the differ-
ential equation (2) admits unique solution x(-) defined on [0, c0).
Proof. Let S > 0 be given. From Theorem 2 we know that the initial problem (2) has a solution
on [0, S]. Since S > 0 is arbitrary, by virtue of Zorn lemma the solution x(-) exists on [0, 00).
Definition 1. The solution x(-) (defined on [0,00)) of (2) is said to be stable if for every
e > 0 there exists § such that D(y(t),z(t)) < € for every t > 0 when D¢ (yo,zo) < 0. It is called
asymptotically stable if it is stable and there exists v > 0 such that limy_, D(x(t),y(t)) = 0 when
D¢ (yo, o) < v.
The following theorem is then valid.
Theorem 4. Under the assumptions of Theorem 3, the unique solution x(-) of (2) is (asymp-
totically) stable if the zero solution of 7(t) = w(t,r(t)) is (asymptotically) stable.
Proof. Due to (Hs)

lim D(x¢(0) + hf(t, 1), y:(0) + hf(t,y:)) — D(x4(0), %:(0))
h—0t+ h

< g(t, D(z4(0), 4:(0)))

when D(z4(0),y+(0)) = Dc (2, yi). Consequently D(z(t),y(t)) < r(t) for every t > 0, where 7(-)
is the maximal solution of 7*(¢) = g(t, r(¢)) with initial condition r(0) = D(xg, yo).

5. Lyapunov-like function condition. In this section we relax the dissipative condition. Our
results extend the existence results given in [10] and [15]. We assume that f(-,-) satisfies (Hs). Let
M be the constant from the proof of Theorem 2 and denote By, = {z € E: D(x,0) < M +1}.

Definition 2. The continuous map W: (z(0) + Bys) x (z(0) + Bys) — R is said to be a
Lyapunov-like function for (2) if it satisfies the following:

1) W(x,z) = 0, W(z,y) > 0 for v # y and lim, ,o,c W(x",y") = 0 implies
lim,, 00 D(2",y™) = 0;

2) there exists a constant L > 0 such that

|W($1,y1) - W($2,y2)| < L (D($1,$2) + D(ylay2)) ;
3) there exists a Kamke function v(-,-) such that

W (B(0) + hf(t, 8),7(0) +hhf (t,7)) = WB0:,90) - er w(500),4(0))

lim
h—0t

for any B,~ € By with W(5(0),7(0)) = maxge[—r0) W(B(5),7(s)).
Here we also require the following hypothesis to obtain desired result:
(Hs) There exists a Lyapunov-like function W (-, -) for the system (2).
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Theorem 5. Under the assumptions (Hy), (Hs), (Hy) and (Hs) the fuzzy functional differential
equation (2) has unique solution defined on I.
Proof. Let a, b, M be as in Remark 1. From Lemma 4 we know that there exists a sequence of

1
approximate solutions {z"(-)};Z; such that 2y = £ and D(2"(t), f(t,z}')) < . Denote m(t) =
= W (2*(t), 2"(t)). Notice that " (¢t) = z*(0). Then

m(t +h) —m(t) = WPt + h), 2™ (t + h)) — W(zF(t),2"(t)) <
< W(ah(t) + hf(t,2f), 2" (8) + hf (t,a7)) = W (@"(8), 2" (£)+
LD () + b (8, 2F), 2t + ) + D" (8) + f (t,27), 2" (t + h)| <

S W (2P (t) + hf(t,f), 2" (t) + hf(t,2]))—

—W (zF(t), z"(t)) + L.o(h) + L <21k + 21n> .

Consequently
lim m(t+ h) —m(t)
h—0+ h

1e.,
. 1 1
m(0) = 0 and ™t (¢t) < v(t,m(t)) + L <2k + 2n) :
for every t € I with m(t) = max,e|_, o m(s). It follows from Lemma 1 that m(t) < r(t), where
r(-) is the maximal solution of

1 1

T"(t):U(t,T(t))+L<2k+2n>, ’I“(O):O

Taking into account Definition 2 we get that the sequence {z"(-)},~, is a Cauchy sequence in
C(I,E). One can show as in the proof of Theorem 1 that the function z(t) = lim,_,o 2" (t) is the
unique solution of (2).

The proof of the following corollary is omitted, because it follows from the proofs in the previous
section with obvious modifications.

Corollary 2. Let (Hy), (Hs), (Hy), and (Hs) hold and let x(-.p), y(-, @) be solutions of (2)
with different initial conditions o = ¢ and yo = 1 where p,1) € Ei. Then W (x(t),y(t)) < r(t)
where r(t) is the maximal solution of

(t) = g(t,r(t)), 7(0) = Rt W(p(s), 1 (s))-

Replacing (H3) by (Hj) one can prove the same result on [0, 00).
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