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DERIVATIONS ON PSEUDOQUOTIENTS
HOXIAHI HA IICEBJIOYACTKAX

A space of pseudoquotients, denoted by B(X,S), is defined as equivalence classes of pairs (z, f), where z is an element
of a nonempty set X, f is an element of .S, a commutative semigroup of injective maps from X to X, and (z, f) ~ (y,9)
if gr = fy. If X is a ring and elements of S are ring homomorphosms, then B(X,S) is a ring. We show that, under
natural conditions, a derivation on X has a unique extension to a derivation on B(X,.S). We also consider («, §)-Jordan
derivations, inner derivations, and generalized derivations.

BBeneHo o3naueHHs npocTopy ncesmodactok B( X, S) sk kiacis ekBiBanenTHOCTI 1ap (, f), Ie & — €IEMEHT HEOPOXKHBOT
MHOXHHA X, f — eJeMeHT KOMYyTaTHBHOI HAmiBrpynu S iH’ekTuBHHX BimoOpakens i3 X y X ta (z, f) ~ (y,g), AKmo
gr = fy. SIxkmo X — xineue Ta emementn S € romomopdizmamu Kimbis, To B(X, S) € kimbuem. Iokasawo, mo 3a
OPUPOIHUX YMOB ToXigHa Ha X Mae exuHe posmmpents 10 noxianoi Ha B(X, S). Takox po3misuyTo (o, 3)-KopaaHoBi
MOX1JHI, BHYTPIIIHI IOXi/IHI Ta y3arajJbHEHI HOXiIHi.

1. Introduction. Let X be a ring (or an algebra ) with the unit I. An additive (or linear) map ¢
from X into it self is called a derivation if 6(AB) = 6(A)B + Ad(B) for all A, B € X. Derivations
are very important both in theory and applications, and are studied by many mathematicians. An
additive (or linear) map ¢ from a ring (or an algebra) X into itself is called a Jordan derivation if
§(A%) = 6(A)A + AS(A) forall A € X.

Let X be any nonempty set and S be a commutative semigroup acting on X injectively. This
means that every ¢ € S is an injective map ¢: X — X and (¢y)x = ¢(vx) for all ¢, ¢ € S and
x € S and z € X. For (z,9), (y,v¥) € X x S we write (z,¢) (y,v) if Y = ¢y.

It is easy to check that is an equivalence relation in X x S, finally we define

B(X,S) = (Xx5)/~. The equivalence class of (z, ¢) will be denoted by % The set of psedo-
quotients.

This is a slight absue of notion, but we follow here the tradition of denoting rational numbers by
P even through the same formal problem is present there.
q

Elements of X can be identified with elements of B(X,S) via the embedding : X — B(X,.5)
defined by

where ¢ is an arbitrary element of S, clearly is well defined that is, it is independent of ¢. Action of
S can be extended to B(X,.S) via

T ¢x
b =2
(I
If (Z)E = i(y), for some y € X, we will write ¢E € X and ¢¥ = gy, which formally incorrect, but

. . x
convenient and harmless. For instance, we have d)g = .
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Element of S, when extended to maps on B(X,.S), become bijections. The action of )~! on
B(X,S) can be defined as
4 x
VT
Consequently, S can be extended to a commutative group of bijections acting on B(X,S).
If (X, ®) is a commutative group and S is a commutative semigroup of injective homomorphsims
on X, then B(X,S) is a commutative group with the operation defined as

ToY Yz © oy
¢ Y ol
Similarly, if X is a vector space and S is a commutative semigroup of injective linear mapping
from X into X, then B(X,S) is a vector space with the operation defined as

§+g_7¢$+¢3/ and )\EZ&.

I Y ¢ 9
If §: X — X, if § extends to a map §: B(X,S) — B(X,S), it is often important to know
what properties of 0 are inherited by 5. In this section we consider some special situations when an
extension is possible, which are important for the particular case studied in this paper .
If §(fz) = fo(z) for all x € X and all f € S, then we say that § commutes with S.
The following Proposition 1.1 in [1] is use full to prove the following theorems.
Proposition 1.1. Let §: X — X. Then

()

is a well-defined extension of § to 6: B(X,S) — B(X, S) if and only if § commutes with S.

2. Derivation on pseudoquotients. In this section we study about extension of («, 5)-derivations
on B(X,S). And show under certain conditions it commutes with f is an injective ring homomor-
phisms form set .S on X. Where S is a commutative semigroup of injective ring homomorphisms.

2.1. (o, 3)-Derivations. Let X be a ring and let a and 8 be endomorphisms of X. By an
(o, B)-derivation on X we mean a map 6: X — X such that

d(zy) = 0(x)B(y) + a(x)dé(y) forall =z,ye X.

A (1,1)-derivation, where 1 is the identity map on X is called simply a derivation. That is, by a
derivation we mean a map d: X — X such that

d(zy) =0(x)y +xo(y) forall =z,ye X.

Theorem 2.1. Let X be a ring and let S be a commutative semigroup of injective ring ho-
momorphisms. Let o and [ be homomorphisms from X into itself that commute with S, that is,
af(x) = fa(x) and Bf(x) = fB(z) for every f € S and x € X. If § is an («, B)-derivation on X
that commutes with S, then the map 5:B— B defined by

G)-2

is an extension of ¢ to an («, 3)-derivation on B.
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Proof. Assume ¢ is an («, 3)-derivation on X that commutes with S. Then 4 is well-defined by
Proposition 1.1 in [1]. In order to show that it is an («, 3)-derivation on B, consider f, Ye B(X,G).

[y
Then

5<x@/> _ (gxfy) _ 0(gx)B(fy) + algz)d(fy)

fg fg fg

()0 (0)n (i)

Theorem 2.1 is proved.

Corollary 2.1. Let X be a ring and let S be a commutative semigroup of injective ring ho-
momorphisms. If § is a derivation on X that commutes with S, then the map §: B — B defined

by

is an extension of 0 to a derivation on B.

2.2. («,P)-Jordan derivations. Let o and 8 be endomorphisms of X. By an (a, 3)-Jordan
derivation on X we mean a map ¢6: X — X such that

5(z%) = 6(2)B(x) + a(z)d(x) forall e X.

A (1,1)-Jordan derivation, where 1 is the identity map on X is called simply a Jordan derivation.
That is, by a Jordan derivation on X we mean a map §: X — X such that

§(z%) = 6(x)x + 26(z) forall z€ X.

Theorem 2.2. Let X be a ring and let S be a commutative semigroup of injective ring ho-
momorphisms. Let o and 8 be homomorphisms from X into itself that commute with S, that is,
af(x) = fa(z) and Bf(z) = fB(x) for every f € S and x € X. If § is an (o, B)-Jordan derivation
on X that commutes with S, then the map 6:B— B defined by

)%

is an extension of § to an («, 3)-Jordan derivation on B.
Proof. The proof is similar to the proof of Theorem 2.1.

Corollary 2.2. Let X be a ring and let S be a commutative semigroup of injective ring ho-
momorphisms. If § is a derivation on X that commutes with S, then the map §: B — B defined

by

is an extension of 0 to a derivation on B.

In Theorem 2.2 and the above corollary it is necessary to assume that § commutes with S. The
next theorem describes a situation which guarantees that 6 commutes with S.
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Theorem 2.3. Let X be an unital Banach algebra and let f be an injective algebra homo-
morphism. Let o and 3 be algebra homomorphisms from X into itself that commute with f, if § is a
linear mapping on X such that

S(za™t) = afx)d(z™") + 6(x)B(x™") (22)

for every invertible element x € X, then ¢ is an («, 3)-Jordan derivation on X and commutes with f.

Proof. 1t is known that (2.2) implies §(e) = 0, where e is the identity element in X. Therefore,
d(fe) = 0 for any f injective homomorphism on X. In order to show that linear mapping J is a Jordan
derivation and commutes with S we have to show that § fy> = fdy?. For any T in X. Let n be a
positive integer with n > ||T’||+¢e and y = ne+T. We have that y and e —y are invertible in X. Since

a(fr™h) = a(fz)™! = fa(@™!) = fa(z™!) and B(fz™") = B(f2)"! = fB(z™") = fB(z™") for

any invertible element = in X. Then
3(fy) = —alf)d(fyB(fy) = —alfy)d(fy~ ' fle—y)* = fy)B(fy) =
= a(fy)a(fy~" fle = y)))o(fle —y) 2 fy)By~" (e — »))B(fy) + a(f)d(fy)B(fy) =
= a(fy)a(fy™ —2fe+ fy)0(fle —y) > = fle—y) NB(fy " —2fe+ fy)B(fy)+
+a(fy)o(fy)B(fy) =
= (e —2a(fy) +af(y)*)s(f(e —y) 2 = fle —y)"")e —26(fy) + B (y*)+

+a(f)d(fy)B(fy) = a(fle = y)*)d(fle —y) 2)B(f(e —y)*)~
—(af(e = y) M =) (B e —y)* + alFy)d(fy)B(fy) =

= —6(fle—v)*) +af(e—y)dfle—y)Bfle—y) + a(fy)d(fy)B(fy) =

= 26(fy) — 6f(y*) — 6(fy) + alfy)d(fy) + 6(fy)B(fy)—
—a(fy)6(fy)B(fy) + a(fy)o(fy)B(fy) =
= 0(fy) = 8(fy*) + a(fy)d(fy) + 6(fy)B(fy).

Hence §(fy?) = 0(fy)B(fy) + a(fy)d(fy). Since 5(fe) = 0 and fy = f(ne) + ft, we have that
S(ft2) = 6(ft)B(ft) + a(ft)d(ft) for any t € X. Similarly we can show for féx.

Theorem 2.3 is proved.

Corollary 2.3. Let X be an unital Banach algebra and let f be an injective algebra homomor-
phism on X. Let o and [ be algebra homomorphisms from X onto itself that commute with f. If §
is a linear mapping on X such that

S(zz™) = a(z)d(z™h) + 6(z)B(z 1)

for every invertible element x € X, then ¢ is an («, )-Jordan derivation on X that commutes with
S={f""n=1,23,...} and the map 6: B(X,S) — B(X,S), defined by
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)%

is an extension of § to an («, 3)-Jordan derivation on B(X, S).

2.3. Idempotent. An idempotent element of a ring is an element which is idempotent with respect
to the ring’s multiplication, that is, r?> = r. A ring in which all elements are idempotent is called a
Boolean ring.

Lemma 2.1. Let X be a ring and let S be a commutative semigroup of injective ring homo-

morphisms. § is idempotent in B(X,S) if and only if x is idempotent in X.

Proof. 1f % is idempotent in B(X, S), then

r zx  fzfr f(x?) B x?
forr f? f
Consequently, x = 22. The proof in the other direction follows from the above.
Theorem 2.4. Let X be a commutative ring and let S be a commutative semigroup of injective
ring homomorphisms and let § be a derivation on X that commutes with S. If § is the extension of 0

onto B(X, S) as defined by (2.1) and Te B(X,S) is idempotent, then

!
0i(5)-0
i (YE s(Y) L y

(ii) 5<gf> (5<g>fforanyg€B(X,S),

(i) & (;z) ?5 (z) for any % € B(X,S).

Proof. For any idempotent ? € B(X,S), we have

(7)== 6)570)

As X is a commutative ring,

and consequently

This shows that & <§> =0.

0 o) (0580

Similarly we can show 5 <;y) =
g
Theorem 2.4 is proved.
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By induction, it is easy to show that for any idempotents —1, 72, ...,~2 € B and any Y € B,
g

f f

g(mxz amy>:wvw %@(y>
fFr ry Fr f\g
2.4. Inner derivations. An inner derivation on X is a map 6: X — X such that

d(x) =zy —yxr foreach ye€ X.

Let X be a ring and let S be a commutative semigroup of injective ring homomorphisms.
0: X — X is an inner derivation for each « € X and for each f € S

o(x)=af — fax.
Theorem 2.5. Let X be a ring and let S be a commutative semigroup of injective ring ho-

momorphisms. If § is a inner derivation on X, then the map 5:B - B defined by ) ? =
_ 26(x)  6(fx)

f f?
every f € S.

2.5. Generalized derivation. 6: X — X is a map on X is called a generalized derivation if there
exists a derivation d: X — X such that

is an extension of J to a inner derivation on B if xf — fx commutes with S for

d(zy) =0(x)y +xd(y) forall z,yeX.

Theorem 2.6. Let X be a ring and let S be a commutative semigroup of injective ring homo-
morphisms. If § is a generalized derivation on X, then the map §: B — B defined by

is an extension of § to a generalized derivation on B.
Proof. Assume that § and d commutes with S. In order to show that it is an ¢ is a generalized

derivation on B, consider E, Y € B(X,G):

I'g
5(”5?/) _ O(gzfy) _ 6(gx)(fy) + (gx)d(fy) _
fg fg Ig

_dry xdy _s(w)\ [y z\ 5y
=1y =i (7)) (7))

Theorem 2.6 is proved.
Example 2.1. Let R be a commutative ring and let § be a derivation on R. For an element
x € R we denote by M, the homomorphism defined by M, (y) = xy. Let

S ={M,: x € R,M, is injective, and d(x) = 0}.

Since
§(My(y)) = 6(zy) = 8(z)y + 2d(y) = zd(y) = My (5y)
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for every M, € S, § can has a unique extension to a derivation on B(R, S).

For a simple example we can take for R the ring of polynomials in « and y and § = g Then
S is not trivial and, since it contains homomorphism that are not surjective, B(R,S) is a ngntrivial
extension of R.

Example 2.2. Let N be a nest algebra and S be a commutative semigroup acting on N gener-
ated by finite rank operators. § is a derivation on A/ with §(¢) = 0.

Let for any arbitrary n from A and ¢ from G. From [4] every finite rank operator in N rep-
resented as a sum of rank one operators. From [3] Every rank one operator in N denoted as linear
combination of at most four idempotents.

Hence we have d(¢n) = ¢d(n) + nd(¢p). Where 6(¢) = 0, for every rank one operator from S.
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