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SEMIDERIVATIONS WITH POWER VALUES
ON LIE IDEALS IN PRIME RINGS*

HANIBITOXI/IHI 3 CTEIEHEBUMMU 3HAYEHHAMMU
HA IAEAJIAX JII Y TPOCTHUX KIJIBIAX

Let R be a prime ring, L a noncentral Lie ideal, and f a nonzero semiderivation associated with an automorphism o such
that f(u)™ = 0 for all uw € L, where n is a fixed positive integer. If either Char R > n + 1 or Char R = 0, then R
satisfies s4, the standard identity in four variables.

Hexait R — npocre kinbue, L — HeueHTpanbHuii inean Jli ta f — HeHynboBa HamiBIOXiHA, acowifioBaHa 3 aBTOMOp(i3MoM
o takum, o f(u)™ = 0 ms Beix u € L, ne n — dikcosane uarypansue uncno. Skmo Char R > n + 1 a6o Char R = 0,
T0 R 3a70BOJNBHSE CTAaHAAPTHY TOTOXKHICTD S4 Y YOTHPHOX 3MiHHHX.

1. Introduction. The standard identity s4 in four variables is defined as follows:

Sq4 = Z(—1)TXT(1)XT(2)XT(3)XT(4)

where (—1)7 is the sign of a permutation 7 of the symmetric group of degree 4.

In all that follows, unless stated otherwise, R always denotes a prime ring, Z(R) the center of
R, @ its Martindale quotient ring. The center of (), denoted by C, is called the extended centroid of
R (we refer the reader to [1] for these objects). It is well-known that C' is a field. For any x,y € R,
the symbol [z, y] stands for Lie commutator xy — yz. An additive subgroup U of R is said to be
a Lie ideal of R if [u,r] € U for all w € U and r € R. For subsets A, B of R we let [A, B] be
the additive subgroup generated by all [a,b] with a € A and b € B. Recall that a ring R is prime
if for any a,b € R, aRb = (0) implies a = 0 or b = 0, and is semiprime if for any a € R,
aRa = (0) implies a = 0. In [2], Bergen introduced the notion of a semiderivation: an additive
mapping f: R —> R is called a semiderivation associated with a function g: R — R such that
f(zy) = f(@)g(y) + zf(y) = f(x)y + g(x) f(y) and f(g(z)) = g(f(x)) hold for all z,y € R. In
case g = lpg, the identity map on R, f is of course a derivation. BreSar [4] proved that the only
semiderivations of prime rings are ordinary derivations and mappings of the form f(z) = A(z—g(x)),
where A € C and g is an endomorphism.

This paper is included in a line of investigation in the literature concerning derivations having
nilpotent values. The first result is due to Herstein [10] who proved that if R is a prime ring and d
is an inner derivation of R satisfying d(z)"™ = 0 (resp. d(z)" € Z(R)) for all z € R, where n is a
fixed integer, then d = 0 (resp. R satisfies s4). In [8], Carini and Giambruno studied the case when
d(u)™®) = 0 for all u € L, a Lie ideal of R and they proved d(L) = 0, when R is a prime ring,
Char R # 2 and R contains no nil right ideals, and they obtained the same conclusion when 7 is
fixed and R is a semiprime ring with Char R # 2. Later in [13], Lanski obtained the same results,
removing both the bound on the indices of nilpotence and the characteristic assumption on R. In
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[14], Lee extended Herstein’s result to the case of generalized derivations. More recently, Chang [5]
proved Herstein’s above result in the setting of right generalized ($-derivations. Motivated by the
above results, our purpose here is to obtain some information on the structure of a prime ring R
satisfying f(u)™ = 0 on a noncentral Lie ideal L, where f is a nonzero semiderivation of R and n is
a fixed positive integer.

2. Main results.

Theorem 2.1. Let R be a prime ring, L a noncentral Lie ideal and f a nonzero semiderivation
associated with an automorphism o such that f(u)™ = 0 for all u € L, where n is a fixed positive
integer. If either Char R > n + 1 or Char R = 0, then R satisfies sy, the standard identity in four
variables.

Proof. 1If 0 = 1R, then f is a derivation, and we are done by a result of Bergen and Carini [3].
So we assume next that o # 1g. In this case, it is well-known that there exists a nonzero two-sided
ideal I of R such that 0 # [I, R] C L. In particular, [/, ] C L, hence without loss of generality
we may assume that L = [I,I] C L. In view of Bresar [4] (Theorem), f(z) = A(z — o(x)) for all
x € R, where 0 # \ € C. We are given that (\[x, y] — A\o[z,y])™ = 0, which implies that

(O’[d},y] - [‘T7y])n = ([0’(1’),0’(@/)] - [x’y])n =0 forall T,y € Q (21)

By Kharchenko’s theorem [12], we divide the proof into two cases.

Case 1. Let o be Q-outer. Since either Char R > n + 1 or Char R = 0, by Chuang [7] (Main
theorem), we see that ([u,v] — [z,y])™ = 0 for all u,v,z,y € I, in particular, letting 2 = 0 then
[u,v]™ = 0 for all u,v € I. Then by Herstein [10] (Theorem 2) R is commutative, a contradiction.

Case 2. Suppose now that ¢ is Q-inner, then there exists an invertible element b € Q — C
such that o(x) = b~'xb for all z € R. By Chuang [6] (Theorem 2), I, R and Q satisfy the same
generalized polynomial identities (or GPIs in brief), from (2.1) we have

(b~ ab, b~ tyb] — [z,y])" =0 forall z,y € Q. (2.2)

In case the center C of Q is infinite, we have ([b~'2b,b~'yb] — [z,y])" = 0 for all z,y € Q ® C,
where C is the algebraic closure of C. Since both @ and Q ®C€ are prime and centrally closed
[9] (Theorem 2.5 and Theorem 3.5), we may replace R by Q or Q @ C according as C is finite
or infinite. Thus we may assume that R is centrally closed over C (i.e., RC = R) which is either
finite or algebraically closed and ([b~1xb, b~ 1yb] — [z,y])" = 0 for all x,y € R. By Martindale
[15] (Theorem 3), RC (and so R) is a strongly primitive ring. In light of Jacobson’s theorem [11,
p. 75], R is isomorphic to a dense ring of linear transformations of a vector space V. Let rV be a
faithful irreducible left R-module with commuting division D = End(gV'). Since C is either finite or
algebraically closed, we know that D must coincide with C. By the density theorem, R acts densely
on Vp. For any given v € V, we want to show that v and bv are linearly D-dependent. If bv = 0
then v and bv are D-dependent and we are done in this case. Suppose that bv # 0, v and bv are
D-independent. We consider the following two cases.

Subcase 1. Assume that v, bv, b~!v are D-independent. Then by the density of R, there exist
x,y € R such that

xv = by, xbv = v, yv = bu, ybv = 0.

Application of (2.2) yields that
0= (b~ ab, b~ yb] — [z,y])"v = (-2)"v £ 0

a contradiction.
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Subcase 2. Otherwise, v, bv, b~'v are D-dependent. Since v and bv are D-independent, then
b~tv = vd; + budy for some dy,0 # dy € D. By the density of R, there exist 2,y € R such that

zv =0, xbv = v, yv = b~ v = vdy + buds, ybv = bud; .
In view of (2.2), we have
0= ([b_lxb, b~ yb) — [z, y])" v = 2"vds # 0

a contradiction. From the above we have proven that bv = wva, for all v € V, where o, € D
depends on v € V. In fact, it is easy to check that «,, is independent of the choice of v € V. Indeed,
for any v,w € V, by the above arguments, there exist oy, Qy, @yt € D such that bv = vay,
bw = wau, b(v + w) = (Vv + W)ty and s0 vVay, + way, = b(v + w) = (v 4+ w)ay4q. Hence
v(ay — Qytw) + Wy — ayyyw) = 0. If v and w are D-independent, then o, = iy = Qup
and we are done. Otherwise, v and w are D-dependent, say v = Aw for some A € D. Thus
va, = bv = bAw = Abw = \way, = vay,, that is V(a, — ayy) = 0. Since V is faithful, hence
oy = uy. So we conclude that there exists § € D such that bv = vé for all v € V. We claim that
d € Z(D), the center of D. Indeed, for any § € D, we have b(v3) = (v3)d = v(fd) and on the
other hand b(vf3) = (bv)5 = (vd)B = v(63). Therefore V(50 — §3) = 0 and hence S0 = 63, which
implies that § € Z(D). So b € C, a contradiction.

Theorem 2.1 is proved.

Proceeding on same lines with necessary variations, we can prove the following theorem.

Theorem 2.2. Let R be a prime ring, I a nonzero ideal and f a nonzero semiderivation
associated with an automorphism o such that f([x,y])" = 0 for all x,y € I, where n is a fixed
positive integer. If either Char R > n + 1 or Char R = 0, then R is commutative.

The following example demonstrates that R to be prime is essential in Theorem 2.2.

Example 2.1. Let Z be the ring of all integers. Set

0 a b 0 a b
R= 0 0 c¢|labceZ and I= 0 0 O0])la,be”Zz
0O 0 O 0O 0 O

Next, let us define a mapping f: R — R given by

0 a b 0 2a 0
f10 0 ¢]=10 0 2
0 0 0 0 0 0
0 1 0
Thefact {0 0 0| s# 0 implies that
0 0 0

0
0 0 OfJfo 0 «¢ff0O O O0]=0,
0 0 O0/\0 O O/\O O O

proving R is not prime. Then, it is straightforward to check that I is a nonzero ideal of R and 7" is a
nonzero semiderivation of R. And it is easy to find that (f([z,y]))" = 0 for all 2,y € I. However
R is not commutative.

ISSN 1027-3190. Vkp. mam. scypn., 2013, m. 65, Ne 6



SEMIDERIVATIONS WITH POWER VALUES ON LIE IDEALS IN PRIME RINGS 873

10.
11.
12.
13.
14.
15.

Beidar K. I., Martindale W. S., Mikhalev V. Rings with generalized identities / Monogr. and Textbooks in Pure and

Appl. Math. — New York: Marcel Dekker, Inc., 1996. — 196.

Bergen J. Derivations in prime ring // Can. Math. Bull. — 1983. — 26, Ne 3. — P. 267-270.

Bergen J., Carini L. A note on derivations with power values on a Lie ideal // Pacif. J. Math. — 1988. — 132.

P. 209-213.

Bresar M. Semiderivations of prime rings // Proc. Amer. Math. Soc. — 1990. — 108, Ne 4. — P. 859 -860.

Chang J. C. Generalized skew derivations with nilpotent values on Lie ideals // Monatsh. Math. — 2010. — 161.

P. 155-160.

Chuang C. L. GPIs having coefficents in Utumi quotient rings // Proc. Amer. Math. Soc. — 1988. — 103, Ne 3.

P. 723 -728.

Chuang C. L. Differential identities with automorphisms and anti automorphisms // J. Algebra. — 1993. — 160. —

P. 130-171.

Carini L., Giambruno A. Lie ideals and nil derivations // Boll. Unione mat. ital. — 1985. — 6. — P. 497 -503.

Erickson J. S., Martindale III W. S., Osborn J. M. Prime nonassociative algebras // Pacif. J. Math. — 1975. — 60, Ne 1.

P. 49-63.

Herstein 1. N. Center-like elements in prime rings // J. Algebra. — 1979. — 60. — P. 567 —-574.

Jacobson N. Structure of rings. — Provindence, RI: Amer. Math. Soc., 1964.

Kharchenko V. K. Generalized identities wtih automorphisms // Algebra i Logika. — 1975. — 14. — P. 132-148.

Lanski C. Derivations with nilpotent values on Lie ideals // Proc. Amer. Math. Soc. — 1990. — 108, Ne 1. — P. 31 -37.

Lee T K. Generalized derivations of left faithful rings / Communs Algebra. — 1999. — 27, Ne 8. — P. 4057-4073.

Martindale III W. S. Prime rings satisfying a generalized polynomial identity // J. Algebra. — 1969. —12. —P. 176 —584.

Received 10.02.12,

after revision — 11.12.12

ISSN 1027-3190. Yxp. mam. xcypHu., 2013, m. 65, Ne 6



