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NEW SHARP INEQUALITIES OF OSTROWSKI TYPE
AND GENERALIZED TRAPEZOID TYPE FOR RIEMANN-STIELTJES
INTEGRALS AND APPLICATIONS

HOBI TOYHI HEPIBHOCTI THUITY OCTPOBCBKOI'O
TA TAITY Y3ATAJIBHEHOT O TPAIIELIOITA
JIJISA IHTETPAJIIB PIMAHA - CTIIBTBECA TA X 3ACTOCYBAHHSA

We prove new sharp weighted generalizations of Ostrowski type and generalized trapezoid type inequalities for Riemann —
Stieltjes integrals. Several related inequalities are deduced and investigated. New Simpson-type inequalities for the RS-
integral obtained. Finally, as an application, an error estimate is given for a general quadrature rule for the RS-integral via
the Ostrowski — generalized trapezoid quadrature formula.

JloBe/leHO HOBI TOYHI 3BaKeHI y3aranpHEHHs HepiBHOCTeH Ty OCTPOBCHKOTO Ta THIY y3arajJbHEHOrO Tparenoifa s
interpaniB Pimana— Crinprbeca. OTpUMaHO Ta JOCIHIKEHO Kilbka ONM3bKUX HepiBHOCTeH. OTpUMaHO HOBI HEpiBHOCTI
turry Cimrcona juist RS-inTerpana. SIk 3acTOCyBaHHS HaBEJECHO OILIHKY IOXMOKM 3arajbHOTO ITIpaBHiIa KBajgparyp JUlsl
RS-interpana i3 BUKOPUCTaHHAM KBaJpaTypHOI Gopmyan OCTPOBCHKOTO — y3arajlbHEHOro Tparernoiza.

b
1. Introduction. In order to approximate the Riemann - Stieltjes integral / f(t)du(t), Dragomir
[12] has introduced the following (general) quadrature rule: ¢

b
D(fous) = f() [u(b) — u(a)] - / F(t)dut).

After that, many authors have studied this quadrature rule under various assumptions of integrands
and integrators. In the following, we give a summary of these results: let f,u: [a,b] — R be as
follow:

(1) fis of r-H-Holder type on [a,b], where Hy > 0 and r € (0, 1] are given,

(1") w is of s-H,-Hélder type on [a, b], where H,, > 0 and s € (0, 1] are given,

(2) f is of bounded variation on [a, b],

(2") w is of bounded variation on [a, b],

(3) fis Ly-Lipschitz on [a, b],

(3") w is Ly-Lipschitz on [a, b],

(4) f is monotonic nondecreasing on [a, b],

(4') w is monotonic nondecreasing on [a, b],

(5) fis Ly s-Lipschitz on [a, x] and Ly ¢-Lipschitz on [z, b],

(5") wis Ly ,-Lipschitz on [a, z| and Ly ,-Lipschitz on [z, b],

(6) f is monotonic nondecreasing on [a, x| and [z, b],

(6') u is monotonic nondecreasing on [a, 2| and [z, b],

(7) f is absolutely continuous on [a, b],

(8) |f'| is convex on [a, b].
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Then, the following inequalities hold under the corresponding assumptions:

D (f,uyz)| <
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More details about each inequality of the above, the reader may refer to the corresponding mentioned
references and the references therein.
From a different view point, the authors of [14] considered the problem of approximating the

b
Stieltjes integral / f(t)du(t) via the generalized trapezoid rule
a

b

T (fyu2) = [u(z) —u(a)] fa) + [(b) — u(2)] f(b) - /f(t)du(t),

a

\

T (i) <
A e | RAL (1), 2) 13
(= a)" =] |5 Vi + 5 [Vatw) - Vi) .
< le—am s -0 viwr+ (V)] ey 2
Hy
p>1, 1 + 1 =1,
p q
(SR

For new quadrature rules involving RS-integral see the recent works [1, 2]. For other results
concerning various approximation for RS-integral under various assumptions on f and u, see
[3, 4, 8,9, 15-18] and the references therein.

In the recent work [19], Z. Liu has proved sharp generalization of weighted Ostrowski type
inequality for mappings of bounded variation, as follows (see also [20]):

Theorem 1.1. Let f: [a,b] — R be a mapping of bounded variation, g: [a,b] — [0,00)
continuous and positive on (a,b). Then for any x € [a,b] and « € [0, 1], we have

b b x b

[ 10w~ {1 =) 1) [ oot + o | f@) [a@ar+ o) [t || <
S[H;—a] : /b glt)dt + / oty — /b g(t)dt \:/<f>, (13)

1 1
where \/2 (f) denotes to the total variation of f over |a,b]. The constant [2 + ‘2 -«

] is the best
possible.
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For recent results concerning Ostrowski inequality for mappings of bounded variation see [11,
19-23].

The main aim in this paper, is to introduce and discuss new weighted generalizations of the
Ostrowski and the generalized trapezoid inequalities for the Riemann — Stieltjes integrals.

2. Main results. We begin with the following result:

Theorem 2.1. Let g,u: [a,b] — [0,00) be such that g is continuous and positive on |a,b] and
u is monotonic increasing on [a,bl. If f: [a,b] — R is a mapping of bounded variation on [a,b],
then for any x € [a,b] and a € [0, 1], we have

(a+b)/2 b
(1-a) | f(x) / g(s)du(s) + f (a+b— ) / o(s)du(s) | +
a (a+b)/2

b

b
o | f(a) / o(s)dus) + F(b) / o(s)dus)| — / (g ()dut)| <

a

x

a

b T b

g[H;—aH 5 [oauw) +| [ saut - 5 [ soauty \:/<f>, @1

a a a

1 1
where \/° (f) denotes to the total variation of f over [a,b]. The constant [2 + ‘2 -«

] is the best
possible.
Proof. Define the mapping

t

(1-a) / g(s)du(s) + a / o(s)du(s), te a2l

xT

Kgu(tix):=4q(1— a)/( oo g(s)du(s) + a/g(s)du(s), te(z,a+b—1x],

t

(1-— a)/b g(s)du(s) + a/g(s)du(s), te(a+b—uz.

T

Using integration by parts, we have the following identity:

b T t t
[ Kauttnare) = [ |a=a) [gsduts) +a [ gls)duts) | dro)+
a+b—zx t i
+ / (1-a) / g(s)du(s) + a / g(s)du(s) | dF(t)+
2 (as)/2 :
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+ /b {(1 a)/tg(S)dU(S)+a/tg(8)dU(8)] df(t) =
b z

a+b—x
(a+b)/2 b
—(1-a) {f(w) [ s+ farv-a) [ g(s)du<s>]+
a (a+b)/2

xT

b b
ta [f(a) / g(s)du(s) + £(b) / g(s)du<s>] - / F(Hg(t)du(t

a
Using the fact that for a continuous function p: [a,b] — R and a function v: [a,b] — R of bounded
b

variation, then the Riemann — Stieltjes integral / p(t)dv(t) exists and one has the inequality

a

b b

[poane) < s )]V 0). 22)
J te[a,b] a
As f is of bounded variation on [a, b], by (2.2) we have
(a+b)/2 b
(1-a) [f(x) / g(s)du(s) + f(a+b—x) / g(s)du(s)] +
a (a+b)/2
T b b
+a{f()/ (s)du(s) + £(b) /g Jdu(s ] /f
b
< sup Ky (t2)] \/(F). (23)
t€la,b]

a

Now, define the mappings p, q: [a,b] — R given by

(1-a) /g / (s) du(s) t € la, x|,
p2(t) = (1 — ) / g(s)du(s) + a/g(s)du(s), te(x,a+b—1],

ps(t) == (1 — ) /g(s)du(s) + a/g (s) du(s), te(a+b—ux,b],
b T
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for all @ € [0,1], and = € [a,b]. Since g is positive continuous and u is monotonic increasing on

b
[a, b] then the Riemann — Stieltjes integral / g(s)du(s) exists and positive. Also, since the derivative
a

of the monotonic increasing function u is always positive, so that (gu’) (¢) > 0 a.e., it follows that,
py(t), ph(t), p5(t) > 0, almost everywhere on their corresponding domains. Therefore, we have

P [ Kg,u (t;2)] = max q (1 —a)jg(S)du(S),ajg(S)dU(S) =
= B + ‘; — a] /xg(é’)dU(S),
sup |Kgu (t;z)| =
te(z,a+b—z
(a+b)/2 (a+b)/2 a+b—z
~ max{ (1 a) / o(s)du(s), / g(s)du(s) + / g(s)du(s) b =
z x (a+b)/2
atb—z atb—z
= % / g(s)du(s) + (1 — ) / g(s)du(s)]| |,
z (a+b)/2
and b b
LV (50)] = max (1) / g(s)du(s), / g(s)du(s) § =
_ B+ \; —a] /bg<s>du<s>
Thus z
a0 (Ko (1:0)] =[5+ |5 = o max [ seriuts) /b (5)duls) ¢ =
I bg(s)du(s) o] [ syt - 1 bg(s)du(s) ' 24)
[2 2 2 / 2)

1 1
Therefore, by (2.3) and (2.4) we get (2.1). To prove that the constant 3 + ‘2 — a' is best possible
for all a € [0, 1], take u(t) = ¢ for all ¢ € [a, b] and therefore, we refer to (1.1). Thus, the sharpness

ISSN 1027-3190. Yxp. mam. xcypu., 2013, m. 65, Ne 7



900 M. W. ALOMARI

follows from (1.1) (consider f and g to be defined as in [19]). Hence, the proof is established and
we shall omit the details.
Corollary 2.1. In Theorem 2.1, choose oo = 0, then we get

b b
/() / o(t)duft) - / F(Hg()dut)| <
1 b T 1 b b
< {2 [ otwautey+ | [ gtraute) - 5 [ owraute ] Vi e.3)

A general weighted version of the above Ostrowski inequality for RS-integrals, may be deduced as
follows:

b T
[ twgwann| ||| [ awaue ] 0
fl@) = =g <|p+ 5| VO (26)
| staute [ owauty || @

b
provided that g(t) > 0, for almost every t € [a, D] and/ g(t)du(t) # 0.

Remark 2.1. Choosing o = 1 in (2.1), then we geta

T b

b
f(a) / o(s)dus) + F(b) / o(s)dus) — / £ (g (t)du(t)

a

b
< {; [ ottrdute) +

<

a

z b
[otu) -5 [ oraute

a a a

a

b
] V), 2.7)

which is ‘the generalized trapezoid inequality for RS-integrals’.
Corollary 2.2. In Theorem 2.1, let g(t) = 1 for all t € |a,b]. Then we have the inequality

b

a[(u(z) —u(a)) fa) + ((0) = u(x)) f(O)] + (1 = @) [u(b) — u(a)] f(z) - /f(t)dU(t)

<

| \:/(f)- 28)

1 1
Th tant | — - —
e constan 2—1—‘2

} is the best possible.

For instance,
If a = 0, then we get

b
ue) - "OLONVin. e
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1
If a = 3 then we have

b
] V() (2.10)

b
5 {[u(z) —u(a)] f(a) + [u(b) —u(a)] f(z) + [u(d) —u(z)] £(b)} — /f(t)du(t) <
b
< % [u(b) 3 wa) 'u( - W) ;r“(b) ] \a/(f). @.11)
If o =1, then we get
b
(o)~ ula)) @) + [u®) ~ (@) £0) ~ [ F(O)du(t)| <
b

< [u(b);u(a) + ‘u(x) - "(a); (®) } \/(f)- 2.12)

a

Proof. The results follow by Theorem 2.1. It remains to prove the sharpness of (2.8). Suppose
1
0<a< 2 assume that (2.8) holds with constant C; > 0, i.e.,

b
al(u(z) —u(a)) f(a) + ((b) — u(z)) f(O)+ (1 — a) [u(b) — u(a)] f(z) — /f(t)du(t) <
b
<C [u(b);u(a) + ‘u(w) _ua) ;r“(b) } \/ (). (2.13)

Let f,u: [a,b] — R be defined as follows u(t) = ¢ and
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b
it gives by (2.13)

b
which follows that \/°(f) = 1 and / F(H)du(t) = 0, setting = = =
a

b—a b—a
— <
(1 Oé) 92 _Cl 2 )

which proves that C'y > 1 — «, and therefore 1 — « is the best possible for all 0 < o <

N

1 . .
Now, suppose 3 < «a < 1 and assume that (2.8) holds with constant Cs > 0, i.e.,

u(b) — u(a)
o 10,

Let f,u: [a,b] — R be defined as follows u(t) = ¢ and

0, te(ab],

b
it gives by (2.14)

1
which proves that C'y > «, and therefore « is the best possible for all 3 < a < 1. Consequently, we

1 1
can conclude that the constant [ + '2 -« } is the best possible, for all a € [0, 1].

2
b
Corollary 2.3. In (2.10), setting x = % then we have the following Simpson-type inequality

for Riemann — Stieltjes integral:

{0 (557) - @] @+ 200 —wi@is (*57) +

. <a—|— b> ~ u(a) + u(b) H \b/(f). (2.15)

2
The constant 3 is the best possible.
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Remark 2.2. For recent three-point quadrature rules and related inequalities regarding Rie-
mann — Stieltjes integrals, the reader may refer to the work [2].
Corollary 2.4. In (2.8), let u(t) =t for all t € [a,b], then we get

b

o ((z—a) f(a) + (b—x) F(B)) + (1 —a) (b—a) f(x) - / f(ydt| <

] [b;a+’x—a;b‘] \:/(f). (2.16)

b
< B+‘;—aH b;“\/(f» (2.17)

Remark 2.3. Under the assumptions of Theorem 2.1, a weighted generalization of Mont-
gomery’s type identity for Riemann — Stieltjes integrals may be deduced as follows:

b b

= [ KD a 0+ [ rgwm,
/ g(s)du(s)

for all x € [a, b], where
t
g(s)du(s), t € la,z],

Kgu(tx) = at

A g(s)du(s), te (x,b].

b
Provided that / g(s)du(s) # 0.

3. 0n L-Liapschitz integrators.
Theorem 3.1. Let g be as in Theorem 2.1. Let u: [a,b] — [0, 00) be of bounded variation on
[a,b]. If f: [a,b] — R is L-Lipschitzian on [a,b], then for any x € [a,b] and o € [0, 1], we have

T b

o | f(a) / o(s)du(s) + £ (b) / g(s)du(s) | +

a

ISSN 1027-3190. Yxp. mam. xcypu., 2013, m. 65, Ne 7
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b
§Lmax{(m—a) sup {M(t)}, (b—x) sup {N(t)}}\/(u)

te[a’z] tE[CE,b]
where
M(#) = max {(1 —0) sup |g(s)], & sup |g<s>r}
s€la,t] s€t, ]
and

N(t) := max {(1 —a) sup |g(s)], o sup Ig(S)I} :
sE[t,b] s€[t,x]
Proof. By Theorem 2.1, we have the identity

b

/ Ky () df (1) =

a

. b
=« {f(a)/g(s)du(s) +f(b)/g(s)du(s)] +

a

b b

+(1-a) f(z) / g(5)du(s) — / £ (g ()du(t).

a a

M. W. ALOMARI

(3.1)

Using the fact that for a Riemann integrable function p: [c,d] — R and L-Lipschitzian function

v: [e,d] — R, the inequality one has the inequality

d

d
[vavto| <L [ o).

Cc

As f is L-Lipschitz mapping on [a, b], by (3.2) we have

(3.2)

b b x b
/ Ky () df(1)] < L / Ky ()] dt = L { / p(t)] dt + / q(t)dt]. (3.3)

However, as u is of bounded variation on [a, b] and ¢ is continuous, by (2.2) we obtain

t

p(t) < (1 - a) / g(s)du(s)| + a / g(s)du(s)| <

a

t T
< (1—a) sup [g(s)] \/(u) + o sup |g(s)] \/(u) <
s€la,t] a s€lt,7] t
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gmax{(l—oé) sup |g(s)[,c sup [g(s) }\/

s€[a,t] s€t,z]

t)\/ ()

Similarly, we get

s€(t,b] s€(t,x]

b b
|q<t>§max{<1—a> sup [g(s)|, sup [g(s) }\/ N\ (w)-

Thus, by (3.3)—(3.5), we have

/b Ko (t;2) df (1) <L[/p !dt+/q dt]

L K/x M(t)dt) \:/(u) + (/b N(t)dt) \Z/(u)]

T b
<L [(:v—a) sup {M (1)} \/(u) + (b — 2) sup {N(t)}\/(U)] <

te[a,x] te[l’,b]

IN

IN

a T

b
ngax{(x—a) sup {M(t)}, (b—x) sup {N(t)}}\/(u)

t€la,x] te(z,b]

which gives the result.
Remark 3.1. In Theorem 3.1, if g(t) = 1 for all ¢ € [a, b]. Then

M<t>=N<t>=[+‘_a

], forall ¢ € [a,b].

Corollary 3.1. In Theorem 3.1, let g(t) = 1 for all t € |a,b]. Then, we have the inequality

b

a

<o [Ee[ -l 25 -2 Vi

‘1
+ |z —«

1
The constant [ 5

2
For instance,

} is the best possible.
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If a = 0, then we get

b—a
2

<L{ a+b
- 2

+ |z —

b b
[u(b) —u(a)] f(z) — /f(t)du(t) } \/(U)- (3.7)

1
If a = 3 then we obtain

] \i/(u). (3.8)

5 {u(0) — (@) (@) + [u(b) — u(a)] 7o) + [u(t) — u()] £6)} ~ [ FE)dult)| <
b
s;L[b;H‘ —“;b]\!<u)- (3.9)

§L|:b;a a+b

2

b
] \ (w). (3.10)

a

+‘x

Proof. The results follow by Theorem 3.1. It remains to prove the sharpness of (3.6). Suppose
1
0<a< 2 assume that (3.6) holds with constant C; > 0, i.e.,

a((u(z) —u(a)) f(a) + ((0) — u(z)) f(b)]+

<

b
+(1 - a) [u(b) - u(a)] f(z) - / £(t)du(t)
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b
< LCy b;a+‘x—a;b” \/ (). (3.11)

Let f,u: [a,b] — R be defined as follows f(t) =t — b and

0, tela,b),
u(t) =
1, t=b.
b b a+b
Therefore, f is L-Lipschitz with L = 1 and \/(u) = 1 and / f(t)du(t) = 0, setting = = 5 it

gives by (3.11)

b—a b—a
1-— <
( Oé) 92 701 2 )

NN

which proves that C'; > 1 — «, and therefore 1 — « is the best possible for all 0 < o <

1
Now, suppose 3 < «a < 1 and assume that (3.6) holds with constant Cs > 0, i.e.,

u(t) =
Q 1 P +b
27 2
. . . . b b . a+b .
Therefore, f is L-Lipschitz with L = 1 and \/_(u) = 1 and / f(t)du(t) = 0, setting z = 5 it
a

gives by (3.12)

1
which proves that C'y > «, and therefore « is the best possible for all — < o < 1. Consequently, we

1 1
can conclude that the constant [2 + '2 -«

} is the best possible, for all a € [0, 1].

Corollary 3.2. In (3.8), choosing x = %, then we have the following Simpson-type inequal-
ity for RS-integrals:
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b
L(b—a)\/(u). (3.13)

The constant é is the best possible.
Corollary 3.3. In (3.6), let u(t) =t for all t € [a,b], then we get

b

a((z —a)fla) + (b —x) f(b) +(1—a)(b—a)f(z) - /f(t)dt

a

<

<L(b—a) Bw;—a} [b;“+‘x—“;bu. (3.14)
Forz=2""we have
(b—a) [QWHl—a)f(“;bﬂ —/bf(t)dt <
SLB—F‘;—a] (b2“)2. (3.15)

4. On monotonic nondecreasing integrators.
Theorem 4.1. Let g,u be as in Theorem 3.1. If f: [a,b] — R is monotonic nondecreasing on
[a,b], then for any x € [a,b] and o € [0, 1], we have

x b
o {f(a) / o(s)du(s) + £ (b) / g(s)du<s>] +

a T

b b
+(1-a) f(z) / o(5)du(s) — / F(Bg(t)du(t)| <

T b
< sup {M(t)} a)] \/(u) +t2upb] {(NO}FO) = f(@)]  (w), (4.1)
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Proof. Using the identity

b b
+1-a) 1) [ gduts) ~ [ FOgle)dut) -

b
_ / Ky (6:0) dF(2).

It is well-known that for a monotonic nondecreasing function v: [a, b] — R and continuous function
p: [a,b] — R, one has the inequality

b
/ p(t)dv

As f is monotonic nondecreasing on [a, b], by (4.2) we have

b
nl < / [p(t)] du(2). 4.2)

b

[ Kou (i) drt

a

b

< / Ky (£ 2)] df () =

a

/\p ) df (1) /\q ) df(t) (43)

Now, as u is of bounded variation on [a, b] and g is continuous, by (3.4), (3.5) we obtain

x
()] < M(t)\/(u)
a

(4.4)
b
a0l < N\ ()

Thus, by (4.3) and (4.4), we get

/ p(O] dF (D) / Al dF (1)
T z b b
< (/M(t)df(t)) \ (@) + (/ N(t)df(t)) V() <
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T b
< sup {M(t)} a)] \/(w) + sup {N(&)} [f(b) = f(2)] \/ (u)

telx,b] z

which gives the result.
Corollary 4.1. In Theorem 4.1, let g(t) = 1 for all t € |a,b]. Then, we have the inequality

] \i/(u). (4.5)

1 1
For the last inequality, the constant [2 + ‘2 -«

} is the best possible.

For instance,

If a = 0, then we have

AV AR ] \i/(u). (4.6)

* b
< g {[f(a:) — F@) (@) + [£(b) - f(x)) \/(u)} <

b
) ] \ (w). 4.7
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1
If a = 3 then we obtain

] \i/(u). (4.8)

) [f(b) - f(a)
- 2

- ‘f(m) N ] \ (w). (4.9)

Proof. The results follow by Theorem 4.1. It remains to prove the sharpness of (4.5). Suppose
1
0<a< 2 assume that (4.5) holds with constant C; > 0, i.e.,

b
+(1—a) [u(b) — u(a)] f(z) - / F(t)du(t)| <
b
< [f(b) ; f(a) + 'f(x) N f(a) 42‘ f(b) } \/(u) (4.10)

Let f,u: [a,b] — R be defined as follows:

and
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b
Therefore, f is monotonic nondecreasing on [a, b] and \/Z(u) = 1land [ f(t)du(t) = 0, setting

x = a it gives by (4.10) that 1 — a < (', and which proves that 1 — « is the best possible for all
0<a<=.
S 9

1
Now, suppose 5 < «a < 1 and assume that (4.5) holds with constant Cs > 0, i.e.,

<q, [0S0

EAGE S } \ (w). (4.11)

Let f,u: [a,b] — R be defined as f(t) as above, and u(t) = t, which follows that \/Z(u) =b—a,
b
and / f(t)du(t) = 0, setting = = b it gives by (4.11) a < C3, and therefore « is the best possible

1 1 1
for all 3 < a < 1. Consequently, we can conclude that the constant [2 + ‘2 -«

] is the best
possible, for all « € [0, 1].

b
Corollary 4.2. In (4.7), choosing x = %, then we have the following Simpson-type inequal-
ity for RS-integrals:

{1 (437) - @] @+ 2000 wi@is (“57) +

b

+uo)—u ()| s} - [ | <

[]‘U))—M+‘f <a+b>_f(a)—2Ff(b)H \b/(u). (4.12)
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2
For the last inequality, the constant — is the best possible.
Corollary 4.3. In (4.5), let u(t) =t for all t € [a,b], then we get

b
a((z—a)fa)+ (b —x) f(b)+(1-a) (b—a)f(w)—/f(t)dt <

< |5 +]5 ol te-0r@ - s@1+ 0= a0 - s <
< [5+]5-of| P25 12 4 fro - KO -, @13
Forz =" v have

<30-0) [3+[3 ol r®) - s <
B NN | (LG Y GNP R B ORI PR

Remark 4.1. We give an attention to the interested reader, is that, in Theorems 2.1, 3.1, 4.1,
one may observe various new inequalities by replacing the assumptions on u, e.g. to be of bounded
variation, L,-Lipschitz or monotonic nondecreasing on |[a, b], which therefore gives in some cases
the ‘dual’ of the above obtained inequalities.

It remains to mention that, in Theorem 3.1, and according to the assumptions on « one may
observe several estimations for the functions p(¢) and ¢(t) which therefore gives different functions
M (t) and N(t).

Remark 4.2. In Theorems 2.1, 3.1, 4.1, a different result(s) in terms of L, norms may be stated
by applying the well-known Hoélder integral inequality, by noting that

d d
/ g(s)du(s)| < u(d) —u() x * / 19(s) [P du (s),

1 1
wherep > 1, -4+ — = 1.
P q

Remark 4.3. One can point out some results for the Riemann integral of a product, in terms of
Li-, Ly-, and L,-norms by using a similar argument considered in [12] (see also [, 2]).
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5. Applications to Ostrowski generalized trapezoid quadrature formula for RS-integrals.
Let I,,: a = 29 < x1 < s < x, = b be a division of the interval [a, b]. Define the general Riemann —
Stieltjes sum

n—1
S(fru,In, &) =Y a{[ul&) — w(@)] f(w:) + [ul@ipr) — u(&)] f(zirn)} +
=0
+ (1 —a) [u(itr) —u(@)] f(&)- (5.1

In the following, we establish an upper bound for the error approximation of the Riemann — Stieltjes
b

integral / f(t)du(t) by its Riemann - Stieltjes sum S (f,u, I,,€) . As a sample we apply the in-

equality (2.8).
Theorem 5.1. Under the assumptions of Corollary 2.2, we have

b
[ H0dut) =S (10,10, + R (£ 0.1,,6).
where S (f,u, I, ) is given in (5.1) and the remainder R (f,u, I,,, &) satisfies the bound

b
5| )~ @ V) (52

RO OIS |5+ |50

Proof. Applying Corollary 2.2 on the intervals [x;, z;+1], we may state that

a{[u(&) —u(@i)] f(@:) + [w(@iz1) —u(&)] fzit)} +

u(w;) + u(Tiy1)
2

+ (&) —

] V)

T4

foralli € {0,1,2,s,n — 1}.
Summing the above inequality over ¢ from 0 to n—1 and using the generalized triangle inequality,
we deduce

n—1

R (fru I, )] =D e {[u(&) — ula)] f (i) + [u(zie1) — ()] f (2ip1)} +

=0

Tit1

+(1—a) [u (1) — ulw)] (&) — / F(Hdu(t)] <

T
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11 G u (zit1) — u(z;) u(zi) +u(zig) 117
<larla [ e YW
Li=0 =0 =0 x;
B u(®) — u(a) | u(a:z)+u zin) ||\
<[5 5ol [ o Juer- Vins

Since
7 2 7 - 1 b) —
o Ju(ey - ME TG ut) —u@) ) = )
i=0,1,..., 2 i=0,1,....,n—1 2 2
and
n—1Ti4+1
>V \/ (£),
=0 x4

which completes the proof.
Remark 5.1. One may use the remaining inequalities in Section 2, to obtain other bounds for
R (f,u,I,,§). We shall omit the details.
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