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ON SUPPLEMENT SUBMODULES
IMPO AOIMOBHIOIOUYI NIAMOAYJII

We investigate some properties of supplement submodules. Some relations between lying-above and weak supplement
submodules are also studied. Let V' be a supplement of a submodule U in M. Then it is possible to define a bijective map
between maximal submodules of V' and maximal submodules of M that contain U. Let M be an R-module, U < M, V'
be a weak supplement of U, and K < V. In this case, K is a weak supplement of U if and only if V' lies above K in M.
We prove that an R-module M is amply supplemented if and only if every submodule of M lies above a supplement in
M. We also prove that M is semisimple if and only if every submodule of M is a supplement in M.

JlocikeHO AesKi BIaCTHBOCTI JOMOBHIOIOUMX MiIMOAYTiB. Takok BHBUEHO AESKI CHIBBIIHONICHHS MiX BHIICpPO3Millle-
HUMH Ta CIa0KHMHU JOMOBHIOIOUMMHE miaMonynsmu. Hexait V' — nonoBuenns minmonyns U B M. Toxi MoxHa O3HAUUTH
Ol€KIIiF0 MK MaKCUMAaJbHUMH MiIMOAYIIMH V Ta MakcuMmalbHUMU miamoayiasmu M, mo mictate U. Hexait M — R-
moxaynb, U < M, V — cnabke nonoBHeHHs U 1 K < V. YV npomy Bumanky K € ciadbkum nomnoBHeHHsM U Tofi 1 TiNbKA
Tofi, konu V nexuth Bute K y M. Jlosenero, o R-mMoaynab M € 10CTaTHbO JOMOBHEHUM TOJI 1 TIJIBKH TOJI, KOJIH KOXKCH
MiAMOIYNb Moyt M JiexxuTh Buiie nonoBHeHHS B M. Takox noBeneHo, mio M € HamiBIIPOCTHM TOZI 1 TUTBKH TOM1, KOJIH
KOXKCH MiIMOIY)b Monyist M € nonoBHEHHsM y M.

1. Introduction. Throughout this paper R will be an arbitrary ring with identity and all modules are
unital left R-modules. Let M be an R-module and V' be a submodule of M. If L = M for every
submodule L of M such that V + L = M then V is called a small submodule of M and written by
V << M. In this work Rad(M) will denote the intersection of all maximal submodules of M. If
M has no maximal submodule then we define Rad(M) = M. Let M be an R-module. N < M will
mean /N is a submodule of M.

Lemma 1.1 (Modular law). Let M be an R-module, K, N and H be submodules of M and
H<N.Then NN(H+ K)=H + NNK (see [3]).

Let U be a submodule of M R—module. If a submodule V' is minimal in the collection of
submodules L of M such that U + L = M then V is called a supplement of U by addition or simply
a supplement of U in M. In this case U + V = M is clear. Let V be a supplement of U in M.
Then K =V for every K < V such that U + K = M. The modules whose every submodules have
supplements are called supplemented modules. If every submodule of the R-module M has at least
one supplement that is a direct summand in M, then M is called @-supplemented. A submodule V'
of M is called supplement in M if V is a supplement of a submodule in M.

We say a submodule U of the R-module M has ample supplements in M if for every V < M
with U + V = M, there exists a supplement V' of U with V' < V. If every submodule of M has
ample supplements in M, then we call M amply supplemented.

2. Properties of supplement submodules.

Lemma 2.1. A4 submodule V of M is a supplement of a submodule U in M if and only if
U+V =MandUNV <<V (see [14]).

Lemma 2.2. Let M = U + V. If a submodule K is a proper submodule of M which contains
U and distinct from U, then K NV is a proper submodule of V.

Proof. Because of U < K, M =U+V and M # K, thenV ¢ K and VN K # V. By
K=MnNnK=U+4+V)NK=U+VNK and K # U, then VNK # 0. Hence K NV is a proper
submodule of V.
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Lemma 2.3. LetV be a supplement of a submodule U in M. If U is a maximal submodule,
then V is cyclic and U NV is the unique maximal submodule of V. In this case U NV = Rad(V)
(see [14]).

Lemma 2.4. Let M be an R-module, U and V be proper submodules of M. If M = U +V
and V' is simple, then U is a maximal submodule of M.

Proof. If K is a submodule which contains U and distinct from M and U, then by Lemma 2.2
KNV is aproper submodule of V. This contradicts while V' is simple. Hence M have no submodules
which contains U and distinct from M and U. Thus U is a maximal submodule of M.

Corollary 2.1. LetV be a supplement of U in M. Then U is a maximal submodule of M if and
only if V.or V/U NV is simple.

Lemma 2.5. LetV be a supplement in M and K be a submodule of V. Then K << M if and
only if K <<V (see [4]).

The following lemma is in [4] (Exercise 20.39). We prove this lemma as follows.
Lemma 2.6. Let V be a supplement of U in M, K and T' be submodules of V. Then T is a
supplement of K in V if and only if T is a supplement of U + K in M.

Proof. (=) Let T'be asupplementof K in V.Let U+ K+ L =M for L<T.Then K+L <V
and because V' is a supplement of U, K + L = V. Since L < T and T is a supplement of K in V|
L =T. Hence T is a supplement of U 4+ K in M.

(<) Let T be a supplement of U + K in M. Then by Lemma 2.1 U + K +T = M and
(U4+K)NT << T.SinceU+ K+T =M and K +T <V, then we can have K + T = V. Since
KNT<U+K)NT <<T,KNT << T. Then by Lemma 2.1 T is a supplement of K in V.

Corollary 2.2. Let M =U @V, K and T be submodules of V. Then T is a supplement of K in
V if and only if T is a supplement of U + K in M.

Corollary 2.3. Let U and V' be mutual supplements in M, L be a supplement of S in U and T
be a supplement of K in V. Then L + T is a supplement of K + S in M.

Proof. Since U = S + L and V is a supplement of U then by Lemma 2.6 T is a supplement of
S+ L+ KinMandthen (S+ L+ K)NT << T.Since V=K +T and U is a supplement of V,
then by Lemma 2.6 L is a supplement of S+ K + 7 in M and then (S+ K +T)NL << L. Because
U=S+L V=K+TandM=U+V, thenwehave M =S+ L+K+T=S+K~+L+T.
We can also have (S + K)N(L+T)<LN(S+K+T)+TN(S+ K+ L) << L+ T. Hence
L + T is a supplement of K + S in M.

Corollary 2.4. Let M = U &V, L be a supplement of S in U and T' be a supplement of K in
V. Then L 4+ T is a supplement of K + S in M.

Lemma 2.7. Let V be a supplement of U in M and K be a maximal submodule of V. Then
U + K is a maximal submodule of M. In this case K = (U + K)NV.

Proof. Because K is a maximal submodule of V; K # V. Since V is a supplement of U,
U+ K # M. Since UNV << V and K is a maximal submodule of V, we have U NV < K and
K=UnV+K = (U+K)NV.Thenby M/(U+K) = (U+K+V)/(U+K)=V/VNU+K) =
=V/K, we have M /(U + K) is simple and U + K is a maximal submodule of M.

Lemma 2.8. Let M be an R-module and V' be a submodule of M. If K is a maximal submodule
of M and V' ¢ K, then V N K is a maximal submodule of V.
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Proof. Because of V¢ K, VN K #V.Letv e V\ (VNK). Thenv ¢ K and K + Rv = M.
We get intersection by V' in two side, by using Modular law we have K NV + Rv =V NM =V
and then V N K is obtained to be maximal in V.

Theorem 2.1. LetV be a supplement of a submodule U in M. Then it is possible to define a
bijective map between maximal submodules of V' and maximal submodules of M which contain U.

Proof. LetT' = {K | U < K, K is mazxzimal in M}, A = {T | T is maximal in V'}. We
can defineamap f : ' - A, K — f(K) = KNV. Since U < K and K is maximal in M for
every K € I', V ¢ K and then by Lemma 2.8 K NV is a maximal submodule of V. That is, f is a
function.

Let T € A. Since T is maximal in V, then by Lemma 2.7 U + T € T and f(U +T) =
=({U+T)NV =T. Thus f is surjective.

Let f(K) = f(L) for K,L € I'. Then KNV = LNV. Since U < K and U < L, then by
Modular law K = MNK = (U+V)NK =U+VNK =U+VNL=(U+V)NL=MNL = L.

Hence f is bijective.

The Theorems 2.2 and 2.3 are in [14]. We prove these theorems by different ways.

Theorem 2.2. Let U be a submodule which has a supplement in M which is distinct from zero,
and Rad(M) << M. Then U is contained in a maximal submodule of M.

Proof. Let V be a supplement of U which distinct from zero in M. If V is contained in all
maximal submodules of M, because U+V = M, U+Rad(M) = M and then because Rad(M) <<
<< M, we get U = M. This contradicts V' # 0. Hence there exists a maximal submodule K of M
which doesn’t contain V. By Lemma 2.8 V' N K is a maximal submodule of V. Then by Lemma 2.7
U + V N K is a maximal submodule of M which contains U.

Theorem 2.3. LetV be a supplement submodule in M. Then Rad(V) =V NRad(M).

Proof. Let V be a supplement of U in M. If V' < Rad(M), then V' has no maximal submodules,
because if K were a maximal submodule of V' then U + K would be a maximal submodule of M
andby V <U+K, M =U+V <U+ K < M and then K = V. Hence if V < Rad(M), then V/
has no maximal submodules. In this case Rad(V) =V =V nRad(M).

Let V' ¢ Rad(M). This case clearly we can prove that V' has at least one maximal submod-
ule. Clearly we can see that Rad(V) = N{K | K is mazimal in V} = n{V N (U + K) |
K is mazximal in V} = VN [ {(U + K) | K is mazximal in V}]. At the end of this equal-
ity because U + K is maximal in M (by Lemma 2.7), by definition of Rad(M), Rad(M) = N{N |
N is mazimal in M} < N{(U + K) | K is mazimal in V}. Thus V N Rad(M) < Rad(V).

At the end of the equality V N Rad(M) = VN [N{N | N is mazimal in M}| = {V NN |
N is maximal in M}, because N is maximal in M, by Lemma 2.8 VNN =V or VNN is maximal
in V. Thus Rad(V) < V NnRad(M). Since VN Rad(M) < Rad(V) and Rad(V) <V NnRad(M),
Rad(V) =V NRad(M).

A submodule U of M has a weak supplement V. in M iftU+V =M and UNV << M. M is
called weakly supplemented if every submodule of M has a weak supplement in M. A submodule
V of M is called weak supplement in M if V is a weak supplement of a submodule of M.

A submodule L of M is said to lie above a submodule N of M if N < L and L/N << M/N.

Some properties of weakly supplemented modules are investigated in [10]. Some properties of
lying above are in [11]. We investigate some relations between lying above and weak supplement
submodules.
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Lemma 2.9. Let L and N are submodules of M and N < L. Then L lies above N if and only
if N+ T = M for every submodule T' of M such that L +T = M.

Proof. Sce [4].

Lemma 2.10. Lete M =U+Vand M =T+UNV.Then M =U+TNV=V+TnNU.

Proof. See [4].

Theorem 2.4. LetU < M, L <U and U lies above L. If U and L have weak supplements in
M, then they have the same weak supplements in M.

Proof. Let V be a weak supplement of U in M. Then U+V = M and by Lemma 2.9 L+V = M.
Since V' is a weak supplement of U and L < U, LNV < UNV << M. Thus V is a weak supplement
of L.

Let T' be a weak supplement of L in M. Then L+7T = M andby L < U, U +T = M. Let
UNT+ S =M. Then by Lemma 2.10 U + T NS = M and by Lemma 2.9 L +7T NS = M. By
also Lemma 2.10 LNT +S = M and because LNT << M, S =M. Thus UNT << M and T
is a weak supplement of U in M.

Theorem 2.5. LetU < M, L < U and U lies above L. If U and L have supplements in M
then they have the same supplements in M.

Proof. Let V be a supplement of U in M. Then U + V = M and by Lemma 2.9 L +V = M.
Since V' is a supplement of U and L < U, LNV <U NV << V. Thus V is a supplement of L.

Let T" be a supplement of L in M. Then L+T = M andby L < U, U+T =M. Let U+S =M
for some S < 7. Then by Lemma 2.9 L +.S = M and since 7" is a supplement of L in M, S = T.
Thus T is a supplement of U in M.

Lemma 2.11. Let M be an R-module, U < M,V be a weak supplement of U and K < V.
Then K is a weak supplement of U if and only if V lies above K in M.

Proof. (=) Let K be a weak supplement of U. Then by definition U+K = M and UNK << M.
Since K < V, by Modular law V =V "M =VN{U+K)=K+UNV.Let V+T = M for
some submodule 7" of M. Then K + U NV +T = M andsince UNV << M, K +T = M. Thus
by Lemma 2.9 V lies above K.

(<) Because V lies above K and M = U + V| then by Lemma 2.9 M = U + K. Since
M=U+KandUNK <UNV << M, K is a weak supplement of U in M.

Lemma 2.12. Let M be an R-module, T < U < M and V' be a weak supplement of T in M.
Then V is a weak supplement of U if and only if U lies above T in M.

Proof. (=) Let V' be a weak supplement of U in M. Then U is a weak supplement of V' in M.
Since T is a weak supplement of V in M and 7' < U, then by Lemma 2.11 U lies above 7.

(<) Since V is a weak supplement of 7" in M, then M =T +V and TNV << M. Since
T <U,then M = U + V. Let S be any submodule of M such that U NV + S = M. Then by
Lemma 2.10 U + SNV = M and since U lies above T, T+ SNV = M. Since V + 5 = M and
T+SNV=MTNV+S=MThenby TNV << M weobtain S =M. TusUNV << M
and V is a weak supplement of U in M.

Corollary 2.5. Let M be a weakly supplemented module and L < U < M. Then U and L have
the same weak supplements in M if and only if U lies above L.

Corollary 2.6. LetV be a supplement of U in M and L < U. Then V is a supplement of L in
M if and only if U lies above L.
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Corollary 2.77. Let'V be a weak supplement of U in M. Then V is a supplement of U if and
only if 'V lies above no proper submodule.

Corollary 2.8. Let M be an R-module. If every submodule of M has a weak supplement that
is a direct summand of M, then M is ®-supplemented.

Proof. Let U has a weak supplement V in M and let M = V & X. Then V is a supplement
of X and by Corollary 2.7 V' lies above no proper submodule. Then also by Corollary 2.7 V is a
supplement of U. Thus M is ®-supplemented.

Theorem 2.6. An R-module M is weakly supplemented if and only if every submodule of M
lies above a weak supplement in M.

Proof. (=) Since M is weakly supplemented, every submodule of M is a weak supplement in M.
Since every submodule of M lies above itself, every submodule of M lies above a weak supplement
in M.

(<) Let U < M. Then by hypothesis U lies above a weak supplement 7" in M. Since 7' is a
weak supplement in M, there exists a submodule V' of M such that 7" is a weak supplement of V' in
M. Since U lies above T', then by Lemma 2.12 V is also a weak supplement of U in M.

Theorem 2.7. An R-module M is amply supplemented if and only if every submodule of M
lies above a supplement in M.

Proof. (=) Let U < M. Since M is amply supplemented, then M is supplemented and U has
a supplement V' in M. Since V is a supplement of U in M, then M = U + V. Since M is amply
supplemented, then V' has a supplement 7" in M such that 7" < U. Since 7T is a supplement of V' in
M, then V is a weak supplement of 7" in M. Since V is a supplement of U in M, then V is a weak
supplement of U in M. Thus by Lemma 2.12 U lies above 1. Hence U lies above a supplement in M.

(<) Let every submodule of M be lie above a supplement in M. Let U < M and M =U + V.
Then by hypothesis U NV lies above a supplement submodule 7" in M. Let T be a supplement of
K in M. Then K is a weak supplement of 7" in M. Since U NV lies above 7' then by Lemma 2.12
K is a weak supplement of UNV in M andthen UNV N K << M. Since M =U NV + K then
by Modular law V = VN M =VNUNV+K)=UNV+VNK Hence M =U+V =
=U+UNV+VNK=U+VNK.SinceUNVNK << M,V NK is a weak supplement
of U in M. By hypothesis V' N K lies above a supplement submodule .S in M. Since V N K is
a weak supplement of U in M then by Lemma 2.11 S is a weak supplement of U in M. Hence
M=U+Sand UNS << M. Since S is a supplement in M and U NS << M then by Lemma
25UNS << S and then S is a supplement of U in M with S < V. Thus every submodule of M
has ample supplements in M and M is amply supplemented.

Theorem 2.8. Let M be an R-module. Then the following statements are equivalent:

(a) Every submodule of M lies above a direct summand of M.

(b) M is amply supplemented and every supplement submodule of M is a direct summand.

(c) For every submodules U and V' of M such that U +V = M, there is a supplement X of U
in M such that X <V and X is a direct summand of M.

Proof. (a) < (b) is proved in [12].

(b) = (c) Clear.

(c) = (a) Let U < M. By hypothesis U has a supplement V' in M. Then U is a weak supplement
of V in M. Also by hypothesis V' has a supplement X in M such that X < U and X is a direct
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summand of M. Because U and X are weak supplements of V' and X < U, then by Lemma 2.11 U
lies above X. Thus every submodule of M lies above a direct summand of M.

Lemma 2.13. Let M be an R-module. Then the following statements are equivalent:

(@) M is semisimple.

(b) Every submodule of M is a direct summand of M.

(c) Every submodule of M is a supplement in M.

Proof. (a) & (b) is proved in [6].

(b) = (c) Clear, because every direct summand of M is a supplement in M.

() = (b) Let U < M. Then by hypothesis U is a supplement in M. Let U be a supplement of
X in M. Then X +U = M and X NU << U. Also by hypothesis X NU is a supplement in M. Let
X NU be a supplement of 7"in M. Then X "U +T = M. And then by X NU << M, T = M.
Thus U N X is a supplement of M in M. Hence UNX =0and M =U & X.

Theorem 2.9. Let M be a weakly supplemented module. Then every weak supplement is a
supplement in M if and only if M is semisimple.

Proof. (=) Let U < M. By hypothesis U has a weak supplement V' in M. Then U is a weak
supplement of V' in M. By hypothesis U is a supplement in M. Thus every submodule of M is a
supplement in M. Then by Lemma 2.13 M is semisimple.

(<) Since M is semisimple, every submodule of M is a supplement in M. Thus every weak
supplement is a supplement in M.
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