UDC 517.9

M. Sabbaghan, F. Ayatollah Zadeh Shirazi (College Sci., Univ. Tehran, Iran),
A. Hosseini (Univ. Guilan, Rasht, Iran)

CODECOMPOSITION OF A TRANSFORMATION SEMIGROUP
KOPO3KJIAJI TPAHC®OPMAIIIMHOI HAIIIBI PYIIN

The following text deals with the concept of “codecomposition” of a transformation semigroup which interact with the
phase semigroup. In this way we distinguish new classes of transformation semigroups with meaningful relations, e.g., we
will show “the class of all distal transformation semigroups C the class of all transformation semigroups decomposable to
distal ones C the class of all transformation semigroups” (where C is strict inclusion).

Po3rnstHyTO KOHIEMIIIIO ,,KOpo3Kiaay” TpaHcdopmariitHol HamiBrpynH, IO B3aeMozi€ 3 (a30BO0 HamiBrpymnorw. Takum
YMHOM, MU BHPI3HAEMO HOBHH KJIac TpaHC(HOPMAIIHHIX HAMiBrpyIl 3i 3MiCTOBHUMH CIIiBBiIHOmEHHAMH. Tak, oka3aHo,
10 ,,KJIac BCIX AUCTAIBHUX TpaHchopManiiiHuX HamiBrpyn C KiIac BCiX TpaHc(OpManiifHUX HAMIBIPYTI, MO PO3KIaJAl0ThCS
B JAWCTaNbHI HamiBrpynuC Kiac Bcix TpaHcdopmauniiinnx HamiBrpyn” (ae C Mo3Ha4a€e CTPOre BKIIIOUCHHS).

1. Introduction. The approach of decomposition of a transformation group has been studied in
several manuscripts, e.g., as it has been mentioned in [3] (Proposition 2.6) in transformation group
(X, T) with X locally compact Ty, every point of X is an almost periodic point if and only if
{2T: x € X} is a partition (decomposition) of X consisting of compact sets; however about twenty
five years before that text, i.e., in 1944, one may find this theorem “In order that the homeomorphism
h give an orbit-closure decomposition it is sufficient that h be pointwise almost periodic; and in
case X is compact, this condition is also necessary” [8] (Theorem 2) (for metric space X and
homeomorphism h: X — X)), also the author has mentioned that a direct proof of this theorem can
be found in [7]; or in [4] (Section 2) in a minimal transformation group (X,7") a relatively dense
subgroup of 7" namely G has been considered and the elements of decomposition {E: reX } has
been studied (for abelian 7" and compact metric X ... one may find discussions on decomposition of
a transformation semigroup in several other papers like [2].

In most of the above mentioned cases the emphasis is on simplifying the matter by dividing
the phase space to some smaller subspaces, then study them and their interactions; in this text
by codecomposition of a transformation semigroup we mean certain collection of transformation
semigroups with smaller phase semigroup, and then study the interaction of these codecompositions
with the original one.

2. First steps towards codecomposition approach: multitransformation semigroups. By a
right transformation semigroup we mean a triple (X, S, 7) or simply (X, .S) where X is a topological
space, S is a topological semigroup with identity e and 7: X xS — X (7w(z, s) = zs) is a continuous
map such that for each x € X and for each s,t € S we have ze = x and z(st) = (xs)t. Left
transformation semigroup (S, X) is defined in a similar way. By a bitransformation semigroup we
mean (Sq, X, S1), where (S2, X) is a left transformation semigroup, (X, S1) is a right transformation
semigroup, and for each s; € S1,s2 € Sy, & € X we have (soz)s1 = so(xs1) (which is denoted
by sexs1) (note to the fact that left and right transformation groups coincide, e.g., if (5, X) is a left
transformation group, then (X, S) is a right transformation group, where s := s 'z (z € X, s €
€ S)). But how much it will be interesting if instead of two sides (left and right) one consider several
sides for a point x € X? This will be our primary motivation to introduce multitransformation
semigroups.
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CODECOMPOSITION OF A TRANSFORMATION SEMIGROUP 1507

However in the following subsection we do our best to cause more interest for readers through
some examples.
2.1. A short motivation through examples. Consider a mill supplied with the following powers:

S1: water Sy wind,
S3: sun S4: manpower.

Regardless of the power source, all of these powers act on the grain in the mill. Furthermore, it
does not matter which force is applied first. In this example one may have general approach or
partial approach. Whenever we study (X, S), where X is the collection of our grain and S is the
power supplied for the mill (hence S is generated by S; U Sy U S3 U Sy), we have general approach.
Whenever we study (X, S1), (X, S2), (X, S3) and (X, S4) we have partial approach. As a matter of
fact regarding our future topics, ((X,.5;): ¢ € {1,2,3,4}) is a multitransformation semigroup and a
codecomposition of (X, S).

We continue this subsection with some more specialized examples. Here we want to explain how
codecomposition of a transformation semigroup is partial approach to a system, and how multitrans-
formation semigroup’s concept helps us in this process (suppose all phase semigroups are discrete).

1. Consider X; := [0,1] with induced topology of R, X5 := {(z,y) € R? : 22 +¢? = 1}
with induced topology of R?, X3 := {(z,y,2) € R3: 22 + y? + 22 = 1} with induced topology
of R, and X as disjoint union of X, X, X3. For i = 1,2,3 suppose S; is the collection of all
homeomorphisms f: X — X such that f(z) = z for all z € X \ X;. Also consider S as the group
of all homeomorphisms of X. Then:

foralli # j, f € S; and g € S; we have fg = gf,

the semigroup S is generated by S; U So U S3.

In particular regarding our future topics, ((X,S;): i € {1,2,3}) is a multitransformation semigroup
and a codecomposition of (X, .5).

2. Consider X := {(z,y) € R%: 22 + y?> = 1} with induced topology of R?, and for prime
natural number ¢, S; is the group of all rotations under a integer multiple of T Moreover suppose
S is the group of rotations under a rational multiple of 7. Then: !

forall i # j, s € S; and t € S; we have st = ts,

the semigroup S is generated by | J{.S;: ¢ is a prime number}.

In particular regarding our future topics, ((X,S;): ¢ is a prime number) is a multitransformation
semigroup and a codecomposition of (X, S).

3. Consider X := [0, 1] with induced topology of R, S as the group of all homeomorphisms
of X,n>2and 0 < 6 <y <...<8, <1. Moreover fori = 1,...,n suppose S; := {f €
€ S: f(6;) = 0;}, then:

for all ¢ # j there exists f € S; and g € S; such that fg # gf,

the semigroup S is generated by S; U ... U S,.

Then ((X, S;): i € {1,...,n}) is not a multitransformation semigroup, since there are elements of
different .S;’s such that it is important which one act first on an element of X, although .S is generated
by S1U...US,.

In the following text in the transformation semigroup (X, S), S acts effectively on X, i.e., for
each s,t € S with s # t there exists z € X such that xs £ xt.
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Definition 2.1. [T # & and for each o € T, (X, S,,) is a transformation semigroup with
eq as the identity element of Sy, such that for each y € X, ay,...,an, € I which are distinct,
Say € Sayy--+ySay € Sa,, and o € S,, (Where S,, is the group of all permutations on {1, ... ,n})
we have (... ((YSa1)Saz) ---)San = (- (USayu))Sanmy) - - )Sayn,- We call (X, (Sa: a € T)) a
multitransformation semigroup (it is sufficient to consider this definition for n = 2).

Now we have the main tool to introduce codecomposition of a transformation semigroup, since
codecompositions are certain multitransformation semigroups.

3. Codecompositions in transformation semigroups with discrete phase semigroup and com-
pact Hausdorff phase space. Codecompositions of transformation semigroup (X, S) are multitrans-
formation semigroups (X, (S4: a € I')) with certain properties. Since the idea of codecomposition
of a transformation semigroup, when phase semigroup is discrete brings the best motivation, so in
this section all phase semigroups considered discrete. Moreover in this section all phase spaces are
compact Hausdorff.

Remark 3.1. 1In the transformation semigroup (X, S) for compact Hausdorff X and discrete S,
for each s € S, define the continuous map 7°: X — X by zn® = xs (Vo € X), then E(X, S) (or
simply E(X)) is the closure of {7*| s € S} in XX with pointwise convergence topology, moreover
it is called the enveloping semigroup (or Ellis semigroup) of (X,S). We used to write s instead
of 7 (s € S). E(X,S) has a semigroup structure [3] (Chapter 3). A nonempty subset Z of X is
called invariant it ZS C Z. Let P(X,5) = {(z,y) € X x X : Ip € E(X): zp = yp}. (X, 9) is
called distal if E(X) is a group (or equivalently P(X,S) = Ax [3] (Chapter 5)), and it is called
equicontinuous if for all element « of the uniformity on X, there exists an element 3 of the uniformity
on X with 58S C a and E(X) is a group of continuous functions (see [3] (Proposition 4.4)). (X, .5)
is called proximal if P(X,S) = X x X (for more about proximal transformation groups see [6]).
(X, S) is called point transitive if 3w € X wS = X, it is called minimal if Vw € X wS = X.

Definition 3.1 (Discrete phase semigroup case). Multitransformation semigroup (X, (So: o €
e I)) is a codecomposition of transformation semigroup (X, S), where S is the semigroup generated
by UaEF Sa and Sys are distinct subsemigroups of S.

3.1. Elementary properties.
Lemma 3.1. Let multitransformation semigroup (X, (Sy: o € T')) be a codecomposition of
transformation semigroup (X, S), then we have

E(X,S,) CE(X,S),ael...;
ps =sp, p € BE(X,S,), s € S, a # f.

Proof. 1f a # B3, p € E(X, Sa), and s € Sg, then there exists a net (*),cp in S, converges to
p (in E(X,S,)), thus for each 2 € X, (zt})\ea converges to zp and by continuity of s, (2t*s)xen
converges to xps. Now replacing 2 by s leads us to the fact that (zst}),cp converges to xsp, but
for each \, t's = st*; thus zsp = xps for all z € X and sp = ps.

Theorem 3.1. Let multitransformation semigroup (X, (So: o € T')) be a codecomposition of
transformation semigroup (X, S), then we have:

1. If (X,S) is distal (resp. equicontinuous), then for each o € T, (X,Sy) is distal (resp.
equicontinuous).

2. If for some o € T, (X,S,) is minimal (resp. point transitive, proximal), then (X,S) is
minimal (vesp. point transitive, proximal).
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Proof. 1. Use Lemma 3.1, and the fact that every transformation semigroup is distal if and only
if its enveloping semigroup has at most one idempotent element [3] (Propositions 3.5 and 5.3).

2. If (X, Sp) is minimal, then for each z € X, S5 = X, thus X = 253 C 2S C X, and (X, 5)
is minimal.

Definition 3.2. Transformation semigroup (X,S) is called codecomposable to distal (resp.
proximal, equicontinuous, minimal, point transitive) transformation semigroups if there exists a code-
composition of (X, S) like (X, (Sa: a € T)) such that for each o € T, (X, S,,) is distal (resp.
proximal, equicontinuous, minimal, point transitive).

Theorem 3.2. [n the transformation semigroup (X,S), (X,S) is codecomposable to distal
(resp. minimal, equicontinuous, proximal) transformation semigroups if and only if for each closed
nonempty invariant subset Z of X, (Z, S) is codecomposable to distal (resp. minimal, equicontinuous,
proximal) transformation semigroups.

Proof. Use the fact that for each nonempty closed invariant subset Z of X, if (X, (So: a € I'))
is a codecomposition of (X,.5), then (Z,(S,: @ € TI')) is a codecomposition of (Z,S), and in
distal (resp. equicontinuous, proximal) transformation semigroup (Y, 7") if W is a nonempty closed
invariant subset of Y then (W, T') is distal (resp. equicontinuous, proximal).

Theorem 3.3. [n the transformation group (X, S), if (X, S) is codecomposable to distal (resp.
point transitive, minimal, proximal) transformation groups and R is a clopen invariant equivalence
relation on X, then (X/R,S) is codecomposable to distal (resp. point transitive, minimal, proximal)
transformation groups.

Proof. Use Definition 3.1 [1] (Section 1.3.2) or [9] (Exercise 1.11), and similar methods de-
scribed in Theorem 3.2.
Theorem 3.4. Let ((Xy,S): 0 € ©) be a nonempty collection of transformation semigroups,

such that (H Xo, S) is codecomposable to distal (resp. point transitive, minimal, proximal) trans-

0cO
formation semigroups. Then for each 6 € O, (Xy,S) is codecomposable to distal (resp. point tran-

sitive, minimal, proximal) transformation semigroups.
Proof. Use Definition 3.1, and similar methods described in Theorem 3.2.

3.2. Counterexamples. Since the following counterexamples play important roles to find out
main results during discussion on compact Hausdorff phase space with discrete phase semigroup
case, so we devote them a special subsection.

1
Counterexample 3.1. Let X = {: neN } U {0} (with induced topology of R) and S =
n

1
= {¢": n > 0} (with the discrete topology) where Op = 0, —p = 1 (for n € N). Let
n n

(X, (Sq: a €T)) be a codecomposition of (X, .S), thus there exists & € I' such that S, is infinite,
which leads to the fact that constant function 0 belongs to E(X, S,) and E(X, S,) is not a group,
therefore (X, S, ) is not distal. Therefore transformation semigroup (X, .S) is not codecomposable to

distal transformation semigroups.

Counterexample 3.2. LetY = U EN{2"} X Zgn. For each (2", x),(2™,y) € Y define (27,

n
x) ~ (2™ y) if and only if (n > m A 2" "y = x) V (m > n A2™ "z = y), ~ is an equivalence
relation on Y. Consider quotient space % with discrete topology and let X := % U {oo} be its one

point compactification, moreover denote the equivalence class of (2™,y) € Y under ~ by [2™,y].
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An imagination of X: vertical bold lines show equivalence classes in Y, however X is homeomorph with {f: n €
n

€ N} U {0} (with induced topology of R), i.e., oo is the unique limit point of X, X is infinite countable, and each open

neighborhood of oo contains all points of X except finitely.

Let n € N. (X, Zgn) is a transformation group, where for each [ € Zon = {0,1,...,2" — 1} and
[2",y] € X with m > n we have [2,y|l = [2™,y + (2™ "] and ool = oo (note to the fact that for
each [2%,y] € X we have [2¥,y] = [2F17",27y] and k + n > n so [2F,y]l = [2F+7, 27y 4 12F)).

For eachn € N, let T}, = {(l‘i)ieN € HieN Zoi Vi # n(z; = O)} . (X,T,) is a transformation
semigroup where for each (z;)ieny € T3, and z € X we define z(z;)ien = 2zp. (X, (T n € N))
is a multitransformation semigroup and a codecomposition of (X,7") when T is the subgroup of
HZEN Zgi generated by ({1, : n € N} (thus T= @neN Zon (with discrete topology)).

Claim. We have the following facts:

1) (X,T) is niether distal nor equicontinuous;

2) (X,T) is point transitive;

3) Foreachn € N, (X, T,,) is equicontinuous, and distal;

4) For each n € N, (X, T,,) is not point transitive.

Proof. 1. For each n € N let t,, = (0yun)men € T, With 0y, = 1 and 0y, = 0 for m # n.
The sequence {¢, }nen in E(X, T') converges to constant function oo; since for each z € X — {oo}
and n # m we have xt, # xt,,, and if U is an open neighborhood of oo then X — U is finite
and there exists m € N such that xt,, € U for all n > m, i.e., {t,}nen converges to oo, moreover
for each n € N we have oot,, = oo. So the constant function co belongs to E(X,T) (with no
inverse) thus E(X,T) is not a group, therefore (X, T") is neither distal nor equicontinuous (see [3],
Proposition 4.4).

2. (X,T) is point transitive since [2,1]T = X.

3. T, is a finite group and E(X,T,,) = T, is a (finite) group of continuous functions on X,
which shows distality and equicontinuity of (X, T,,).

4. For each x € X, 2T,, = 2T, is a finite subspace of infinite space X, thus x7;, # X and
(X, T,) is not point transitive.

Therefore in transformation semigroup (X, 7") we have

(X,T) is a non-distal transformation semigroup codecomposable to distal ones;
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CODECOMPOSITION OF A TRANSFORMATION SEMIGROUP 1511

(X,T) is a non-equicontinuous transformation semigroup codecomposable to equicontinuous
ones;

(X,T) is a point transitive transformation semigroup codecomposable to non-point transitive
ones.

Counterexample 3.3. Let X := {e%: 0 € [0,27]} with the induced topology of R?, and
Sp =4z € X: 2" =1} (n € N), then S, acts on X as one of its subsemigroups. For each n € N,
let T,, = < (2;)ien € H'eN Sp: Vi # n(z; = 1)} (X,T,) is a transformation semigroup where

(2

for each (z;)ien € Ty, and z € X we define z(x;)ien := zxy. (X, (T, : n € N)) is a multitransfor-
mation semigroup and a codecomposition of (X, T") when T is the subgroup of H Sy, generated by
iEN
U{T: n € N} (thus T = EB . Sy, (with discrete topology)). (X,T) is minimal, but (X, T},)
n
is not minimal (Vn € N), thus (X,7) is a minimal transformation semigroup codecomposable to
non-minimal ones.

Counterexample 3.4. In this counterexample we show that there are examples of multitransfor-
mation semigroup (X, (So: o € I')) in which there exist o # 3, p € E(X, S,) and ¢ € E(X, Sg)

’ 1
with pg # gp (compare with the second item in Theorem 3.1). Let X = {(—1)1 (1 — > 'n €
n

N,i = j:l} U {1, —1} with induced topology from R. Define ¢, p, ¢ : X — X with:

z, r = =1,
1 ! 1 eN
Ty = TL’ 77,—|—17 9
1 1
-1+ , r=—14+—, neN,
n+1 n
-1, x#1, 1, r # —1,
Ip = xq =
1, =1, -1, z=-1.

For S = {¢":n € Z}, S = {¢":n € NU{0}}, S2 = {p™:n € NU{0}}, and S3 = {¢?" :
n € Z}; (X,(S;: 1 = 1,2,3)) is a codecomposition of (X, S). p € E(X,S]) and ¢ € E(X, S2)
moreover pg 7 gp.

3.3. Main achievements.

Theorem 3.5 (Main theorem). We have the following classifications (where “C” means strict
inclusion):

1. Class of all distal transformation semigroups C Class of all transformation semigroups code-
composable to distal ones C Class of all transformation semigroups.

2. Class of all equicontinuous transformation semigroups C Class of all transformation semi-
groups codecomposable to equicontinuous ones C Class of all transformation semigroups.

Proof. Use Counterexamples 3.1 and 3.2. One may consider the following diagram for (1):
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Class of all transformation
semigroups codecomposable to distal ones

(see Counterexample 3.2) Class of all

transformation semigroups
(see Counterexample 3.1)

Class of all distal
transformation semigroups

and a similar diagram for (2).
Theorem 3.6. We have the following classifications (where “C”~ means strict inclusion):

1. Class of all point transitive transformation semigroups codecomposable to non-point transitive
ones C Class of all point transitive transformation semigroups.

2. Class of all minimal transformation semigroups codecomposable to non-minimal ones C Class
of all minimal transformation semigroups.

Proof. Use Counterexamples 3.2 and 3.3. One may consider the following diagram for (2):

Class of all transformation semigroups
codecomposable to non-minimal ones

(Counterexample 3.3) Class of all minimal

(Counterexample 3.4 transformation semigroups

or any other
non-minimal)

(one point transformation semigroup)

and a similar diagram for (1).
Corollary 3.1. We have the following diagram in the class of all transformation groups (with
compact Hausdorff phase space and discrete phase semigroup) (use [3] (Proposition 4.4)):

EQUICONTINUOUS = codecomposABLE TO EQUICONTINUOUS ONES

I I
DISTAL = codecomposABLE TO DISTAL ONES.

In order to complete the reverse implications of the above diagram see Counterexample 3.2 (which
shows the negative answer for horizontal reverse implications), see also [5] (Which shows the negative
answer for first vertical reverse implication by an example).

Now the next question arises.

Question. s there any transformation group decomposable to distal ones, and non-decomposable
to equicontinuous ones?
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4. General case. In this section our main aim is to define codecomposition of a transformation
semigroup in general case.
In multi transformation semigroup (X, (So: a € I)) if

@S = {(Sa)aeri dag,...,an e DVa# ag,...,0n0(5q = ea)},
ael’

then @ or S, acts on X (not necessarily continuously), by
(634

W(Sa)ael = WSay - - - San,

(for all w € X and (84)acr € GB or S, with distinet a1,...,a, € T' and s, = e, for all
«

aEF—{al,...,an}>.

In this section we will use the above defined action, moreover for more convenient the element
(Sa)aer € @aer S with s, = e, for all « # (3, is denoted by 35355.

Moreover if (X , EB or Sa) is a transformation semigroup and for each o € I the semigroup
«
Sq has at least two elements, also for each 3 € T, T := {(sa)aep € @ or Sa: Va # Bsq = ea},
«

then (X, (To: o € I)) is a multitransformation semigroup.

The above statements leads us to the following definition.

Definition 4.1 (General case). Multi transformation semigroup (X, (Sy: o € T)) is called a
codecomposition of transformation semigroup (X, S) if S is the semigroup generated by UaEF Sa,

Sas are distinct subsemigroups of S, and there exists a topology on @ or Sq which makes a
(63
topological semigroup and:

(X , @ Sa> is a (topological) transformation semigroup;
ael
for each B € T the map 1g: Sg — @ or Se, with 15(s) = sz, be an embedding;
(04

under the map o, x* +. .. 454, " = Sq, ... Sa,, S IS a continuous semigroup homomorphism
image Of@ael" Sa-
Note 4.1 (Compatibility of Definitions 3.1 and 4.1). In Definition 4.1, whenever S is discrete,

discrete topology on @ So shows that if (X, (So: a € I')) is a codecomposition of (X, S) in the

acl
sense of Definition 3.1, then it is a codecomposition of (X, .S) in the sense of Definition 4.1 too.

On the other hand if S is discrete and (X, (S,: a € I')) is a codecomposition of (X, .S) in the
sense of Definition 4.1, then it is clear that (X, (So: @ € I")) is a codecomposition of (X, .S) in the

sense of Definition 3.1 too. In multitransformation semigroup (X, (So: a € I")), let T := @ or Sa
(03

with the induced product topology from Haer Sa, then T' is a topological semigroup, however in
the following example 7" does not act continuously on X.

Example 4.1. Let {p,: n € N} be a Q-linearly independent sequence in R such that 731—{20 Pn = 2
and p; = 1. In the multitransformation semigroup (R, (p,Q : n € N)) (p,Qs act as subgroups of R

on topological group (R, +)) as above let 7" := @ N pnQ with the induced product topology from
n
H EanQ. The sequence (1,2z' + p,2"*1),eny (Where 221 + ppa™t! = (@) ey for al = 2,
n

n

a’! = p, and a™ = 0 for m # n+1, 1) converges to (1,2x!) in R x T, but (1(2z' + p,2" 1)) en
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converges to 5 (since for all n € N we have 1(2z! + p,2"*!) = 3 + p,,) and it does not converges
to 3(= 1(221)), thus (R, T) is not a topological transformation semigroup.

Theorem 4.1. [f ((Xy,S): 0 € ©O) is a nonempty collection of transformation semigroups,
then (Heee Xp, (Sq: o € F)) is a codecomposition of (HGEG Xg,S) if and only if for each
0 € 0O, (Xg,(Sa: aell)) is a codecomposition of (Xp, S).

Proof. Use Definitions 2.1 and 4.1.

Theorem 4.2. [n the transformation group (X, S) if R is an open invariant equivalence re-
lation on X, Z is a nonempty invariant subset of X, and (X,(So: o € ")) is a codecomposition
of (X,8), then (X/R,(Sa: a € 1)) is a codecomposition of (X/R,S) and (Z,(Se: a € T)) is a
codecomposition of (Z,.5).

Proof. Use Definitions 2.1, 4.1 and [1] (Section 1.3.2).

Remark 4.1. It is possible to define multitransformation group, and codecomposition of a trans-
formation group in a similar way.

Remark 4.2. In all sections of this paper except the last one, we dealt with discrete phase
semigroup. However one may be interested in the following cases: We call a codecomposition
(X,(Sq: a € 1)) of (X,5) a degenerated codecomposition if there exists a € T' with S, = S.
It is clear that if S = Z,,, when p is a prime, then all codecompositions of (X, .S) are degenerated. Is
there any transformation semigroup (X, .S) with just degenerated codecompositions, but (X, S;) has
non-degenerated codecompositions, where S; is S with discrete topology?

Under which topologies on @QEF S, the multitransformation semigroup (X, (Sy: a €T')) isa

codecomposition of (X , @ or Sa> (is there any?) moreover if A denotes the set of such topologies,
6

what are the properties of minimal and maximal elements of (A, C)?
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