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VALUE-SHARING PROBLEM FOR p-ADIC MEROMORPHIC FUNCTIONS
AND THEIR DIFFERENCE OPERATORS AND DIFFERENCE POLYNOMIALS *

3ATAYA ITPO CIIVIBHI 3BHAYEHHA A4 p-AAUNYHUX MEPOMOP®HUX
®YHKIIIA TA IX PI3BHULEBUX OIEPATOPIB I PI3HUIIEBUX ITOJIHOMIB

We discuss the value-sharing problem, versions of the Hayman conjecture, and the uniqueness problem for p-adic
meromorphic functions and their difference operators and difference polynomials.

JlocikeHO MUTAaHHS NPO CHIIbHI 3HAYEHHS 1 €AMHICTH Ta aHAJIOTH TiMOTe3d XelWMeHa Uil p-aludyHHX MEpOMOPQHUX
GyHKLIH Ta IX Pi3HUNEBUX ONEPATOPiB i PI3HUIIEBUX ITOJIIHOMIB.

1. Introduction. The problem of determining a meromorphic (or entire) function on C by its sing-
le pre-images, counting multiplicities, of finite sets is an important one and it has been studied by
many mathematicians. For instance, in 1921 G. Polya showed that an entire function on C is deter-
mined by the inverse images, counting multiplicities, of three distinct non-omitted values. In 1926,
R. Nevanlinna showed that a meromorphic function on the complex plane is uniquely determined by
the inverse images, ignoring multiplicities, of 5 distinct values.

In [16] Hayman proved the following well-known result:

Theorem 1.1. Let f be a meromorphic function on C. If f(z) # 0 and f*)(z) # 1 for some
fixed positive integer k and for all z € C, then f is constant.

Hayman also proposed the following conjecture (see [16]).

Hayman Conjecture. If an entire function f satisfies f"(2)f'(2) # 1 for a positive integer n
and all z € C, then f is a constant.

It has been verified for transcendental entire functions by Hayman himself for n > 1 [16], and
by Clunie for n > 1 [5]. These results and some related problems caused increasingly attentions to
the value-sharing problem of meromorphic functions and their derivatives (see [2, 4, 19, 21]).

In 1997 Yang and Hua [23] studied the unicity problem for meromorphic functions and differential
monomials of the form f™ f’, when they share only one value, and obtained the following theorem.

Theorem 1.2. Let f and g be two non-constant meromorphic functions, let n > 11 be an
integer, and a € C be a non-zero finite value. If f"f' and g"g' share the value a CM, then either
f = dg for some (n+1)-th root of unity d, or f = c1e°* and g = coe™ for three non-zero constants

n+1p2 — _ 42

c1, c2 and c such that (c1c2) a’.
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Recently, there has been an increasing interest in studying value-sharing and uniqueness for mero-
morphic functions and their difference operators and difference polynomials. Halburd and Korhonen
[14] established a version of Nevanlinna theory based on difference operators. For an analog of Hay-
man Conjecture for difference, Laine and Yang [20] investigated the value distribution of difference
products of entire functions, and obtained the following theorem.

Theorem 1.3. Let f(z) be a transcendental entire function of finite order, and ¢ be a non-zero
complex constant. Then n > 2, f(2)" f(z + ¢) assumes every non-zero value a € C infinitely often.

In recent years the similar problems are investigated for functions in a non-Archimedean fields
(see, for example, [3, 5]). In [22] J. Ojeda proved that for a transcendental meromorphic function
f in an algebraically closed fields of characteristic zero, complete for a non-Archimedean absolute
value K, the function f’f™ — 1 has infinitely many zeros, if n > 2.

Ha Huy Khoai and Vu Hoai An [12] established a similar results for a differential monomial of
the form f"(f (k))m, where f is a meromorphic function in C,,.

Now let K be an algebraically closed field of characteristic zero, complete for a non-Archimedean
absolute value. We denote by A(K) the ring of entire functions in K, by M (K) the field of meromor-
phic functions, i.e., the field of fractions of A(K), and K =KuU {oo}. The value-sharing problem for
meromorphic functions in K was investigated first in [1] and [8]. In recent years, many interesting
results on the value-sharing problem for meromorphic functions in K were obtained (see [17, 13]).

Let us first recall some basic definitions. For f € M(K) and S C K, we define

Es(S) = [ J{(z,m)|f(2) = a with multiplicity m}.
a€S

Let F be a nonempty subset of M(K). Two functions f, g of F are said to share S, counting
multiplicity (share S CM), if E;(S) = E,4(S).
Now for f € M(K). We define difference operators of f as

Acf:f(Z+C)—f(Z), A}:f:Acf
and
A =AM f(z+¢) = A"f(2), n=1,2,...,

where ¢ € C, is a non-zero constant; and difference polynomial of f as

Az, ) = an(2)f(2)" f(2)™ . f (o)™,

Ael

where [ be a finite set of multiindex A = (Ag, A1, ..., A,,) and the coefficients a (z) are small with
respect to f(z) in the sence that T}, () = o(Tf(r)).

From now on, we assume P(z) is a non-zero polynomial on C, of degree n. Write P(z) =
=ap(z—a1)™(z—az2)™ ... (2 —as)™, ap # 0.

In this paper we discuss the value-sharing and versions of the Hayman Conjecture and uniqueness
for p-adic meromorphic functions and their difference operators and difference polynomials, and
prove a p-adic analog of Laine — Yang’s result. Namely, we prove the following theorems.
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Theorem 1.4 (A version of the Hayman Conjecture for p-adic meromorphic functions and their
difference operators). Let f be a meromorphic function on C, and n, k;, s, q, 1 = 1,...,q, be are
integers,

q
s>1, ¢>1, k>1, 22k+12’+q+s+1—32k1,
i=1 =1

and AUf is not identically zero. Then P(f)(ALf)kr ... (ALf)*s — a has zeros, where a € C, is a
non-zero.

Theorem 1.5 (A version of the Hayman Conjecture for p-adic meromorphic functions and their
difference polynomials). Let f be a meromorphic function on C, and n, q;, s, k,1=1,...,k, be are
integers, and

k
s>1, k>1, ¢>1, n>) g+2%k+s+1
i=1
Then P(f)(f(z+¢))®...(f(z + kc))% — a has zeros, where a € C,, is a non-zero.

Theorem 1.6 (A version of the Yang and Hua’s Theorem 1.2 for p-adic meromorphic functions
and their difference polynomials). Let f and g be two non-constant p-adic meromorphic functions.

(D) If Efnpare).. fz+ke) (1) = Egngate)..gz+ke) (1), with k > 1 and n > 5k +8 be are integers,
then f = hg with k"% =1 or fg =1 with I"tF = 1.

@) I Epn(szrono..(fztke)a (1) = Egn(g(ste)ar...(g(z+ke))an (1), with

k
a>1, i=1...,k k>1, n>> ¢+8k+8
=1

be are integers, then f = hg with h"TU Tk = 1 or fg =1 with ["T9+Ta =1,
3) If
En(f(zterc)...f (s+eme) (fetre) .. (f (z+txe)) e (1) =

= Egn(g(ste10)..9(2+eme) (g(z+110))01 .. (g(z+ o))k (1),
with

6j>1, j=1....m, t;>1, ¢>1, +1=1,...k, k>1,

k
n>5m+ Y q+8k+8
i=1
be are integers, then f = hg with h" T T0++a = 1 or fg = | with ["TMTa+-Tk = 1,

The main tool of the proof is the p-adic Nevanlinna theory ([8 -3, 17]). Therefore, in the next
section we first establish some properties of the height function (a p-adic analog of the Nevanlinna
characteristic functionrm) for p-adic meromorphic functions and their difference operator and differ-
ence polynomials for later use.
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2. Height of p-adic meromorphic functions. Let f be a non-constant holomorphic function on
C,. For every a € C,,, expanding f around a as f = Z P;(z — a) with homogeneous polynomials
P; of degree i, we define

vf(a) = min{i: P; # 0}.
For a point d € C,, we define the function U?Z C, — N by
v?(a) =vs_q(a).

Fix a real number p with 0 < p < r. Define

1 71n(a,,gv)
Nf(a,r):hlp/fxd.’ll'
p

where nys(a,x), as usually, is the number of the solutions of the equation f(z) = a (counting
multiplicity) in the disk D, = {z € C,,: |2] < x}.

If a = 0, then set N¢(r) = N¢(0,7).

For [ a positive integer, set

1
sz a,r) /nl’f
lnp
p

where

nyf(a,r) = Z min {vf_q(2),1}.

|z|<r

Let k be a positive integer. Define the function v ¥ from C, into N by

< 0 if ve(z) >k,
vy (2) =
ve(z) if ve(z) <Kk,
and
nFir) =Y viz),  nFa,r) =nFE,(r)
|2|<r
Define

If a = 0, then set Nfgk(r) = N=%0,7).
Set
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ro<k

1 ny (a,x
ngk(a,r) = /l’f( )dx,
' Inp T

p
where
<k o<k
ni ¢ (a,r) = Z min {v]?_a(z),l}.
|z|<r

In a like manner we define

k k
Nf<k(a7r)7 Nl,<fk(a7 7’), Nf>k(a77')7 ]\IfZ (G,T), Nl?f (a,’r’), Nl?fk(aa T)'

Recall that for a holomorphic function f(z) in C,, represented by the power series
o0
f(Z) = Z anzn7
0

for each r > 0, we define | f|, = max{|a,|r",0 < n < oo}.
Now let f = 21 be a non-constant meromorphic function on C,, where fi, fo be holomorphic

p)
_ |fl’r

functions on C,, having no common zeros, we set | f|, = 7|
2|r

. For a point d € C,, U {00} we define
the function v?: C, —+ N by
v§(a) = vf—ap,(a)
with d # oo, and
v (a) = vp,(a).
For a point a € C define
m (00, r) = max {0, log |f|r}7 gmy(a,r) = ml/f,a(oo,r),

Ng(a,r) = Nf—apy (1), Nyg(oo,7) = Ng,(r),

Ty(r) = max log|fil,.

In a like manner we define

Ny ¢(a,r), Nfgk(a,r), Nl,sfk(a,r), Njfk(a,r), lefk(a,r), N]?k(a,r),

>k >k
Nf_ (aa ’I”), Nl,_f (av 7"), Nl?fk(av T)a

with a € C, U {oo}.
Then we have (see [9])

N¢(a,r) +mg(a,r) =Tf(r) + O(1)
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with a € C, U {00},

m ) (00, 1) = O(1).

The following two lemmas were proved in [9].
Lemma 2.1. Let f be a non-constant holomorphic function on C,. Then

Ti(r) = Ty(p) = Ny(r),

where 0 < p < r.
Lemma 2.2. Let f be a non-constant meromorphic function on C, and let ai, as,...,a, be
distinct points of Cp,. Then

q
(q— D)T(r) < Nygp(oo,7) + > Ny g(as, ) — No g (r) —logr + O(1),
=1

where Ny ¢(r) is the counting function of the zeros of f' which occur at points other than roots of
the equations f(z) =a;,i=1,...,q,and 0 < p <.

3. Two versions of the Hayman Conjecture for p-adic meromorphic functions and their
difference operators and difference polynomials. We are going to prove Theorems 1.4-1.6. We
need the following lemmas.

Lemma 3.1. Let f be a non-constant p-adic meromorphic function and Af is not identically
zero and k, q be a positive integer. Then:

(1) Mypaqe)/p(z)(00,7) = O(1);

(2) Myp(aqrey/f(z)(00,7) = O(1);

() ma g/5(00,r) = O(1);

(4) ma,fya p(oo,m) = O(1);

) Tp(a4e)(r) = Ty(z)(r) + O(1);

(6) Tf(z+qc) (T) = Tf(z) (T) + O(l);

Proof. Set A, = M Then:
f(2)

(1) If |¢| < r. Notice that the set of » € Ry such that there exist z € C, with |z| = r is
dense in R. Therefore, without loss of generality one may assume that there exist z € C,, such that
|z| = r. Then |c + z| = |z| = r. So |f(2)|» = |f(z + ¢)|, and |A.| = 1. If r < |¢|, then |c + z| <
< max {|c[, |z|} < |c|. Thus |A.| = O(1). Therefore m, (oo, ) = max {0,log|Ac|,} = O(1).

(2) Similarly as the arguments of (1), we obtain m (.4 )/ f(z) (00, 7) = O(1).

(3) By my(.qe)/p()(00,7) = O(1), ma_f/f(00,7) < max {mf(erc)/f(z)(oo,r),O}, we have
ma.f/¢(00,7) = O(1) .
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(4) By mAcf/f(oo,r) =0(1), m(Acf)q/f(oo,r) = qucf/f(oo,r), we have m(Acf)q/f(oo,r) =
=0(1).

(5) Let f = ﬁ be a non-constant meromorphic function on C,, where f1, f2 be holomorphic

functions on C,, having no common zeros. Similarly as the arguments of (1), we have:

If'[c] <, then [fi(2)|r = [f1(z + ¢)l, and [f2(2)|r = [fa(z + )|s. If r < |c], then [f1(2)]» <
<A@+l < 1AGL, and [f2)]h < ) f2(z + Ol < |f2(2)]e. Moreover,
Tf(’l“) = mMaxj<i<2 log |fz|r So Tf(z+c) (’r‘) = Tf(z) (7“) + O(l)

(6) Similarly as the arguments of (5), we obtain T, 40) (1) = Ty(z)(r) + O(1).

(7) We have

Tact (1) =M jiro-1z) (00,7) + Njz4e)—5(2) (00,7) <
i 7 8

< st (00,7) + Nf;z(+>c) (00,7) +0(1) <

<2y (00,7) + Ny (00,7) + Mp(ope) (00,7) + Npzyey(00,7) +O(1) =

Lemma 3.1 is proved.

Lemma 3.2. Let f be a non-constant p-adic meromorphic function and A?f is not identically
zero and k, q, m be a positive integer and P(z) is the above. Then:

(1) Taup(r) < 2975 (r) + O(1);

(2) Taaz/p(r) <2027 =1)T(r) + O(

1);
q q i

k

4 (n - qi) Ty(r) < Tr(p)(f(zte)n...(f (s+kepyaw (1) + O(1).

Proof. We will prove (1) by induction on j, 1 < j < ¢ —1. With j = 1, we have Ta_¢(o00,7) <
< T400) + Ty (1) + O(1). By Ty(eyy(r) = Tyey(r) + O, T () < 21y (r) + O(1). Now
assume that T\, (r) < 2T (r) + O(1). Moreover we have AL f = AL (ALF). From this and by
induction, Txy+1,(r) = Tx 71)(T) < Tagpiere) (1) + Tnjyi (1) + 0(1) < 22774 (r) + O(1) =
= 271 (r) + O(1).

We will prove (2) by induction on j, 1 < j < g—1. With j = 1, by 3.1 (7) we have T _;/4(r) <
< 2T4(r) + O(1. Now assume that TAjf/f(r) < 2(29 — 1)T¢(r) + O(1). Moreover we have

T@ (r) = Tpgt1y iy (r) < Ty + Ty, + O(1) <

! als 7 Ny !

STy iy T Tag, +0Q) 2Ty, + 2(29 — 1)Ty(r) + O(1).
i f

alf

By (1), Tas(r) < 29T¢(r) + O(1). Thus 2T; + 2(2/ — 1)Ty(r) < 2(27 4+ 27 — 1)Ty(r) + O(1) <
< 2(27F1 — 1)T§(r) + O(1). Therefore
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Ty, (r) <2024 = 1)Ty(r) + O(1).
5

(3) Set G = P(f)(ALf)F ... (ALf)Fa. We have
PR G = Rt P (A) (AL

1 1 (AL\M AIfFa
frittRaP(f) ‘G( f ) ( f ) '

From this and (2), we obtain

and

k1T tkg p( 1

(n + Zz;kh) Ty(r) = T%(T) +0(1)=T (A}:f)klm(Agf)kq (r)+0(1) <

q q
<Tiya(r) + > Tinigpm(r) +0(1) < Tyya(r) + > kiTaigp(r) + O(1) <
=1 =1
q .
< Ta(r)+ Y ki2(2' = D)Ty(r) + O(1).
=1

So

q q
=1 =1

4) Set F=P(f)(f(z+¢) ... (f(z+kc))%. We have f2 ... f&F = fat-+awP(f)(f(z+
+e) ... (f(z+kce))% and fO T4 P(f) = F. <f{2(i)c)>ql e <f(];5f])%))qk . From this and 3.1(3),
3.1(6), we obtain

k
<n + Z %) Tp(r) = Trar+.rapipy (1) + O(1) =
i=1

k
= TF.< £ )" (14 )qk(r) +O0(1) <Tp(r) + ZT< ey (r)+0(1) <

f(z+c) i=1 f(z+ic)

k k

<Tp(r)+ ) qz'Tf(gjo) (1) +01) S Tp(r) + Y ai(Ts(r) + Thapicy(r)) + O(L).
i=1 i=1

Therefore
k k
<n + Z qi> Tf(?”) S TF(T’) -+ 2 Z qin(T) + O(l)
i=1 i=1
So
k
(” -3 qz‘) Tr(r) < Tppy(f(ate))ar... f(z+ke)ya (1) + O(1).
i=1

Lemma 3.2 is proved.
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Lemma 3.3. Let f and g be non-constant p-adic meromorphic functions. If E¢(1) = E4(1),
then one of the following three cases holds:

(1) Tf(r) < Ny p(00,7) + N7 (00, 7) + Nip(0,7) + NEF(0,7) + Nig(o0,7) + Niy (o0, 7) +
+ N1 4(0,7) + Nf;(O, r) —logr + O(1), the same inequality holding for H,(r);

@ f=g

3) fg=1.
Proof. Set
1 1
F=—— G=——
f=1 g—1
1 !/ A / (31)
L= f—, P I 429
f f—=1 g g—1
Then
F// G/l

Next we consider the following two cases:

Case 1: L # 0. Since Ey(1) = E,4(1), if f(a) = 1,9(a) = 1 and v(a) = vy(a), then

L(a) = 0. We now consider the poles of L. It is clear that all poles of L are of order 1. We can easily
see from (3.1) that any simple pole of f and g is not a pole of L and the poles of L only occur at
zeros of f’ and ¢’ and the multiple poles of f and g.

From (3.1) we have
mL(OO7T) = 0(1)7
and

NFY(1,7) = Ny (1, 7) < Ni(0,7) < Ti(r) + O(1) < Ny (o0,7) + O(1). (3.3)

On the other hand, by Lemma 2.2,
Tr(r) < Ny p(oo,7) 4+ Ny f(0,7) + Ny s(1,7) — No p(r) — logr + O(1),

where Ny () denotes the counting function of those zeros of f’ but not that of f(f — 1). Also,
Ny, g (r) is defined similarly, where in counting, each zero of f’ is counted with multiplicity 1.
From (3.1), (3.2) and (3.3) we deduce that

NF'(1,7) < N7 (o0, 1)+

+N72(00,7) + N1 pr(r) + Nigg(r) + NEF(0,7) + Nia(0,7) + O(1). (3.4)

Since Ef(1) = E4(1),
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Ny f(1,r) = NF'(1,r) + Nio(1,7).
Then

Ty(r) < Ny j(00,7) + Nip(0,7) + N7 (1,7) + NEJ(1,7) = Nopr(r) —logr + O(1).  (3.5)

Now we consider Nf;(l, T).
By Lemma 2.1,

Ny (0,7) = Ng(0,7) + N1,4(0,7) = Ny (0,7) < Ty (r) + O(1) =

= N%,(oo,r) +m gy (00,7) +0(1) =

g

= Ny g(00,7) + N1,4(0,7) + O(1).

Therefore
Ny (0,7) < Nig(00,7) 4+ Ng(0,7) + O(1).
Moreover
Nog (r) + N2 (L,7) + N72(0,7) = Ni7(0,7) < Ny (0, 7).
The above two inequalities yield
Nog (r) + NFZ(1,7) < Ny g(00,7) + N1,4(0,7) + O(1).

Combining this inequality and (3.4) and (3.5), we obtain (1).
Case 2: L =0. Then

1 ! 1! /
U A A (3.6)

frof=1"4q9 Tg-1

By (3.6) we have

F/l G//
§ad = Yk
Thus
ag+b
cg+d’

f=

where a, b, ¢, d € C, satisfying ad — bc # 0. Then Ty (r) = T4(r) + O(1).

Next we consider the following subcases:
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Subcase 1: ac # 0. Then

p_ v
f-2=—=
c cg+d
By Lemma 2.3
Tf(?“) < NLf(OO,’I“) + Nl,f*%(ovr) + Nl,f(()?T) + O(l) =
= Ny f(00,7) + Ny g(00,7) + Ny f(0,7) + O(1).
We get (1).
ag+b
Subcase 2: a #0,c=0. Then f = T If b # 0, by Lemma 2.2,

Tf(?") S Nl,f(oovr) + Nl,f_%(ovr) + Nl,f(oar) + 0(1) =

= ngf(oo, T) + NLQ(O,?”) + Nl,f(O, 7’) + 0(1)

We get (1). If b = 0, then f = %. If%

E¢(1) = E4(1) and Lemma 2.3

= 1, then f = g. We obtain (2). If% # 1, then by

[#L TS

Tf(’l") < NLf(OO,?”) + N17f( ’l“) + N17f(1,7") + O(l) = NLf(OO,?“) + O(l)

@
d’
We get (1).

Subcase 3: a=0,c#0. Then f = b

cg+d

.1fd # 0, by Lemma 2.2,
Tf(?") S Nl,f(OO7 ’I") + Nl,f_%(ovr) + Nl,f(OaT) + 0(1) =

= Nl,f(oo, T) + NLQ(O,?”) + Nl,f(O, 7’) + O(l)

We obtain (1).
b

Ifd =0, then f = E If - =1, then fg = 1. We obtain (3).
cg ¢

Ifé # 1, then by E¢(1) = E4(1) and Lemma 2.2,
c
b
f 7é 17 f 7é E)

b
Ty(r) < Nif(oo,r) + Nyf (c’ r> + Ny ¢(1,7) + O(1) = Ny f(c0,7) + O(1).
We get (1).

Lemma 3.3 is proved.
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Now we use the above lemmas to prove the main result of the paper.

Proof of Theorem 1.4. From P(z) = ap(z — a1)™ (z — a2)™ ... (2 — as)™*, ag # 0, P(f) =
= ao(f —a1)™ (f —a2)™ ... (f —as)™s. Set G = P(f)(ALf)*1 ... (ALf)Fa. We see that any pole
of G can occur only at poles of f, f(z+¢), f(z+ 2¢),..., f(z+ gc), and any zero of G can occur
only at zeros of f — a1, f —ag,...,f —as, ALf,... ,A?f . From this and by Lemmas 2.1, 2.2,
3.1(5), 3.1(6), 3.2(1), 3.2(3) we have

<n +3 Zq: ki — Zq: ki2i“> Ty(r) < Tg(r) + O(1) <
=1 =1

< Nig(oo,7) + N1g(0,7) + Ny gla,r) —logr +O(1) <

q s
< Nl’f(oov )+ Z Nl,f(ZJriC) (OO, T’) + Z Nl,f(aiﬂ T)_'_
=1 =1

q
+> Nyaip+ Nigla,r) —logr +0(1) <
=1

<Tg(r) +qT¢(r) + sT¢(r) + ZQ T¢(r) + Nig(a,r) —logr+O(1) =

q
— (Z 2+ q+s+ 1) T(r) + Nigla,r) —logr + O(1).

=1

Therefore

<n+32k —Z (2k; +1)2° qsl) Ty(r) +logr < Nyg(a,r)+ O(1).

=1
Since and
q
Z 2%k +1 2’+q+s+1—3ZkZ,
i=1 =1
we obtain
P(f)ALH)F .. (ALf)s
has zeros.

Theorem 1.4 is proved.

Proof of Theorem 1.5. From P(z) = ap(z —a1)™ (z —a2)™ ... (2 —as)"™,a0 # 0, P(f) =
=ao(f—a1)™(f—a2)™...(f —as)™.Set F = P(f)(f(z4¢))® ... (f(z+ kc))%. We see that
any pole of F' can occur only at poles of f, f(z+¢), f(z+ 2¢),..., f(z + kc), and any zero of G
can occur only at zeros of f —ay, f —ag,..., f —as, f(z+c¢), f(z+ 2¢),..., f(z+ kc). From
this and by Lemmas 2.1, 2.2, 3.1 (5), 3.1 (6), 3.2 (4) we have
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k
(n - Z%’) Ti(r) < Tr(r) + O(1) <
i=1
< Ny p(00,7) + Ni,p(0,7) + Ny p(a,r) —logr + O(1) <

k s k
< NLf(OO, 7“) + Z NLf(z—&-ic)(OO, 7“) + Z NLf(ai, 7“) + Z vaf(z_;'_ic)(o, ?”)+
=1 =1 =1

+N17F(a, 7”) — logr + O(l) S Tf(?“) + ]ﬁTf(T) + STf(T‘) + ka(T) + NLF(OL,T)—

—logr+O(1) = (2k + s+ 1)T¢(r) + N1, p(a,r) —logr + O(1).

Therefore
k
<n - Zqi — 2k —s— 1) Ty(r) +logr < Ny r(a,r)+ O(1).
i=1
Since and
k
n>Y g+2k+s+1
i=1
we obtain
P(f)(f(z+ )™ ...(f(z+kc))* —a
has zeros.

Theorem 1.5 is proved.

159

Proof of Theorem 1.6. (1) Set A= f"f(z+¢)...f(z+ke), B=g"g(z+¢)...g9(z+ kc).

It suffices to consider the following cases:
Case 1:

Ta(r) + O(1) < Ny,a(00,7) + N3 (00, 7) + N1 a(0,7) + N7 (0,7)+
+N1,B(00,7) + N{g(00,7) + N1,5(0,7) + NE5(0,7) — logr + O(1).

By Lemmas 3.2 (4), 3.3,

(n— k)Ty(r) < Ta(r) + O(1) < Nya(oo,7) + NE3(00,7) + N1a(0,7) + N3 (0,7)+

+N1,5(00,7) + Nip(00,7) + N1,5(0,7) + N{7(0,7) —logr + O(1),
(n— k)T, (r) < Tp(r) + O(1) < Ny,a(o0,7) + N{3(00,7) + N1, a(0,7)+

+N12j(0, r)+ Ny (oo, r) + Nfé(oo, r)+ Ny p(0,7) + Nfé(o, r) —logr+ O(1).

We see that any pole of A can occur only at poles of
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[ f(z+0), f(z420),..., f(z + ke).
From this and by Lemmas 2.1, 3.1 (5), 3.1 (6) we have
Ny a(oo,r) + lej(oo,r) <

k

< 2N f(00,7) + 3 (N opi (00,7) + N2y (00,7)) + O(1) <
=1

k
< 2Nf(oov T) + Z Nf(z—‘ric)(oo’ T) + O(l) <
i=1

k
<2T5(r) + Y Ty(ario)(r) + O(1) < (k+ 2)T(r) + O(1).
=1

So
N1,a(00,7) + NE3(00,7) < (k+ 2)T(r) + O(1). (3.8)
Similarly, and note that any zero of A can occur only at zeros of
f,flz+¢), f(z+2¢c),..., f(z+ kc),
we obtain
N1,a(0,7) + N2 (0,7) < (k + 2)Ty(r) + O(1). (3.9)
Similarly we obtain

N1,p(00, 1) + Nig(o0,) < (k + 2)Ty(r) + O(1),
(3.10)
N1,5(0,7) + NT5(0,7) < (k+ 2)Ty(r) + O(1).

From (3.7)—(3.10) we have
(n — k)Ty(r) < (2k + 4)(T(r) + T,(r)) — logr + O(1).
Similarly
(n— k)T,(r) < (2k + 4)(T;(r) + T,(r)) —logr + O(1).
So
(n = k)(Ty(r) + Ty(r)) < (4k + 8)(Ty(r) + Ty(r)) — 2logr + O(1),
(n — 5k — 8)(Ty(r) + T, (r)) + 2logr < O(1).

By n > 5k + 8 we obtain a contradiction.
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Case 2: A= f"f(z4+¢)...f(z+ke)=B=g"g(z+c¢)...g(z+ kc). Set h = i Assume
g
that A is not a constant. Then we get

1
h(z+c)...h(z+ke)

n

Thus, by Lemma 3.1 (5), we get

nIy(r) =Ty =T

h(z+c)...h(z+ke) h(z+kc)

z—Hc ( ) < kTh(T)v

||Mw

which is a contradiction with n > 5k + 8. Hence h must be a constant, which implies that A" % = 1,
thus f = hg with R"tF = 1.

Case 3: f"f(z+c¢)... f(z+kc).g"g(z+¢)...g9(z+ kc) = 1. From this we have (fg)"(f(z+
+e)g(z4¢))...(f(z+ ke)g(z + ke)) = 1. Set | = fg. Assume that [ is not a constant. Then we
get

_ 1
S l(z+o) .. Az +ke)
Similar as above, [ must be a constant. Thus fg = [ with ["T% = 1.
2)Set C = f*"(f(z+e)P...(f(z4+ke)®,D =g"(g(z+ ) ...(g9(z + kc))%*
It suffices to consider the following cases:

Case 1:

n

To(r) + O(1) < Nyo(o0, 1) + Nia(oo,7) + Ny,o(0,7) + Npa(0,r)+

+N1,p(00,7) + Nip(00,7) + N1p(0,7) + N (0,7) — logr + O(1).
By Lemmas 3.2 (4),

k
(n -> %’) Ty(r) < Te(r) +O(1),
=1

(3.11)
(n - Zqz) ) < Tp(r) + O(1).
Byq12277’:177k)
Ny (feie)y (00,7) + N (o iy (00:7)) < 2Nz iy (00,7).
From this and similar as (3.8) we obtain
N1,o(00,) + Nig(00,7) < (2k + 2)Ty(r) + O(1),
Ni.c(0,7) + N7 (0,7) < (2k + 2)T¢(r) + O(1),
(3.12)

Ni,p(o0,T) —i—NlD(oo r) < (2k 4+ 2)T4(r) + O(1),

N1,p(0,7) + N7 5 (0,7) < (2k + 2)Ty(r) + O(1).
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Since (3.11), (3.12), and similar as in (1) we obtain

To(r) < (4k +4)(Ty(r) + Ty(r)) — logr + O(1),

Tp(r) < (4k +4)(T(r) + Ty(r)) —logr + O(1),

=1

k
(n — Z% — 8k — 8) (T¢(r) +Ty(r)) + 2logr < O(1).
By

k
n>> g +8k+8
=1

we obtain a contradiction.
Case 2: C = f"(f(z4+ ) ...(f(z+ke) =D =g"(g(z+ ) ... (9(z + kc))%.

Similar as Case 2 of (1) we get f = hg with AT +Tak = 1,
Case 3: f"(f(z4+ )P ...(f(z+ ke))®.g"(g(z+ ) ...(9(z + kc))®* = 1.

Similar as Case 3 of (1) we get fg = [ with ["Tai+Fdk — 1,

(3) Set E = f"f(z+ e1c)...f(z + eme)(f(z + t10) ... (f(z + tye))®*  H = g"g(z +
+e1c)...g9(z+eme)(g(z+t1e)? ... (g(z + tge)) .

It suffices to consider the following cases:

Case 1:

Tp(r) + O(1) < Nyg(co, ) + Nip(o0,r) + Ny,g(0,7) + N (0,7)+

+N1,11(00,7) + Ni i (00,7) + Ny (0,7) + Ni (0, 7) — logr 4 O(1).

By Lemma 3.2 (4)

k
<n —m- ZqZ) Ty(r) < T(r) +O(1),
- (3.13)

k
<n —m — Zqz> Ty(r) <Tp(r)+ O(1).
i=1

Similar as Case 1 of (1) and (2) we have
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163
>2
Ni,g(00,r) + Ni (oo, ) <
m k
< 2Np(00,7) + > Npaieie)(00,7) +2) - Nyoyre)(00,7)O(1) <
i=1 i=1

N1,5(0,7) + N{p(0,7) < (m + 2k + 2)Ty(r) + O(1),
Ny (00, 7) + Nig(00,7) < (m + 2k + 2)Ty(r) + O(1),

Ng (0,7) + NE7(0,7) < (m+ 2k + 2)Ty(r) + O(1).

Since (3.13), (3.14), and similar as in (1), (2), we obtain

k
(n —m — Z qi> Tp(r) <2(m+ 2k +2)(Tr(r) + Ty(r)) — logr 4+ O(1),
i=1
k
(n —m— Zqz> Ty(r) < 2(m+ 2k +2)(Ty(r) + Ty(r)) —logr + O(1),
i=1
k
(n —m—Y Qi> (Ty(r) + Ty(r)) < 4(m + 2k + 2)(Ty(r) + Ty(r)) — 2logr 4+ O(1),
i=1

k
<n —5m—> g —8k— 8) (Ty(r) + Ty(r)) + 2logr < +O(1).

=1

Which is a contradiction with

k
n>5m+ Y g+ 8k+8.
=1

Case 2: Prove is similarly as in Case 2 of (1) and (2) we get f = hg with pHmTaitFae — 1,
Case 3: Prove is similarly as in Case 2 of (1) and (2) we get fg = [ with [PTmtaitFak — 1,
Theorem 1.6 is proved.
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