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ON AGARWAL - PANG-TYPE INTEGRAL INEQUALITIES"
ITPO HEPIBHOCTI TUITY AT'APBAJIA -IIAHT'A

We establish some new Agarwal —Pang-type inequalities involving second-order partial derivatives. Our results in special
cases yield some of interrelated results and provide new estimates for inequalities of this type.

BcranoBneHo aesiki HOBI HepiBHOCTI Ty Arapsana—[lanra, o MicTATh YaCTHHHI MOXIiAHI APYroro mopsjaky. B okpemux
BUTIAJIKAX 13 OJCP)KAHUX PE3yNbTaTiB BUILIMBAIOTH JICSAKI IOB’s3aHI Pe3y/IbTaTH Ta HOBI OLIHKU JUISi HEPIBHOCTEH IHOTO
THITY.

1. Introduction. In the year 1960, Opial [1] established the following inequality:
Theorem A. Suppose f € C|0, k] satisfies f(0) = f(h) = 0 and f(x) > 0 for all x € (0, h).
Then the inequality holds

h

h
[lr@s@lde< ] [, (11)
0

0

where this constant h/4 is best possible.

Many generalizations, extensions and discretizations of Opial’s inequality were established (see
e.g. [2—15]). For an extensive survey on these inequalities, see [16]. Opial’s inequality and its
generalizations and extensions play a fundamental role in establishing the existence and uniqueness
of initial and boundary-value problems for ordinary and partial differential equations as well as
difference equation [8—16].

In 1995, Agarwal and Pang [17] proved the following Wirtinger’s type inequality and an inter-
esting Opial’s type inequality, respectively.

Theorem B. Let A > 1 be a given real number, and let p(t) be a nonnegative and continuous
Sunction on [0, a]. Further, let x(t) be an absolutely continuous function on [0, a, with x(0) = z(a) =
= 0. Then

a a

[ptolaoPa < 5 [itta =010 2pwar [ oo . (1.2)
0

0 0

Theorem C. Assume that

1 1
(1) I, m, u and v are nonnegative real numbers such that — + — =1, and [y > 1,
v

(ii) q(t) is a nonnegative and continuous function on |0, a],

(iii) let x1(t) and x2(t) are absolutely continuous functions on [0,al], with £1(0) = z1(a) =
= 332(0) = 1:2((1) =0.

Then
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a a 1/u
a0 [lzr(ol [0 + ke i 0] de < { 5 [trta— 0] V2 yar | x
0 0
xo/ [; (]x’l(t)|l“ + }mg(t)\“‘) + % (|1 )™ + |25@)]™) ] dt. (1.3)

The main purpose of the present paper is to establish Agarwal — Pang-type inequalities involving
2-order partial derivatives. Our results in special cases yield (1.2) and (1.3), respectively.

Theorem 1.1. Let A > 1 be a real number, and let p(s,t) be a nonnegative and continuous
Sunctions on [0, a] x [0,b]. Further, let x(s,t) be an absolutely continuous function on [0, a] x [0, b],
with z(s,0) = z(0,t) = 2(0,0) = 0 and x(a,b) = z(a,t) = x(s,b) = 0. Then

a b
/ / p(s,Dla(s, 1) Pdsdt <
0 0
a b a b

82
_ (A=1)/2
//sta s)(b—1t)] p(s,t)dsdt //‘asatm(s,t)
00

0 0

A
dsdt. (1.4)

l\’)\'—‘

Theorem 1.2. Assume that L1
(1) I, m, u and v are nonnegative real numbers such that — + — =1, and [y > 1,
v
(ii) q(s,t) is a nonnegative and continuous function on [0, a] x [0, b],
(iil) let j = 1,2 and x;(s,t) are absolutely continuous functions on [0, a] x [0, b], with x;(s,0) =
=x;(0,t) = 2;(0,0) = 0 and xj(a,b) = z;(a,t) = z;(s,b) = 0.

Then
a b
ESEE
0

2

+ ool O | 5

\

8 ot (5,2) xl(S,t)‘m] dsdt <

1/p

b
//st a—s)(b—t)]WHD2¢k (s t)dsdt X
0 0

lw
) .
mv) ] dsdt. (1.5)

We also establish the following Opial-type inequality involving 2-order partial derivatives.

IN
/=~
O |

IS)

lp 2

0sot

xa(s,t)

l

mu 2

0s0t

+ ‘ 22(s, 1)
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Theorem 1.3. Letj = 1,2 and A > 1 be a real number, and let p;(s,t) be a nonnegative and
continuous functions on [0, a] x [0,b]. Further, let xj(s,t) be an absolutely continuous function on
[0,a] x [0,b], with zj(s,0) = z;(0,t) = 2;(0,0) = 0 and xj(a,b) = z;(a,t) = z;(s,b) = 0. Then

a b
// p1(s,t)|z1(s t)|)‘—|-p2(5,t)|x2(s,t)\)‘) dsdt <
0 0

1 /ab\ ! 47 ¢ b 52 A
§2<2> [ //plstdsdt //' xlst dsdt+
0 0 0
a b a b 82 A
+ //pg(s,t)dsdt //‘858 (s,t)| dsdt]|. (1.6)
0 0 0

2. Main results and their proofs.

Theorem 2.1. Let A > 1 be a real number, and let p(s,t) be a nonnegative and continuous
Sunctions on [0, a] x [0,b]. Further, let x(s,t) be an absolutely continuous function on [0, a] x [0,b],
with z(s,0) = z(0,t) = 2(0,0) = 0 and x(a,b) = z(a,t) = x(s,b) = 0. Then

a b

//p(s,t)x(s,t)\)‘dsdt <
00
a b a b
1 //sta—s — )] A=D2p(s, t)dsdt // o x(s,t) dsdt (2.1)
2 dsot” ' )
00 0
Proof. From the hypotheses, we have
s t
o dsd
= 14
x(s,t) //asatx(s,t) s
00
By Holder’s inequality with indices A and A/(A — 1), it follows that
¢ A7 1/2
82
|z (s, 8)|M? < //‘ )| dsdt <
0
. 1/2
82
st (A=1)/ //’ (s,t) dsdt . 2.2)
00

Similarly, from

ISSN 1027-3190. Vkp. mam. xcypn., 2012, m. 64, Ne 2



ON AGARWAL -PANG-TYPE INTEGRAL INEQUALITIES 203

a b 82
x(s,t)://asatx(s,t)dsdt,
s t

we obtain

1/2

x(s,t)| dsdt . (2.3)

a b
(s, 8)|? < [(a— 5)(b— £)] D/ //

Now a multiplication of (2.2) and (2.3), and by the elementary inequality 2v/af < a+ 5, a > 0,
B <0 gives

0s0t

. 1/2
2
A< _ _
|z(s, )| < [st(a—s)(b—1)] // 550" x(s,t) dsdt X
00
o b 1/2
2
<
// 888tx(s,t) dsdt <
s t
1 e s t 9 A a b 82 B
< = - — - =
_2[875(@ s)(b—1)] // aSatx(s,t) dsdt+//‘8satx(s,t) dsdt
0 0 s t
{ a b 82 \
= 5 [st(a—s)(b—1)] /2// (s,t)| dsdt. (2.4)
0

Multiplying the both sides of (2.4) by p(s,t) and integrating both sides over ¢ from 0 to b first and
then integrating the resulting inequality over s from 0 to a, we obtain

a b

/ / p(s,Dla(s, 1) Pdsdt <
00
. a b a b 82 \
- _ (A=1)/2y,
2// [st(a —s)(b—1t)] (s,t) // 550" x(s,t)| dsdt | dsdt =
0 00
a b a b

dsdt.

2
:% //sta—s (b— )] A 2p(s, t)dsdt //‘ 0 x(s,t)
0 0 0

Remark 2.1. Let x(s,t) reduce to s(¢) and with suitable modifications, Theorem 2.1 becomes
Theorem B stated in the introduction which was given by Agarwal and Pang [17].
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Remark 2.2. Taking for p(s,t) = constant in (2.1), we have

//|:cstAdsdt< ~(ab)* [ <A+1)‘+1>] //‘858 (s,1)

where B is the Beta function.
Theorem 2.2. Let j =1,2 and X\ > 1 be a real number, and let p;(s,t) be a nonnegative and

dsdt

continuous functions on [0, a] x [0,b]. Further, let xj(s,t) be an absolutely continuous function on
[0,a] x [0, b], with zj(s,0) = z;(0,t) = 2;(0,0) = 0 and xj(a,b) = z;(a,t) = z;(s,b) = 0. Then

a b
[ [ (001050 + ot )haals ) e <
0 0
A—1 a b a b 9 A
S;(ZI)) [ //pl(s,t)dsdt //' O ei(s.t)| dsdi+
0 0 0 0
a b a b 82 A
+ //pg(s,t)dsdt //‘85(‘% (s,t)| dsdt]|. (2.5)
0 0 0

Proof. From the hypotheses, we have

s t 82 a b 82
xl(s,t)—//asatxl(s,t)dsdt and xl(s,t)—//888tx1(s,t)dsdt.
00

s t

Hence

82

9501 dsdt.

x1(s,t)

By Holder’s inequality with indices A and A/(\ — 1), it follows that

a b A
82
pi(s, s (s, ) < (s, 1) //‘ a1(s.0)| dsat | <
0
a b
1 b )\—1 2 )\
§2<a2> pl(S,t)//' 0 (s,t)] dsdt. (2.6)
0
Similarly
a b A
82
pz(Sat)’fUz(S,tN)‘_ Sxp2(s:t) //‘83815@ (s,t)|dsdt | <
0
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A1 a b 9
<L(a ( t)// O o(st)
=3 B D21, 888tm2 S,

0 0

Taking the sum of (2.6) and (2.7) and integrating the resulting inequalities over ¢ from 0 to b first

A
dsdt. 2.7)

and then over s from 0 to a, we obtain (2.5).
Remark 2.3. Taking for z1(s,t) = xi(s,t) = x(s,t) in (2.5), (2.5) changes to the following
inequality:
a b

//p(s,t):c(s,t)\Adsdt <

0 0

a b a b
1 /ab\*! 0? A
< 5 <2> //p(s,t)dsdt // ’asatx(s,t)
0 0 00

Let (s, t) reduce to s(t) and with suitable modifications, (2.8) becomes the following result:

dsdt. (2.8)

a a a
/p(t)|1:( Pt < ; (g)H /p(t)dt /\x’(t)]’\dt. (2.9)
0 0 0
This is just a new inequality established by Agarwal and Pang [17]. For A = 2 the inequality (2.9)
has appear in the work of Traple [18], Pachpatte [19] proved it for A = 2m (m > 1 an integer).
Remark 2.4. Let z;(s,t) reduce to s;(t), j = 1,2, and with suitable modifications, (2.5) be-
comes the following interesting result:

a

/ (pl(t)|$1(t)\A +p2(t)‘x2(t)‘/\> dt <

0
1 A1 a a a a
a\ "~ A A
<3 (%) [ /pl(t)dt /\:cg(t)\ dt + /pg(t)dt /|x;(t)\ dt].
0 0 0 0
Theorem 2.3. Assume that
(1) I, m,p and v are nonnegative real numbers such that + —=landlp>1,

(ii) q(s,t) is a nonnegative and continuous function on [Ollfa] x [0, b],
(iil) let j = 1,2 and x;(s,t) are absolutely continuous functions on [0, a] x [0, b], with z;(s,0) =
=2;(0,t) = 2;(0,0) = 0 and z;(a,b) = zj(a,t) = z;(s,b) = 0.
Then
a b 9

m a m
l
= <
//q s, t) [ml s, )| ‘3 atc@(s,f)‘ + |xa(s,t)] 'asatxl(s,t)' ]dsdt_
0

a b 1/p

//st a—5)(b—t)]W=D2k (s t)dsdt X
00

| =

ISSN 1027-3190. Yxp. mam. xcyphu., 2012, m. 64, Ne 2



206 C. J. ZHAO, M. BENCZE

a b I I
1 62 H 2 I
— t
x// . ‘8 8t:cl(s, ) +‘8Sat$2(s, ) +
0 0
1 82 muv 2 muv
- t t dsdt. 2.10
+v ('&Sf)txl(s’ )|+ ‘838tm2<8’ ) >] § (2.10)
wt 2
Proof. From the Holder’s inequality, the inequality (2.1) and Young’s inequality wz < — + —
I v
we have
a b [—)2 m
//q s, t)|z1(s,t)] asatxg(s,t)’ dsdt <
0

IN

1/v
dsdt) <

a b a b 82
//q“st]xlst“dsdt //‘ xgst
0

a b a b 9 1/p
1
<= — ) (b — )] 1)/2 //
< (2//[st(a s)(b—t)] q"(s,t) dsdt) ( T (s,t) dsdt x
0 0
a b 1/v
X // & t) vd dt <
858t$2 % 5 -
0
a b 1/u
(;//st (a—s)(b—t)|H=D/2g1 s t)dsdt) X
0
a b 1 82 lu 1 62 muv
><// <M 080t$1 5:1) +v 0sOt 2(5,1) )det’ (2.11)
0
and similarly
a b !
82
//q(s,t)]ml(s,tﬂm‘a 8tx2(s,t) dsdt <
0 0

| =

a b p
( // [st(a — s)(b— t)]t=D/2gk (s, t)dsdt) X
0 0
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a b
y / / 1] o2
v |osot™
0 0
An addition of (2.11) and (2.12) gives the inequality (2.10).

Remark 2.5. Let x(s,t) reduce to s(¢) and with suitable modifications, (2.10) becomes the
following result:

muv
82

(s,1)

xa(s,t)

+u‘886t

lp
) dsdt. (2.12)

a

/ﬁ@ﬂm&ﬂh%mm+mxmﬂﬁwWﬂﬁé

0
a 1/p
< ;/[t(a—t)](l“_l)/zq”(t)dt %
0
a 1 ’ I / lu 1 , mv , mo
x/[u (!xl(t)l + |5(t)] )+;(‘x1(t)] + |25 ()] )]dt. (2.13)

0

The inequality (2.13) has appeared in the work of Agarwal and Pang [17].
Remark 2.6. Let q(s,t) # constant and taking for 4 = v = 2 in (2.10), we obtain

0 tazl(s,t)' >d5dt <

a b
82 m 1
l l
//q(s,t) <\x1(s,t)| ‘888t:c2(8,t)‘ + |xa(s,t)] 559
0 0

a

b
;//st a—s)(b—1)]PD2¢2(s, t)dsdt X
0

1/2

IN

a

b 2 9 21
x//(’@@t ) ‘88t 2(s,8)| +
0
92 2m 2 2m
+ ‘Ma:l(s,t) + ‘asatmg(s,t) )dsdt. (2.14)

Let x(s,t), j = 1,2, reduce to s;(t) and with suitable modifications, (2.14) becomes the following
result:

a

[a® (im0 [25(0] ™ + a0 Jai (0] e <

0

a 1/2

L/Wa—ﬂW“””f@Mt x

0

VAN
oo =
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X / (\m’l(t)\” + |2 ()" + |2 ()] + \xg(t)f’") dt. (2.15)
0

This is just an inequality established by Agarwal and Pang [17]. The inequality (2.15) is sharper than
the following inequality (see [17]):

a

[ a0 (im0l [25(0)] ™ + a0 Jah 0] e <

20-1
< Zm/q?(t)dt /(]x’l(t)}2l+]x’2(t)}2l+ O + |zh@)*") at.

For the integers [, m > 1, the inequality (2.15) has been obtained by Lin [20].

3. Uniqueness of initial value problem. Here, as application to one of the inequalities obtained
in Section 2 we shall prove the uniqueness of the solution of initial value problem involving higher
order ordinary equation.

Theorem 3.1. For the system of differential equations

i = fi(tyn by h), 5=12, (3.1)
together with the initial conditions
y0) =y j=12 0<i<l, (3.2)
we assume that f;: [0,7] R? x R? — R are continuous, and satisfy the Lipschitz condition

|f; (6 Y100 y1,15 92,0, y2.1) — £ (8, 91,0, 91,1, 92,0, 92,1)| <

1
<3 [asn @l — g1l + @250 Olys — 524l
k=0
where the functions q, ;1 > 0,1 < r, 4j < 2,0 < k < 1, are continuous on [0,7]. Then the
problem (3.1), (3.2) has at most one solution on [0, T].
Proof. 1f the problem (3.1), (3.2) has two solutions (y1(t),y2(t)), (g1(t),72(t)) then for the
functions z(t) = y;(t) — y;(t), j = 1,2, it follows

1

< 2 [0 OO 01+ wsut0laf? Ol 0]

TF

Summing these two inequalities, and integrating from 0 to ¢, we obtain

1 t
[l +g5R]ds < 3 [ as) [lsl )l )]+ 1ol 0)]|ds+
0
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k=0

1 t
+3° [ a6 [l )] + 1o 5) ] ()] s, (33)
0

where g5, (t) = max(q1,1,6(t), g2,2,6(t)) and g (¢) = max(g2,1,k(t), q1,2,k(t))-
For 0 < k < 1, on the right side of (3.3), we apply the inequality (2.10) with z(s,t) = z(t),
Il =1, p =2,m =1 and with suitable modifications, to obtain the following inequality:

t
J i1 0F + 56 Plas < k) [ 120 + |25 () P]as. (.4)
0

o _

where K (t) is a continuous function with the property K (0) = 0. Hence, the inequality (3.4) implies
that yl(t) =1 (t), yg(t) = gg(t) and t € [0, T].
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