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RECOGNITION OF THE GROUPS L5(4) AND U,(4) BY THE PRIME GRAPH
PO3MI3HABAHHS I'PYII L5(4) TA Uy(4) IO T'PA®Y NPOCTUX YHUCEJ

Let G be a finite group. The prime graph of G is the graph I'(G) whose vertex set is the set II(G) of all prime divisors of
the order |G| and two distinct vertices p and ¢ of which are adjacent by an edge if G has an element of order pg. We prove
that if .S’ denotes one of the simple groups Ls(4) and U (4) and if G is a finite group with I'(G) = I'(S), then G has a

normal subgroup N such that IT(N) C {2,3,5} and % ~g.
Hexait G — ckinuenna rpyma. ['pagom mpoctux uncen rpynu G HasusaoTs rpad I'(G), MHOXHHOIO BEpIIMH SKOTO €

muoxuna I1(G) ycix npoctux ninbHUKIB mopsiaky |G| i B sikomy IBi pi3Hi Bepumuu p Ta g 3’eaHani pebpom, skmo G
MICTHTB €JIEMEHT MOPsAKY pq. JoBexeHo, mo, skmo S € oxHieo 3 mpoctux rpyn Ls(4) ta Us(4), a G € CKiHIeHHOIO

rpynoto, s sxoi I'(G) = T'(S), to G mae nHopmasery miarpyny N taxy, mo II(N) C {2,3,5} Ta N ~S.

1. Introduction. Let G be a finite group. The spectrum w(G) of G is the set of orders of elements
in GG, where each possible order element occurs once in w(G) regardless of how many elements
of that order G has. This set is closed and partially ordered by divisibility, hence it is uniquely
determined by its maximal elements. The set of maximal elements of w(G) is denoted by (G). The
number of isomorphic classes of finite groups H such that w(G) = w(H) is denoted by h(G). If
h(G) = k > 1 is finite then the group G is called a k-recognizable group by spectrum. If h(G) is not
finite, G is called non-recognizable. A 1-recognizable group is usually called a recognizable group.
The recognizability of finite groups by spectrum was first considered by W. J. Shi et al. in [16]. A list
of finite simple groups which are known to be or not to be recognizable by spectrum is given in [11].

For n € N, let II(n) denote the set of all the prime divisors of n, and for a finite group G let
us set II(G) = II(|G|). The prime graph I'(G) of a finite group G is a simple graph with vertex set
II(G) in which two distinct vertices p and ¢ are joined by an edge if and only if G has an element
of order pq. It is clear that a knowledge of w(G) determines I'(G) completely but not vise-versa
in general. Given a finite group G, the number of non-isomorphic classes of finite groups H with
I'(G) =T'(H) is denoted by hr(G). If hp(G) = 1, then G is said to be recognizable by prime graph.
If hp(G) = k < o0, then G is called k-recognizable by prime graph, in case hr(G) = oo the group
G is called non-recognizable by graph. Obviously a group recognizable by spectra need not to be
recognizable by prime graph, for example Aj is recognizable by spectra but I'(45) = I'( Ag).

The number of connected components of I'(G) is denoted by s(G). As a consequence of the
classification of the finite simple groups it is proved in [19] and [10], that for any finite simple group
G we have s(G) < 6. Let IT; = II;(G), 1 < i < s, be the connected components of G. For a group
of even order we let 2 € II;. Recognizability of groups by prime graph was first studied in [6] where
some sporadic simple groups were characterized by prime graph. As another concept we say that a
non-abelian simple group G is quasi-recognizable by graph if every finite group whose prime graph
is I'(G) has a unique non-abelian composition factor isomorphic to G.

It is proved in [20] that the simple groups G2(7) and 2Gs(q), ¢ = 3*™*! > 3, are recognizable
by graph, where both groups have disconnected prime graphs. A series of interesting results concern-
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ing recognition of finite simple groups were obtained by B.Khosravi et al. In particular they have
stabilized quasi-recognizability of the group Lio(2) by graph and the recognizability of Lis(2) by
graph in [8] and [9], where both groups have connected prime graphs.

Next we introduce useful notation. Let p be a prime number. The set of all non-abelian finite
simple groups G such that p € II(G) C {2,3,5,...,p} is denoted by &,,. It is clear that the set of
all non-abelian finite simple groups is the disjoint union of the finite sets &,, for all primes p. The
sets &,,, where p is a prime less than 1000 is given in [21].

2. Preliminary results. Let G be a finite group with disconnected prime graph. The structure of
G is given in [19] which is stated as a lemma here.

Lemma 2.1. Let G be a finite group with disconnected prime graph. Then G satisfies one of
the following conditions:

a) s(G) = 2, G = KC is a Frobenius group with kernel K and complement C, and the two
connected components of G are I'(K) and I'(C). Moreover K is nilpotent, and here T'(K) is a
complete graph.

b) s(G) = 2 and G is a 2-Frobeuius group, i.e., G = ABC where A,AB <G, B < BC, and
AB, BC are Frobenius groups.

— G
¢) There exists a non-abelian simple group P such that P < G = N < Aut (P) for some

nilpotent normal 111 (G)-subgroup N of G and g is a 111 (G)-group. Moreover, I'( P) is disconnected
and s(P) > s(G).

B
If a group G satisfies condition(c) of the above lemma we may write P = i B < @G, and
G

= — = A, hence in terms of group extensions G = N - P - A, where N is a nilpotent normal
(G)-subgroup of G and A is a IT; (G)-group.
The above structure lemma was extended to groups with connected prime graphs satisfying

G
P
I,

certain conditions [17]. Denote by ¢(G) the maximal number of primes in II(G) pairwise nonadjacent
in I'(G) and t(2, G) the maximal number of primes in II(G) nonadjacent to 2.

Lemma 2.2. Let G be a finite group satisfying the following conditions:

a) there exist three pairwise distinct primes in I1(G) nonadjacent in I'(G), i.e., t(G) > 3.

b) there exists an odd prime in I1(G) nonadjacent in T'(G) to 2, i.e., t(2,G) > 2.

% < Aut (S) for the
maximal normal solvable subgroup K of G. Furthermore t(S) > t(G) — 1 and one of the following

Then there is a finite non-abelian simple group S such that S < G =

statements holds:

1. S = A7 or La(q) for some odd q, and t(S) = t(2,G) = 3.

2. For every prime p € 11(G) nonadjacent to 2 in I'(G) a Sylow p-subgroups of G is isomorphic
to a Sylow p-subgroup of S. In particular t(2,S) > t(2,G).

In the following we list some properties of the Frobenius group where some of its proof can be
found in [15].

Lemma 2.3. Let G be a Frobenius group with kernel K and complement H. Then:

a) K is nilpotent and |H| | (|[K| —1).

b) The connected components of G are I'(K) and I'(H).
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¢) |u(K)| =1 and T'(K) is a complete graph.

d) If |H| is even, then K is abelian.

e) Every subgroup of H of order pq, p and q not necessary distinct primes, is cyclic. In particular
if H is abelian, then it would be cyclic.

) If H is non-solvable, then there is a normal subgroup Hy of H such that [H: Hy] < 2 and
Hy = SLy(5) x Z, where every Sylow subgroup of Z is cyclic and |Z| is prime to 2,3 and 5.

A Frobenius group with cyclic kernel of order m and cyclic complement of order n is denoted
by m: n.

The following result is also used in this paper whose proof is included in [4].

Lemma 2.4. FEvery 2-Frobenius group is solvable.

Lemma 2.5 [7]. Let G be a finite solvable group all of whose elements are of prime power
order. Then the order of G is divisible by at most two distinct primes.

G
Lemma 2.6 [12]. Let G be a finite group, K < G, and let e be a Frobenius group with kernel

K- -Cqo(K
F and cyclic complement C. If (|F|,|K|) = 1 and F does not lie in K- Co(K)

for some prime divisor r of |K|.
Lemma 2.7 [18]. (1) If there exists a primitive prime divisor r of ¢" — 1, then L, (q) has a

,thenr-|C| € w(Q)

Frobenius subgroup with kernel of order r and cyclic complement of order n.

(2) Ln(q) contains a Frobenius subgroup with kernel of order ¢"~' and cyclic complement of
n—1 _ 1
order +———.
(n7 q— 1)

Using [3] we can find p(L5(4)) and using [13] we can find p(Uy(4)).
Lemma 2.8. For the groups Ls(4) and Uy(4) we have

u(Ls(4)) = {8,60,126,255, 315, 341},

Using Lemma 2.8 we can draw the prime graphs of the groups Ls5(4) and Uy(4) (see Figures 1
and 2).

Our main results are the following:

Theorem 2.1. If G is a finite group such that I'(G) = I'(Ls(4)), then G has a normal subgroup
N such that TI(N) C {2,3,5} and % = L5(4).

Theorem 2.2. IfG is afinite group such that I'(G) = I'(Us(4)), then G has a normal subgroup
N such that ITI(N) € {2,3,5} and % = Uy(4).

3. Proof of Theorem 2.1. First we prove Theorem 2.1 in series of steps. Therefore we assume
G is a group with I'(G) = I'(PSLs(4)). By Fig. 1 we have s(G) = 2, hence G has disconnected
prime graph and we can use the structure theorem for G which is denoted by Lemma 2.1 here:

a) GG is non-solvable.

If G is solvable, then consider a {7,11,17}-Hall subgroup of G and call it H. By Fig. 1, H

dose not contain elements of order 7 - 11, 7 - 17, 11 - 17, and since it is solvable, by [7] we deduce
II(H) < 2, a contradiction.
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Fig. 1. The prime graph of Ls(4).

2

13 17

Fig. 2. The prime graph of Uy (4).

b) G is neither a Frobenius nor a 2-Frobenius group.

By (a) and Lemma 2.4, G is not a 2-Frobenius group. If G is a Frobenius group, then by
Lemma 2.1, G = KC with Frobenius kernel K and Frobenius complement C' with connected
components I'(K') and I'(C). Obviously I'(K) is a graph with vertices {11, 31} and I'(C') with vertex
set {2,3,5,7,17}. Since G is non-solvable, by Lemma 2.3(a) C' must be non-solvable. Therefore, by
Lemma 2.3(f) C has a subgroup isomorphic to Hy and [C : Hp] < 2, where Hy = SLy(5) x Z with
Z cyclic of order prime to 2, 3,5. But p(SL2(5)) = {4,6,10} from which we can observe that Hy
has no element of order 15. This implies that C' has no element of order 15, contradicting Fig. 1.

(a) and (b) imply that case (¢) of Lemma 2.1 holds for G. Hence there is a non-abelian

— G
simple group P such that P < G = N < Aut (P) where N is a nilpotent normal II;(G)-

subgroup of G and % is a II1(G)-group and s(P) > 2. We have II;(G) = {2,3,5,7,17} and
I(G) = {2,3,5,7,11,17,31}. Therefore P is a simple group with II(P) C {2,3,5,7,11,17,31},
i.e., P € &, where p is a prime number satisfying p < 31,p # 13,19, 23,29. Using [21] we list the
possibilities for P in Table 1.

o) {11,31} C TI(P).

By Table 1, |Out (P)| is a number of the form 2% - 3% - 57, therefore if % = P - S where
G
N
|Glp

[Plp-151p
Therefore, only the following possibilities arise for P: Ly(32), L5(4), O15(2), S10(2).

d) P = L5(4).

By [14] the group L2(32) has three prime graph components as follows Iy = {2}, II, = {31}

S < Out (P), then |P|, =

/1S|p for all p € TI(G), where n,, denotes the p-part of the integer
P

n € N. Hence |N|, = , from which the claim follows because II(N) C {2,3,5,7,17}.

and I3 = {3,11}. Both groups Si0(2) and Of,(2) have two prime graph components with the
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Table 1. Simple groups in &, p < 31,p # 13,19, 23, 29.

P | |P| jout (P)| P | |P| Jout (P)|
As | 2235 2 HS | 29-32.5%.7.11 2
Ag | 22-3%.5 4 A | 29-3°.52.7-11 2
S4(3) | 25-3*-5 2 Us(2) | 21°-3%.5.7-11 6
Ly(7) | 23-3-7 2 Ly(17) | 24- 3217 2
Ly(8) | 23-32.7 3 Ly(16) | 2*-3.5-17 4
Us(3) | 2°-3%.7 2 Sy(4) | 28-32.52.17 4
Ay | 23.32.5.7 2 He | 219.33.52.73.17 2
Ly(49) | 2*-3 .52 .72 4 Oz (2) | 212-3*.5.7-17 2
Us(5) | 2¢-3%2.5%.7 6 Ly(4) | 2'12.3%.52.7.17 4
Ls(4) | 26-.32.5.7 12 Sg(2) | 2%16.35.52.7.17 1
Ag | 26.32.5.7 2 Op(2) | 229.36.52.7.11-17 2
Ag | 26.3%.5.7 2 Ly(31) | 25-3-5-31 2
Jy | 27-3%.52.7 2 L3(5) | 2°-3-53.31 2
Ay | 2734527 2 Ly(32) | 2°-3-11-31 5
Us(3) | 27-35.5.7 8 Ly(5%) | 22.32.5%.7.31 6
Sy(7) | 28-32.52.74 2 Ga(5) | 26-33.5%.7.31 1
Se(2) | 22-3*.5.7 1 Ls(2) | 219.3%2.5.7-31 2
OF (2) | 212-3°.52.7 6 Lg(2) | 285-3*.5.72.31 2
Ly(11) | 22-3-5-11 2 O7,(2) | 220.3°.52.7.17-31 2
My | 24-32.5-11 1 Ls(4) | 220.35.52.7.11-17
M, | 26-3%.5-11 2 31 4
Us(2) | 219.3%.5-11 2 S10(2) | 22°.36.52.7.11-17
My | 27-32.5-7-11 2 31 1
A | 27-34.52.7-11 2 075(2) | 230.38%.52.72. 11 - 17
MeL | 26.35.53.7-11 2 31 2

second component IIy = {31}. In any case the above facts violates the prime graph of L5(4) in
Fig. 1, and this completes our claim.

e) % = L5(4). So far we proved that P < % < Aut (P) where P = L5(4). But Aut (Ls(4)) =
= L5(4): A where A is a four group. If o2 denotes the field automorphism and © the graph auto-
morphism of L5(4), then A = (o9, ©) and we have the following possibilities for % :

N >~ [5(4), N > L5(4): (o9), N = L5(4): (9),
% = L5(4): (02-©) or % = L5(4): (02,0).
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~

It is shown in [5] that all the above possibilities except % >~ [5(4) violates the structure of the
prime graph of GG in Fig. 1, therefore our claim is proved.
) II(N) C {2,3,5}.
We know that IV is a nilpotent normal {2, 3,5, 7, 17}-subgroup of G. Regarding Fig. 1 we obtain:
If 2 | |[N|, then II(N) C {2,3,5,7}.
If 17 | [N|, then II(N) C {3,5,17}.
If 7| N[, then TI(N) C {2,3,5,7}.

H
If 7| |N| we may assume M is the characteristic 7'-subgroup of IV such that I7a = L5(4), where

H = % and K = % is a non-trivial 7-group. By Lemma 2.7(1) L5(4) has a Frobenius group of
the shape 4%: 255, where 4* denotes Z{ and is the Frobenius kernel and 255 is the cyclic group of
order 5 - 3 - 17 and is the Frobenius complement. Now by Lemma 2.6, H would have an element of
order 7 - 17 violating Fig. 1. Also L5(4) has a Frobenius group of the shape 11: 2, then, if 17 | |N|.
Therefore by Lemma 2.6, H would have an element of order 2 - 17 violating Fig. 1. Therefore, the
only possibility is II(N) C {2, 3,5}.

Theorem 2.1 is proved.

Proof of Theorem 2.2. Therefore we will assume that G is a group with I'(G) = I'(U4(4)). By
Fig. 2 we have s(G) = 1, i.e. the prime graph of G is connected. In this case Lemma 2.2 is applicable
for the structure of G, because {2,13,17} is an independent set as well as a 2-independent set for
G, hence t(G) = 3 and (2, G) = 3. Therefore there is a finite non-abelian simple group S such that
S<G= 17 < Aut (S) for the maximal normal solvable subgroup K of G.

Before we continue our investigation, we need a table similar to Table 1 for simple groups G
with 13 € II(G) € {2,3,5,...,13} but 71 |G|, 11 1 |G|. Using [21] we obtain Table 2.

Now suppose G satisfies condition (a) of Lemma 2.2. We have S 2 A7 because 7 t |G|. If
S = Ls(q), q odd, then by Tables 1 and 2 we obtain S = Lo(5), L2(9), L2(17) or L2(25). Regarding
the order of outer automorphism of the groups S listed above we obtain the following facts:

If S = PSLy(5) or PSLy(9), then {13,17} C II(K).

If S = PSLy(17), then {13} C II(K).

If S = PSLy(25), then {17} C TI(K).

Table 2. Simple groups G with 13 € II(G) C {2,3,...,13,17} but 7,11 { |G].

s | Is| Jout ()| s | Is| Jout ()|
5%“L(5) 22.3.5 2 Su(5) | 26-32.5%.13 2
Ag = L(9) | 22-32-5 4 L4(3) | 27-35.5.13 4
L3(3) | 24-3%-13 2 2Fy(2) | 211335213 2
Ly(25) | 22-3-52.13 4 Us(4) | 212.32.5%.13.17 4
Us(4) | 26-3-.52.13 4
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for

Now by Lemma 2.7(2), PSL2(q) has a Frobenius group of the shape ¢: q;l Since 1=
q = 5,9,17,25 is even, Lemma 2.6 implies that G has an element of order 2 - 13 or 2 - 17, both
contradicting Fig. 2.

Therefore, G must satisfy condition (b) of Lemma 2.2. The primes non-adjacent to 2 are 13 and
17, hence {13,17} C TI(S), and regarding Tables 1 and 2 the only simple group whose order is
divisible by 13 and 17 is Uys(4). Therefore we obtain Uy (4) < % < Aut (Us(4)).

Now we observe that the group Uy(4) contains Frobenius subgroups of types 17: 4 and 13: 3.
We may assume K is elementary abelian p-group for p € {2,3,5,13,17}. Therefore by Lemma 2.6
and Fig. 2 the orders of K can not be divisible by 13. By Lemma 2.7 in [14] we have 17 { |K|.
Therefore II(K) C {2,3,5}.

By [2] the outer automorphism group of Uy(4) is a cyclic group isomorphic to Z4, hence we
have the following lemma:

Lemma 4.1. [f G is an almost simple group related to L = Uy(4), then G is isomorphic to
one of the following groups: L, L: 2 or L: 4.

If Us(4) < % < U4(4): 4, then by above lemma, we have % =U4s(4), Us(4): 2 or Uyg(4): 4.

If % = Uy(4): 2, then let ¢ denote the outer automorphism of order 2, by [1] we have C’I(Z( 5=

= S4(4) implying that ¢ centralizes an element of order 17 violating Fig. 2.
If i Us(4): 4, then, similar to the above case, let ¢ denote the outer automorphism of order

4, by [1] we have C’gz( 5= S4(4) implying that ¢ centralizes an element of order 17 violating Fig. 2.

Therefore, the only possibility is % = Uy(4).

Theorem 2.2 is proved.
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