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WEAK a-SKEW ARMENDARIZ IDEAL
CJABKI o-KOCI IIEAJIN APMEH/IAPI3A

We introduce the concept of weak a-skew Armendariz ideals and investigate their properties. Moreover, we prove that [ is
a weak a-skew Armendariz ideal if and only if I[x] is a weak a-skew Armendariz ideal. As a consequence, we show that
R is a weak a-skew Armendariz ring if and only if R[z] is a weak a-skew Armendariz ring.

BBeneHo mOHATTS cnabKuX (i-KOCHX ifealliB ApMeHaapisa Ta JOCIipKeHo iX BiaactuBocTi. Kpim toro, moBeneHo, mo I €
cIabKUM (-KocuM imeanoM ApMmenzaapiza Tomi i Tutbku Tomi, kKonu I[z] € ciabkuM a-kocuM imeanom Apmenmapiza. Sk
HACTIIOK, MOKa3aHo, 10 R € clabKuM (-KOCHM KinbLieM ApMeHzapisa Tofi i Tieku Toxi, komn R[z] € cnabkuM a-Kocum
KijbleM ApMeHnapisa.

1. Introduction. In [11], Rege and Chhawchharia introduced the notion of an Armendariz ring.
They defined a ring R (associative with identity) to be an Armendariz ring if whenever polynomials
flx)=ao+ a1z + ...+ anx™, g(x) = by + bix + ... + bya™ € R[z] satisfy f(x)g(z) = 0, then
a;b; = 0 for each ¢, j. (The converse is always true.) Some properties of Armendariz rings were
given in [1, 2, 5, 6, 11]. Throughout this paper R denotes an associative ring with identity. A ring
R is called semicommutative if for any a,b € R, ab = 0 implies aRb = 0. The name Armendariz
ring was chosen because Armendariz [2] (Lemma 1) had noted that a reduced ring (i.e., a®> = 0
implies a = 0) satisfies this condition. Zhongkui Liu and Renyu Zhao [9] studied a generalization
of Armendariz ring, which is called weak Armendariz ring. A ring R is called weak Armendariz if
whenever f(z) = ag + a1z + ... + apaz™, g(z) = by + b1z + ... + bya™ € Rlzx], with a;,b; € R
satisfy f(x)g(x) = 0, then a;b; is a nilpotent element of R for each ¢, j. They have shown that, if

Rz]

xn)’
endomorphism « of a ring R, Hong, Kim, and Kwak [3] called R an a-skew Armendariz ring if
whenever polynomials f(z) = ag + a1z + ... + anz™, g(x) = by + bix + ... + bya™ € Rx;q]
satisfy f(x)g(x) = 0, then a;a’(b;) = 0 for each i and j.

R is a semicommutative ring, then the ring R[x] and the ring are weak Armendariz. For an

Recall from [10] that a one-sided ideal I of a ring R has the insertion of factors property (or
simply, IFP) if ab € I implies aRb C I for a, b € R. Observe that every completely semiprime ideal
(i.e., a® € I implies a € I) of R has the IFP (or R is semicommutative).

For any positive integer n, we study in this paper the relationship between ideals of R which are
weak a-skew Armendariz and some ideals of the ring

a ayp ... ap
0 a e aon

R,(R) = ' ' . ' a,ai; € R, forall 1,5,
0 0 a

(© H. A. TAVALLAEE, M. J. NIKMEHR, M. PAZOKI, 2012
404 ISSN 1027-3190. Yxp. mam. scypu., 2012, m. 64, Ne 3



WEAK a-SKEW ARMENDARIZ IDEAL

405

R[z]

the n-by-n upper triangular matrix ring over R and the ring ——, where (z") is the ideal generated

(z)’

by z". Also we show that, if I an ideal of R, then I is a weak a-skew Armendariz if and only if

I[x] is a weak a-skew Armendariz ideal.

2. On weak a-skew Armendariz ideals. For an ideal I of R put

VI = {a € R|a" €I for some non-negative integer n}

Definition 2.1. Let o be an endomorphism of a ring R, an ideal I of R is said to be weak

a-skew Armendariz if whenever polynomials f(x) = ap+ a1z + ...+ anz™, g(z) =bo+biz+...
...+ bya™ € R[] satisfy f(x)g(z) € I[z] then a;a’(bj) € VI for all i, j.
Clearly, if I = 0 is a weak a-skew Armendariz ideal, then R is a weak a-skew Armendariz ring.

It is well-known that for a ring R and any positive integer n > 2,

ap
Rlz] )|
(@)

0

a

ao

0

an—1

Gn—2

ao

where (z") is the ideal of R[z] generated by ™.

a; €R, 1=0,1,...,.n—15,

We introduced a weak a-skew Armendariz ideal in the following example.

Example 2.1. Let R be a a-skew Armendariz ring and consider

0
It is clear that I = {(
0

)

{(

)

a,bER}.

be R} is the ideal of S. Let f(x) = Ag + A1z + ... + Apz™,

ai  ayi bo; by
g(x) = By + Bix + ... + Bpa™ € S[x], where A; = < ‘ Z>, Bj = ( J ]> for

0 ap; 0 bOj

i=0,...,n, 7=0,...,m such that f(z)g(x) € I[x]. Let

o

ap(

0

z)

a1 (x)

ao()

)

ag(x) = ago + a1z + . .. + appz™,

(z) = (50(9«“) 51(96))
! 0 Bo(z))

ﬁ0($) =boo + borx + ...+ bz

Since f(z)g(x) € I[z] thus ag(x)Bo(z) = 0, also R is an a-skew Armendariz ring and hence
apia’(boj) = 0 for all i = 0,...,n, j = 0,...,m. Thus 4;a’(B;j) € I for all i = 0,...,n,
7 =0,...,m. Therefore I is a weak a-skew Armendariz ideal.

Lemma 2.1. Let R be a ring and n > 2 a positive integer. Let Iy, I, ..., 1,1 are ideals of
R, such that I; C I;11,1=0,1,...,n— 2. Then
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agn al e an—1
0 a anp—2
J = a; €I;, 1=0,1,...,n—1
L 0 0 a
R
is an ideal ofﬂ.
xm)

Proof. 1t is straightforward.

We note that, in Proposition 2.1 and Theorem 2.1, Iy and J are ideals that mentioned in
Lemma 2.1.

Proposition 2.1. Let

% 7

ay at ... al_, b, b vy
A; = , Bj = S
(")
0 0o ... al 0 0 b

such that (aéo/(b%))k € Iy for any i, j and some integer k. Then (A;a'(B;))™* € J.
Proof. We proceed by induction on n. Let n = 2. For a positive integer k, (A;a’(B;))* =

atad (B))k N ’ B
= <( o' (b)) o > and that
0 (abo (0)"

(A (B))* = <<aaai<bé>>2’f (aho () e + c(aaa%ba»k)
S 0 (ahod (43)) %

Hence (A;0(B;))% € J, since (ahal (b))%, (abat (b)))Fe + c(abai (b)))k € Ip. Now, we have

ab  dj ay,_y
0 a} al_,
A — c R[:]
(z™)
0 0 at
and
by b by
i ,
0 by w2 |  Rla]
B; = € —
(™)
0 0 b

such that (aéai(b%))k € Iy for some integer k. Consider
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(abal(B)))k c . Cn—1
} . 0 (ahal (B))F ... Cns2
(AiOéZ(Bj)) = ) ) ) eJ
0 0 . (ahal(B)))F
and
(apa’(by)) =1k dy . dn—
, 0 (ahai(B))) =Dk dp_s
(Al (B;))n—Vk = _ . _ € J
0 0 abad (b)) =Dk

(aga’ (bg))

By the induction hypothesis all d;s, except d,,—1, are in Iy. Let z = (ahai(b}))¥dy—1 + crdp—o+ . ..
oo eno1(ahal ()" Vk. Hence

(aied (b)) n . z
. i 0 (ahai(Bp)™ ... Yn—2
(A (B)))™" = _ _ . eJ,
0 0 o (ahad ()

since (ajya (b)))™, x all s are in Io.

Proposition 2.1 is proved.

Theorem 2.1. Iy is a weak a-skew Armendariz ideal if and only if J is a weak o-skew
Armendariz ideal.

Rz
Proof. (=) Let f(y) = Ao+ A+ ...+ Any™, g(y) = Bo+ By +...+ By’ € (x[n)] Y],

such that f(y)g(y) € J[y]. Let

af] azi . aihl bg) b{ . bi,—l

0 a) ... a_, 0 b{) - sz_Q
=1 | Bi=

0 0 ... ab 0o 0 ... b

fori=0,1,...,m,j=0,1,...,t. Let fo = ad +aly+...+aly™ and gy = b3 + by + ...+ bhy'.
Then fygo € Io[y]. Since I is weak a-skew Armendariz, there exists k > 0, such that (af)o/b{))k € Iy
for each 4, j. Then (A;a(B;))™ € J for all 4,7, by Proposition 2.1. Therefore .J is weak a-skew
Armendariz.

(<) Clear.

Theorem 2.1 is proved.
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It can be simply proved if I be an ideal of ring R, then T,,(I) will also be an ideal of ring 7, (R),
where T,,(I) is an upper triangle matrix. By the following example we show that T»(pZ) is a weak
a-skew Armendariz ideal.

Example 2.2. Let pZ be a prime ideal of Z and «a: pZ — pZ be an endomorphism. Then
T»(pZ) is a weak a-skew Armendariz ideal.

Let

y(z) =) <70 k ) ', Blz)= <ﬂ0 ) x) € To(Z)[],
0

0

Thus

to(x) @)\ (bo(z)  bilz)
To(pZ)|x|,
( >< . 62(9[;)) € Th(pZ)[z]

and hence we have
0(z)Bo(x) € pZlz],
0(2)B1(x) + 71(2)Ba(2) € pZiz],
2(7)B2(x) € pZLz].

Since pZ[z] is a prime ideal of Z, two cases happen for polynomials,
Case 1. ~o(z), 71(z), v2(z) € pZ|x], therefore

i i J J
(fyo 71) o (BO Bl) € Tr(pZ).
0 % 0 B

Case 2. ~o(z), f2(x) € pZ[z], therefore

i i y J
(70 Vl) o (BO Bl) € Th(pZ).
0 7 0 B
Thus T5(pZ) is a weak a-skew Armendariz ideal.
Let a be an endomorphism of a ring R, M, (R) be the n x n full matrix ring over R and
@: My(R) — M, (R) defined by @((a;j)) = (a(a;j)). Then @ is an endomorphism of M, (R).
Theorem 2.2. Iy is a weak a-skew Armendariz ideal if and only if J is a weak a-skew

Armendariz ideal.
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Proof. (=) Let f(y) = Ao+ Ay + ...+ ApyP, g(y) = Bo+ Biy + ... + Byy? € Z[f; ly; @]
satisfying f(y)g(y) € J]y], where
at aiy di, ... di, bbby ... i
0 ataby ... db, 0 b by ... b
A;=10 0 al c.oab, and B; = 0 0 oo .
0 0 0o ... d o o 0 .. ¥

fori =0,1,...,p, 7=0,1,...,q. Let fo = ad+aly+...+aby? and gy = bJ+bly+...+blyd. Then
fogo € Iply]. Since Iy is weak a-skew Armendariz, there exists £ > 0, such that (agai(bé))k € Iy
for each 4, j. Then (A;a'(B;))™* € J for all i, j, by Proposition 2.1 and @((a;;)) = (a(as;)).
Therefore J is a weak a-skew Armendariz ideal.

(«<=) Clear.

Theorem 2.2 is proved.

For the case of weak a-skew Armendariz ideal, we have the following result.

Theorem 2.3. Let a be an endomorphism of a ring R and o' = 1 for some positive integer
t. Then I is a weak a-skew Armendariz ideal if and only if 1[z] is a weak a-skew Armendariz ideal.

Proof. (=) Assume that I is a weak a-skew Armendariz ideal. Suppose that p(y) = fo(x) +
+h(@)y+.. .+ fm(2)y™ and q(y) = go(2)+g1(2)y+. . .+gn(2)y" are in Rz][y; o] with p(y)q(y) €
€ I[x][y; a]. We also let fi(x) = ajo + anx + ... + @i, z*" and g;(x) = bjo + bj1x + ... + bjy, 2%
forany 0 < i < m, 0 < j < mn, where ajo, ai1,..., Giw;, bjo, bj1,..., ijj € R. We claim that
fi(x)ai(gj(z)) € \/T[x] forall 0 < i < m and 0 < j < n. Take a positive integer & such that
k> deg(fo(@) + deg(f1(x)) + ... + deg(fn(x)) + deg(go()) + deg(g1(2)) + ... + deg(gn(2)),
where the degree is as a polynomials in R[z| and the degree of the zero polynomial is taken to be 0.
Since p(y)q(y) € I[z][y; o], we have

fo(x)go(x) € Ifx],

fo(@)g1(z) + fi(x)a(go(x)) € I[z],
(D

Now put

f@) = fo(x") + fr(a")a™ T + fo(x")2® 2 4 4 fru (2™,
@
9(z) = go(a") + g1 (2")2™ ! + ga(a')2?* 2 + 4 g, (ah)a N,

Note that af — 1n, then f()g(x) = fole")go(a") + (fole)gn(a") + fila")algo(@))a + ..
ot (@) (gn ()2 R+ Using (1) and of = 1k, we have f(z)g(z) € I[x;a]. On the
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other hand, from (2) we have

f(z)g(x) = (aoo +agz’ + ...+ aguy et + a4+ a4
o A1y xtk’—l—wlt—i—l 4+ amoxmtk-l—m + amlxmtk—&-t—i—m 4 amwmxmtk—&—w,nt—i—m) %
X (bog + bolﬂj‘t —+ ...+ bovol‘vot + b10$tk+1 + bllxtk+t+1 —+ ...+ blm xtk+v1t+1 =+ ...

oo b gt bnvnm”tk+“"t+") € Iz; al.

Since I is a weak a-skew Armendariz ideal and a! = 1g, $0 a;,a(bjy) = @™ +uti(b,)) € VI
forall0 < i <mand 0 < j <mn,uc€ {01,...,00,...,wm}, v € {0,1,...,00,...,0,}. S0
we have f;(z*)ai(gj(z?)) € \/T[z] forall 0 < i < m and 0 < j < n. Now it is easy to see that
fi(x)ai(gj(z)) € \/I[z] forall 0 < i < m and 0 < j < n. Hence I[z] is weak a-skew Armendariz.
(<) Obviously, if I[z] is weak a-skew Armendariz, then [ is weak a-skew Armendariz.

Theorem 2.3 is proved.

Using Theorem 2.3, we have the following result.

Corollary 2.1. Let R be a ring. Then R is weak a-skew Armendariz if and only if R|x] is weak
a-skew Armendariz.

Before stating Proposition 2.3, we need the following.

Proposition 2.2. Suppose that there exists a classical right quotient ring Q) of a ring R con-
sisting of central elements. If I is IFP, then QI is IFP.

Proof. Let off € QI with o = u~'a, f = v 'bin Q such that, u, v € R and a,b € R. Since
Q is contained in the center of R, we have (uv) tab = (v 'v™Yab = v tav™'b = af € QI, so
ab € I, and hence arb € I for all » € R because I is IFP. Now for v = w™!'r with w € R and
r € R, ayB = (uwv)tarb € QI. Therefore QI is IFP.

Proposition 2.2 is proved.

A ring R is called right Ore if given a, b € R with b regular there exist a;, by € R with b;
regular such that ab; = ba;. It is a well-known fact that R is a right Ore ring if and only if there
exists a classical right quotient ring of R.

Let a be an automorphism of a ring R. Suppose that there exists the classical left quotient ()
of R. Then for any b~'a € Q, where a, b € R with b regular the induced map @: Q(R) — Q(R)
defined by @(b~1a) = (a(b))ta(a) is also an automorphism.

Proposition 2.3. Suppose that there exists the classical left quotient Q) of a ring R. If I is IFP,
then 1 is weak a-skew Armendariz if and only if QI is weak a-skew Armendariz.

Proof. Suppose that I is weak a-skew Armendariz. Let f(z) = sy lag+s] a1z +. . .+ ama™
and g(x) = ty b + t7 b1z + ...+t b2 € QI[x;@] such that f(z)g(z) € QI[z]. Let C
be a left denominator set. There exist s,z € C and a;,b;- € R such that s;° Lo = s_la;- and
t;lbj = t_lbg- fori =0,1,...,mand j =0,1,...,n. Then s~ !(af, + ajz + ... + al,z™)t 71 (b +
+ bz + ... +b,2") € QI[x]. It follows that (af + ajz + ... +al,z™)t~ (b + bjz +... + bz") €
€ QI[z]. Thus (aht 1 +a)(a(t))ta+...+al, (@™ () ta™)(b) + iz +. ..+ b,2"™) € QI[z]. For
al(ai(t))~t, i =0,1,...,n, there exist ' € C and a € R such that a}(c’(t))~* = ¢~!a/. Hence

2

ISSN 1027-3190. Vkp. mam. xcypn., 2012, m. 64, Ne 3
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t=Yaf + afz + ... + alz™)(by + Viz + ... + bl,a") € QI[x]. We have that (af + afz + ...
tapa™) (b + e+ 4 ba") € I[z]. Since I is weak a-skew Armendariz, so aj o’ (b)) € VI
for all ¢ and j. Suppose that (ag’ai(b;))”ij € I. Since [ is IFP, QI is IFP. Then (t’_l(a;’ai(b;)))”if €
€ QI . So (agdi(t_lb;.))”if = (a;(ai(t))_lai(b;))”iﬂ' = ((t’_la;’)ai(b;.))”if € QI. Similarly we
have (s;a}) (@ (¢5'0)))™9 = (s~ af) (@' (t7'0}))"7 € QI. Therefore QI is weak @-skew Armen-
dariz. The converse is clear.

Proposition 2.3 is proved.

We study the relationship between ideals of R which are weak a-skew Armendariz with some
ideals of the ring R,,(R).

Lemma 2.2. Let I, I;j be ideals of R such that I C I;; C I;s for 1 <1 < j < s <mn, and
Ipg € Ly forq=3,...,n,2 <1 <p<n. Then

a a2 A1n
0 a ... Q9p

J = X . . . a€l, al-jelz-j
0 0 a

is an ideal of R, (R).
Proof. 1t is straightforward.
In Proposition 2.4 and Theorem 2.4, I and J are ideals that mentioned in Lemma 2.2.
Proposition 2.4. Let

at ai a’%hl Y bi b{z—l
0 a ay,_o 0o v ... V_

A; = P P e )
o 0 ... at o 0 ... v

such that (af)ai(b%))k € I for any i, j and some integer k. Then (A;ai(B;))"™* € J.
Proof. We proceed by induction on n. Let n = 2. For a positive integer k,

. (alal(b)))k c
o N —
(Az (BJ)) < 0 (aiai(bj))k>
and that
aiai i\ 2k aiai ) kc caiai i\\k
(A (B = (( N ) )
0 (a’o/(bj))%

Hence (4;0'(B;)) € J, since (aiai(bj))zk, (a*a’(b))kc + cla’al(b))F € I. Now, let

at at ... adl
0 da ... d_,

A; = ' ‘ . € R,(R)
0 0 al
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and
Voo oo b
o v ... b,
Bj = € Rn(R)
0 0 b

such that (a’a’(b7))* € I for some integer k. Consider

(a’ad(b)))k 1 . Cn—1
‘ 0 (alaf(W))E ... Cn—2
(Ai()dl(Bj))k = ) ) ] eJ
0 0 (alal())F
and
(aiai(bj))("*l)k b1 . dp—1
' 0 (a*a(p7))n=Dk dp—2
(Aja! (By) "~k = , _ _ €J,
0 0 N (A ) I

by the induction hypothesis all d;s, except d,,—1, are in I. Let x = (@’ (W) red, 1 + crdp_o+ ...
oo en1 (@t (b)) "1k Hence

(a’ad (b7))"k Y1 . x
, 0 (@'’ @)™ ... Yn—2
(@) =| o 2 ey
0 0 oo (atad(BT))nF

since (a’al (b)), z all y}s are in 1.

Proposition 2.4 is proved.

Theorem 2.4. [ is a weak a-skew Armendariz ideal if and only if J is a weak a-skew Armen-
dariz ideal.

Proof. (=) Let f(y) = Ag+ A1y + ...+ Any™, g(y) = Bo + Biy + ... + Byt € R, (R),
such that f(y)g(y) € J[y]. Let

aé ail . a;_l b{) b{ .. bzl_l

0 ay ... ai_, 0 b‘g o bﬁ;_z
A = , B; =

0 0 ... d 0o 0 ... b
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WEAK a-SKEW ARMENDARIZ IDEAL 413

fori=0,1,...,m,j=0,1,...,t. Let fo = ad+aly+...+aly™ and gy = b3+ bly + ...+ by’
Then fogo € I[y]. Since I is weak a-skew Armendariz, there exists k > 0, such that (ahab))* € I
for each i, j. Then (A;af(B;))"* € J for all 4, j, by Proposition 2.4. Therefore .J is weak a-skew
Armendariz.

(<) Clear.

Theorem 2.4 is proved.

Corollary 2.2. A ring R is weak a-skew Armendariz if and only if for any positive integer n,
R, (R) is weak a-skew Armendariz.

Proof. 1t follows from Theorem 2.4.

Now, we prove the Theorem 2.4 for @: M, (R) — M, (R).

Theorem 2.5. [ is a weak a-skew Armendariz ideal if and only if J is a weak a-skew Armen-
dariz ideal.

Proof. (=) Let f(y) = Ao+ Ay + ...+ Apy?, g(y) = Bo+ Biy+ ...+ B! € Ry(R)
satisfying f(y)g(y) € J[y], where

a"  ajy a co.ooay, b by bz ... b

n 1n

0 at aég .. aén 0 b 33 e ’2n

Ai - 0 0 a’i e agn and Bj = 0 0 bi e bz3n
0 0 0o ... da 0 0 0o ... b

fori =0,1,...,p, 7=0,1,...,q. Let fo = ad+aly+...+aby? and go = bJ+bly+...+blyd. Then
fogo € I[y]. Since I is weak a- skew Armendariz, there exists k& > 0, such that (a’a’(b7))* € I for
each 4, j. Then (A;a'(B;))"* € J for all 4, j, by Proposition 2.4, and @(a;;) = («(a;;)). Therefore
J is a weak a-skew Armendariz ideal.

(<) Clear.

Theorem 2.5 is proved.

Theorem 2.6. Let R be a ring and I, J be ideals of R. If I C \/J and

Armendariz, then J is a weak a-skew Armendariz ideal.
Proof. Let f(x) = X%qa:a’, g(x) = B¢ _obja’ € R[] such that f(z)g(z) € J[z]. Then

I
+J is weak o-skew

I+J

[z].

(2 g’ (S olya’) €
i\ I+J e in \ngs
Thus (aia bj) € T for some positive integer n;;. Hence (a;a'b;)™ € I + J, and so
(aiaibj)n” € J,since I C V' J. Therefore J is weak a-skew Armendariz.

Theorem 2.6 is proved.
The following is an immediate corollary of Theorem 2.6.

R
Corollary 2.3. Let R be a ring and I an ideal of R such that T is weak a-skew Armendariz. If

I Cnil(R), then R is weak a-skew Armendariz.
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Lemma 2.3. Let I,; be ideals of R such that 1,,C I,s for 1 <r <t <s <mn,and I,q C I},
forq=2,....n, 1 <1 <p<n.Then

ail ai19 e A1n
0 az ... Qn

J = art €Iy, 1<, t<n
0 0 Ann J

is an ideal of T, (R).
Proof. 1t is straightforward.
In Corollaries 2.4 and 2.5 I, s are ideals that mentioned in Lemma 2.3. By a similar argument as
used in the proof of Proposition 2.1 and Theorem 2.1, one can prove Corollaries 2.4 and 2.5.
Corollary 2.4. Let

aj, aly ... a, b Uy - b,
0 aby, ... d, 0 by, ... b,
A; = ) B; = € T, (R)
o 0 ... d, 0 0 ... b
such that (at, o/ (bl,))* € I, for some positive integer k and r = 1,...,n. Then

(A (B e

Corollary 2.5. J is a weak a-skew Armendariz ideal if and only if all I, are weak a-skew
Armendariz ideal forr =1,...,n.
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