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ON THE SUMMABILITY OF DOUBLE WALSH - FOURIER SERIES
OF FUNCTIONS OF BOUNDED GENERALIZED VARIATION

ITPO CYMOBHICTH INOJBINHUX PSAIB YOJIIIA - ®YP’€
®YHKUIN OBMEXKEHOI Y3ATAJIBHEHOI BAPIAIIT

The convergence of Cesaro means of negative order of double Walsh — Fourier series of functions of bounded generalized
variation is investigated.

JocmimkyeTsest 301KHICTE cepeanix Yesapo Bia eMHOTO MOPSIKY Bix MOABiHHUX paniB Youmra—dyp’e pyHkuiit oOMexeHol
y3arajbHeHOi Bapiaril.

1. Classes of functions of bounded generalized variation. In 1881 Jordan [14] introduced a class
of functions of bounded variation and applied it to the theory of Fourier series. Hereinafter this notion
was generalized by many authors (quadratic variation, ®-variation, A-variation etc., see [2, 15, 25,
23]). In two dimensional case the class BV of functions of bounded variation was introduced by
Hardy [13].

Let f be a real and measurable function of two variable of period 27 with respect to each variable.
Given intervals A = (a,b), J = (¢, d) and points z, y from I : = [0, 1) we denote

f(Aay)::f(bay)_f(aay)a f(.fL‘,J):f(I‘,d)—f(l',C)
and
f(A7J) L= f((l,C) —f((l,d) —f(b,C) +f(b7d)
Let E = {A;} be a collection of nonoverlapping intervals from I ordered in arbitrary way and let €2

be the set of all such collections F.

For the sequence of positive numbers A! = {AL}22, A% = {N2}°°, and I? := [0,1)?

n=1>
denote
1 2 |f Y)| _ (A
AVA(f; I)—bt;p;tégz (E={A}),
A*Va(f; I?) = sup sup Z 7tz 1) (F" = {J;}),

z FeQ ]
2 _ |fAZ7J
sy = g 5 G

Definition 1. We say that the function f has bounded (Al,AQ)-variation on I? and write
fe (AL A%) BV (I?), if

(AL A?) V(f517) i= AVA(f; IP) + APVa(f; 12) + (ATA?) Vio(f5 I7) < o0
We say that the function f has bounded partial A-variation and write f € PABV (I 2) if
PABV (f;1%) := AVi(f; I?) 4+ AVa(f; I?) < .
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fA,=1(orif0<c< A\, <C<oo,n=1,2,...)the class PABV coincide with the PBV
class of bounded partial variation introduced by Goginava [7]. Hence it is reasonable to assume that
An — o0 and since the intervals in £ = {A;} are ordered arbitrarily, we will suppose, without loss
of generality, that the sequence {\, } is increasing. Thus,

1< A <<, lim A\, = oo. €))]
n—oo

We also suppose that Z:il (1/\,) = +o0.

In the case when A\, = n, n = 1,2,..., we say harmonic variation instead of A-variation and
write H instead of A (HBV, PHBV, HV (f), etc.).

The notion of A-variation was introduced by Waterman [23] in one dimensional case, by Sahakian
[20] in two dimensional case. The notion of bounded partial A-variation (PABV') was introduced by
Goginava and Sahakian [11].

Definition 2. We say that the function f is continuous in (Al, A2)-variati0n on I? and write
feC(ALA)V (12, if

lim ALV (f;1%) = lim A2Va (f;1%) =0
n—0o0 n—o0
and

lim (A, A%) Vig (fi1%) = lim (A" A7) Vip (f51°) =0,

n—oo

where Al 1= {)\}C}k:n = {>‘2+n}k=o7 1=1,2.

2. Walsh function. Let P denote the set of positive integers, N : = P U {0}. The set of all
integers by Z and the set of dyadic rational numbers in the unit interval I := [0,1) by Q. In
particular, each element of Q has the form 2% for some p, n € N, 0 < p < 2", By a dyadic interval

in I we mean one of the form I} := [127V (I +1)27") for some [ € N, 0 < I < 2V. Given
N € N and z € I, let Iy (x) denote a dyadic interval of length 2=~ which contains the point z.
Denote Iy : = [0,27") and T : = I\Ix. Set (i,j) < (n,m) ifi <nand j < m.

Let 7o (x) be the function defined by

7’0(3:):{1’ ifz €[0,1/2), ro(x+1)=r¢(z).

-1, ifx € [1/2,1),
The Rademacher system is defined by
() =ro(2"z), n>1.

Let wg, wy, ... represent the Walsh functions, i.e., wg (x) = 1 and if k = 2™ + ... 42" is a
positive integer with ny > ny > ... > ng then

wk () =1y () ..o, (2).
The Walsh - Dirichlet kernel is defined by
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Dp(x) = wg (x).
k=0
Recall that [12, 21]
2" ifz €0,27"),
Dy () = { 2 T € 1027 @
0, ifze27"1),

and
D2"+m (x> = DQ" (x) + wan (x) Dm ((L‘) ) 0<m< 2", (3)

It is well known that [21]
Dy (1) = wn ()Y mjwy (t) Dy (£), (4)
j=0

[e’e) .
where n = ijo n;27. Denote for n € P, |n|:=max{j € N: n; # 0}, thatis 2"l <n < 2l7l+1,
Given z € I, the expansion

x = Zku_(kH), ®))
k=0

where each z, = 0 or 1, will be called a dyadic expansion of x. If z € I\Q, then (5) is uniquely
determined. For the dyadic expansion x € Q we choose the one for which limy_, ., z = 0.
The dyadic sum of z, y € I in terms of the dyadic expansion of = and y is defined by

oo

vy = |op— oyl 27FF.
k=0

We say that f (z,y) is continuous at (z,y) if

h}(isrgof(xjrh,yjré) =f(z,y). (6)
Set
w(fiIy (z) xIn(y):=  sup  |f(z+s,y+t)—f(z,y).

(S,t)GIA/I X1In

We consider the double system {w,(z) X wy,(y): n,m € N} on the unit square 12 = [0,1) x
x [0,1).
Iffel! (IQ) , then

f@mﬂz/ﬂ%ww@WMwM@
12

is the (n, m)-th Walsh—Fourier coefficient of f.
The rectangular partial sums of double Fourier series with respect to the Walsh system are defined

by
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M-1N—
Sunflx,y) = ZZ (m,n) W, (x)w,(y).

m=0 n=0

The Cesaro (C'; a, )-means of double Walsh —Fourier series are defined as follows:

yea Ae S A A S ().

m—1 i=1 j=1

olb f(x,y) =

where
A1, Ag:(a—i—l)..'.(a—i—n), 012
n!
It is well-known that [27]
Ay =" A @)
k=0
AL~ n® ®)
and
(x,y) /fst (x4 s)KP (y+t)dsdt,
where
K, (z) = Aa ZA

Given a function f (x,y) , periodic in both variables with period 1, for 0 < 7 < 2™ and 0 < i <
< 2™ and integers m, n > 0 we set

A;nf ('ray)l =f (33‘ + 2j2_m_1,y) —f (l‘ + (2] + 1) 2—m—1’y) ’
A?f (‘T?y)Q = f (CC, Yy + 27:2_n_1) — f ("B’y + (2Z + 1) 2—”—1) ’

AT (2,y) = A7 (AT f (2,9),), = AT (A} f (2, 1)), =
= flz+227" iy d 2027 — f (e 2+ D)2y 227 ) -
—f(z 4227 Ny + 2i+1)27" ) +
Ff(e @i+ ™y @i+ 127,

3. Formulation of problems. The well known Dirichlet —Jordan theorem (see [27]) states that
the Fourier series of a function f(x), x € T of bounded variation converges at every point x to the
value [f (z+0) + f (z —0)] /2.
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Hardy [13] generalized the Dirichlet—Jordan theorem to the double Fourier series. He proved
that if function f(x,y) has bounded variation in the sense of Hardy (f € BV'), then S [f] converges

1
at any point (z,y) to the value 1 Z fz£0,y+0).

Convergence of rectangular and spherical partial sums of d-dimensional trigonometric Fourier
series of functions of bounded A-variation was investigated in details by Sahakian [20], Dyachenko
[4, 5, 6], Bakhvalov [1], Sablin [19].

For the two-dimensional Walsh—Fourier series the convergence of partial sums of functions
Harmonic bounded fluctuation and other bounded generalized variation were studied by Moricz
[16, 17], Onnewer, Waterman [18], Waterman [24], Goginava [8, 9].

For the two-dimensional Walsh—Fourier series the summability by Cesaro method of negative
order for functions of partial bounded variation investigated by the author.

Theorem G1 (Goginava [10]). Let f € Cy, (I?) N PBV and o+ 3 < 1, o, 8 > 0. Then the
double Walsh— Fourier series of the function f is uniformly (C; —«, —f3) summable in the sense of
Pringsheim.

Theorem G2 (Goginava [10]). Let «+ 3 > 1, oo, B > 0. Then there exists a continuous function
fo € PBV such that the Cesaro (C; —cv, —3) means U;%’fﬁfo (0,0) of the double Walsh— Fourier
series of fo diverges.

In this paper we consider the convergence of Cesaro means of negative order of double Walsh -
Fourier series of functions from the classes C ({i1=*}, {i'=#}) V (I?) (see Theorem 1) . We also
consider the following problem: Let o, € (0,1), a + 3 < 1. Under what conditions on the
sequence A = {\,} the double Walsh—Fourier series of the function f € PABV is (C;—a, —f3)
summable. The solution is given in Theorem 2 bellow.

4. Main results. The main results of this paper are presented in the following propositions:

Theorem 1. Let f € C ({i'=*},{i'P})V (I?),, B € (0,1). Then (C,—c, —3)-means of
double Walsh— Fourier series converges to f (x,y), if f is continuous at (x,y).

Theorem 2. LetA={\,:n>1},a+B8<1,0a,B > 0 L 0and f € PABV (I%).
a) If

) a_,’_ﬁ

||M8

a+,8 o0,

then (C; —«, —8)-means of double Walsh— Fourier series converges to f (x,y), if f is continuous at
(2,9).
b) If

o0

An
> 2—(+B) %

n=1

then there exists a continuous function f € PABV (I 2) Jor which o4, on f (0,0) diverges.
Corollary 1. Let o, f € (0,1), a+ 8 < 1.
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nl—(a+p)
a) If feP m BV (I?) for some € > 0, then the double Walsh— Fourier series

of the function f is (C; —«, —f3) summable to f (x,y), if f is continuous at (x,y).

nl_(a+ﬂ)

b) There exists a continuous function f € P{ ————
log (n+1)

} BV (I?) such that 0.5, 1(0,0)
diverges.

Corollary 2. Let o, p € (0,1), a4+ 8 <1 and f € PBV (12) . Then the double Walsh -

Fourier series of the function f is (C; —c, — ) summable to f (x,vy) , if [ is continuous at (x,y) .
5. Auxiliary results.

Lemma 1. Leta € (0,1)andn:=2" +2"2 4 ... 42" ny >ny > ... >n, > 0. Then

r—1

ZA_a 1D <H wank ( >D2"l( )A_(l n_1

=1

r -1 2m—1
-y (H ) a0 3 A
Proof. Set

n(k) = 2Nkl 4 OTk+2 4 2T Nkl > Ny > ... >Ny 2> 0, n(o) T=n.
Then from (3) and (7) can write
on1 n()

Z A2TID; ( Z AT D () + ) ALGT Diga (2) =
j=1

2™ n)

—ZA %Dy (@) + Dy () A+ wom (2 ZAM% D

Iterating this equality gives

> A5 D; (@) =
j=1
roo/l-1 2m r—1 /i-1
= Z (H wany, (:U)) Z A;(Cl“f&_ij (x) + Z <H wany, (:v)) Ay Dam(z). (9
=1 \k=1 j=1 =1 \k=1

Since

we can write
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2m 2" 2m—1

ZA - 1) JD ZA <l>+2"l ] ' Z A (l)+]D2nl_J( T) =

2 —1 2™ —1

= Do (2 Z An(”+j wari—1 ( Z An(%—i-ljD
Combining (9) and (10) we obtain

ZA > 1l) Z(sznk >D2”z( )A (?

Jj=1 =1

r 2n —1
2] |1 CE) FRIED SRR AE
=1

- -1 2m —1
B <H wark ($)> wyr 1 () ) An<cly>+1yD (z

J=0

Lemma 1 is proved.
Lemma 2. Leta € (0,1). Then

In|

A_ Z 2_laD21

n—1 j—0

Ko (@
Proof. From Lemma 1 we can write

> 450, (0 £ 3D ) A

r 2"k—1

303 |as 1D @)= By + B

k=1 j=1

From (8) we have
In|

B; <c(a) Z 27Dy (z).

=0

For By we can write

1=1,2,..

T

)-

U. GOGINAVA

5 I

r—1
- (H Wank (@) Danr (2) A Gy Z <Hw2”k )DT”( w) Ay~
=1

(10)

(11)

(12)
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roomnp 2m—1
— —a—1 —
B=3 3 X |asl|ipwl =
k=1m=1 j=gm~—1
r MNg+1 2M—1
— —a—1 .
YYY ey S Y i
k=1 m=1 j:2m*1 k=1 m= nk+1+1] om—1
From (4) and (8) we have

Nk4+1

By < cfa sz o 1>ngzpzl 1YY ey D) b <
m=1 =0

k=1m=np41+1

ni k ni
@) 27N "Dy (x) < c(@) Y 27Dy (2). (13)
k=1 =0 =0

Combining (11)—(13) we complete the proof of Lemma 2.
Corollary 3. Let o € (0,1). Then

_ . 1 1
’Kna (Q})’ < len{Anglljla,n} .

Theorem B (Bakhvalov). Let A? := {)\fl: n > 1} and T? = {’y};: n > 1} such that !, =
=0(X\,),i=1,2. Then

(T, T?) BV (I*) c C (A, A*) V (I?).

Theorem 3. LetA={\,:n>1},a+8<1,a,B8>0.1If

o)

A A
e O ) <0

then there exists a sequence I'" = {’yﬁL: n > 1} i =1,2, such that v} = o (nl_o‘) ,Y2 =0 (nl_ﬁ)
and PABV (I?) c (I'',I'?) BV (1?) .
Proof. By definition it is enough to prove that there exists a sequence I = {~i:n > 1},
i=1,2, withy! =0 (nl_a) Y2 =0 (nl_ﬁ) such that for any f € PABV (.72)
T'Vi (F517) + T2V (f;17) + (T T2) Vig (f; 17) < o0

Let the sequence {A,,: n > 1} be such that

A Ap = A2
Antoo, b0 D s <

We set

nl—a nl—ﬂ
Flz—{’y}l:— i :nzl}, F2:—{’yfb:— A :nzl}.
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We can write

1f (A, J5)] (A, Jj)] (A, Jj)
1,7 ’Y’L PYJ 1<j 71 7] 1>] 71 ’YJ

From the condition of the Theorem 3 we have

fAZ,J A fAZ,J
Rey Ay ) zwz' 4;<

lfyljz i=1

<QZ P supZ‘f A —22

bupZ|fo BS

= NA2
< 2AVs (f;IQ)ZW 0. (15)

i=1
Analogously, we can prove that

P < oco. (16)

Combining (14)—(16) we complete the proof of Theorem 3.
Theorem DF (Daly, Fridli [3]). Let n, N € N and 1 < q < 2. Then for any real numbers cy,
1 <k <2" we have

L | on on 1/q
/ Z cx Dy, (x)| do < c2N(-1/9) <Z ck|q> .
J k=1

9—

6. Proofs of main results. Proof of Theorem 1. It is easy to show that

Un,%’ziﬁf (:Cay) - f(l',y) =

TA A / 53" AL TIAS D (5) Dy (1) AF (o tydsdt —

ml i=1 j=1

o B N A A

IN—1xIv—1 Ty yxInp—1 In—ixIa—1 In—1xIar—1

X — ZZA “UAZPID; (5) Dy (1) Af (2., 5,1)

A_ m 1 i=1 j=1
=J1+ Ja+ J3 + Jy, 17)
where
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Af($7yasat) = f(17+8,y+t) _f(xay)
From the condition of the Theorem 1 and Corollary 3 we conclude that

1] < ¢ (a, B) nm / AS (2, 5,1)] dsdt = o(1) (18)

Iy _1xIp—1
as n,m — o0.
For Jy we can write

C(ﬁ)

|Jo] <

/ ZA 1D, (s) Af (z,9,s,t) ds| dt+
In-1

ﬁ

/ Z ALCTID; (5) Af (x,y,5,t) ds| dt - =

N-1
IA{11N1Z2 +1

1= Jo1 + Jo9o. (19)
From Theorem DF we obtain

c N-1 oN-1
| Jo1| < 1o / / Z A-ID; (s) A (,y, 8,t) ds| dt <

i=1

M—1 |\

N-1 oN-1
it @ x 1) x [ |30 4,50 ds <
I\Ij 1 =1

=c(a, ) Z + Z 2U=N2 (f5 T () x I (y)) <

I<N/2  N/2<I<N

c(a, B, f) {Q_N/4 +w (fi -1 () X Iinyo (y))} =

=o0(l) as n, m— occ. (20)

For Jyo we can write

B

| J22] S

/ Z AID; (s) Af (2,y,5,t) ds| dt+

N-—-1
I]\/I 1 IN 1 =2 +1

ISSN 1027-3190. Yxp. mam. xcyphu., 2012, m. 64, Ne 4



500

— N
IM—l IN,1 =27 +1

= J3y + J3,.

From (2) we obtain

) /ﬁ ‘/ E: A OTID; () Af (2,y,8,t) ds| dt =

U. GOGINAVA

e2y)

oN—-1
Ty = SO [ [ S A Dy () s () A (o) ds| di =
n—1 _ i

I]M—l IN*I =1
2N—1_12N 1
T [ E At (e
A 2N D IN-1
n—1 I =1 i=1
M—1

X / won-1 (8) Af (z,y,s,t)ds|dt.

Since ( see [12])

1 21
IN 1 IN

and

2N71 n—2N71

n—i—2N— 1
i=1 =1

from (8), (22) and Corollary 3 we can write

(aﬁmn — g l‘li N
|| < / Z ‘Al f(x+s,y+t)1)dsdt.
Inr—1 <IN
Set
pu(n,m):= [min{N, (s (n, m)71>}] ,
where

s (n,m) : sup Af (2,y,5.t)].
0<s<(N+1)2—N o<t<2-M+1

Then from the condition of Theorem 1 and (24) we can write

/ WoN-—1 (S)Af(:c,y,s,t)ds:/AéV1f(:c4—s,y+t)1d$

n—2N
Z A’r:fi_—12N*1Di (u) = Z AT Z An i— 2N

(22)

(23)

(24)
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p(n,m)

1
“]212’ <c(a,B)n / Z i a ‘AN Yf(x+s,y+1) ‘dsdt+
Ipp1xIn =1
oN—-1_1

+c(a, B)nm / Z

Ipn_1xIn

< c(a, 8) {s (n,m) (s (n,m))"

1 o
- ‘A{V_lf(x—l—s,y+t)1’ dsdt <

I=p(n,m)+1

+{l+nmm) v () <

(@8, 1) { (s (nm)) = 4 {G () p VA (£ 12)} =

=o(1)
Analogously, we can prove that

J222 =o(1)

as n,m — oo.

as n,m — Q.

Combining (21), (25) and (26) we obtain that

Jag =0(1)
From (19), (20) and (27) we conclude that

Jy=o0(1)
Analogously, we can prove that

J3=o0(1)
For J4, we can write

1 1
J /
4= A_lA

m—1—

In_1xTpr—q

as n,m — Q.
as n,m — oQ.

as n,m — Q.

> AT AT
(i,4)<(2N-1,2M-1)

XDZ‘ (S) Dj (t) Af (.’IZ, Y, S, t) dsdt+

1 1 /
A A Am 1
In_1xIar—1

—a—1 4—f-1
> AS Ay X

('7j)§(\(2N—172]M—1)

xD; (s)Dj (t) Af (x,y,s,t)dsdt = Ju1 + Jao.

From Theorem DF we obtain

2 M-
nlA 1;;0

| Ja1] < o
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(25)

(26)

27N

(28)

(29)

(30)
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N—2M—2
x D; (8) Dj (t) Af (2,9, 8,t) dsdt| < c(a, B) n®m” w( x) x I (y)) x
q=0 1=0
2N—1 2M—1
x / > A7, (s)| ds / > A Dy (1)) dt <
IAVATE R IAVIRR e
N—2M-2
(a, B) Z Z w( ) x I (y)) 2@ N)/290=M)/2 <
q=0 [=0

am(z S LY Yy oy -

0<g<N/20<I<M/2 0<g<N/2M/2<I<M  N/2<q<N 0<I<M/2

* Z Z w(fi 1y (z) x I (y)) 9(a=N)/29(1-M)/2 <

N/2<q<N M/2<I<M

1 1 1

=o0(l) as n,m— oo.

Leti < 2V~1and 2M~1 < j < 2™ Then we can write

Jig = — 5 / Z AT I'Di(

( / ZAm Lo Dy () waia (t)Af(x,y,s,t)dt>ds_

Iy

2M 1 12]\/] 1

2N
11 o . l
e [ ST T X A ()
n— m—1—- i=1
In_1

/Ay_lf(x—i—s,y—i—t)th ds.

21
IM

Consequently, from Corollary 3 and (23) we obtain

(€2))
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[N/2] M1 ( )
c(B)m —a-1 A flx+s,y+1),
| Ja2| < e / ZA D; ( / Z e dt | ds+
9—N+1 i=1
1 gN-—1 - M—1
c(B)m 1 A flz+syti), _
e / ZA“D /Z = dt | ds =
9-n/2 | =1
= Jp+ Jh. (32)
Set
r(n,m): sup |Af (,y,5,1)]
0<s<2=N/2 o<t<(2M+1)2-M
and
0 (n,m):= {min{M,r(n,m)ﬂH .
Then applying Theorem DF for .J}, we have
~v2l) Vol : .
1 c(B)m ol A flz+sy+i),
Jia < e / Z A0TID;( / Z = dt | ds+
o—N+1 i=1

2= N2 N1

c(B)m S AM=f (x4 s,y 4 1)
a-1 I , 2
+ % / S AT, ( / Y — dt | ds <
n—1 g-N+1 | =1 1=0(n,m)

< cl(a, ){r(n,m)eﬁ (n,m) + {(z+9(n,m)>1—ﬁv2 (f;ﬂ)}} <

<c(a,B) {7,1_5 (n,m) + {(l +6 (n,m))' " V3 (f;IQ)}} -

=o0(l) as n,m — oo,

(33)

1-8 2
Ji < c(@f) i 2N/4}1V2 (f: ) =o0(l) as n,m— oc. (34)

Combining (32), (33) and (34) we conclude that

Jyo=o0(l) as n,m — oc.

(35)

Analogously, we can prove that (35) holds in the cases when

(i,4) € {(i,5) : 0 < i <2V71 oM < <m} |
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U{G 52V <i<2V o< i <2 J{G ) 2V <i<n,0< <2}

Let 2V—1 <4 < 2N and 2M < 7 < 'm. Then we can write

2N 1 121\/1 12N 1 !

m . N l
2= 1A ; Z ZZAn 1121\7 14, ]1D1<2N_1>Dj <2]\/I>X

=1 =1 j=1

X / Aé\gfl’Mf (x4 s,y + t) dsdt.

BT
Set
pn,m) = [min { N, M, (4 (n,m)) /@t
where
Y (n,m):= sup IAf (z,y,s,1)|.
0<s< N“ 0<t<§§\‘ﬁ}

Then from the condition of the theorem we can write

oN—-1_12M_1
| Js2| < ¢ (a, B) nm / Z Z k:l 2 i B‘A x—i—s,y—i—t)‘dsdtg
k=1 =1

InNXIpnpa

1 1 _ . .
<c(a,B)nm / Z Tiza 17 AZ LM g (x+s,y+t)‘ dsdt+
InxTnrg1 (kD)< (p(n,m),p(n,m

1 . .
+c (o, B) nm / Z e allﬁ‘AN le(x—l-s,y—l—t)‘dsdtg
INXIN[+1 (k,l){(p(n,m),p(n,m))

<c(a,pB) {w (n,m) (p (n,m))‘”ﬁ + ({klf"‘} { (I+p(n, m)) }) Vio (f Iz)

+ ({+pmp = {r ) via (1,17} =

=o(l) as n,m — oo. (36)
Analogously, we can prove that (36) holds in the cases when
(i,4) € {(i,5) : 2V T <i <2V 2M1 < j < 2MY
U{G.0) 2V <i<n 2t < <2 J{G,5) : 2V <i<n2M < j<m}.
From (30), (31), (35) and (36) we have
Jy=o0(l) as n,m— oco. 37
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Combining (17), (18), (28), (29) and (37) we complete the proof of Theorem 1.

Proof of Theorem 2. The proof of the part a) of the Theorem 2 follows from Theorem B,
Theorems 1 and 3. Now, we prove the part b).

Consider the function ¢7%; defined by

2N+ly — 25 z € [2‘7'2_]\’—17 (25 +1) 2—N—1) _
P (@)= — (M e —2j-2), we [+ (2 +2) 2N,
j=2om-1 .. om 1.

Let

N
Iy ,y) = D tonpl (2) @ (y) sen (Kot () sen (K0 (9)
m=1

where

-1

"1
(2 ;/\]

It is easy to show that fy € PABV (I?). Indeed, let y € [2m~N=1 2m=N) for some m =
= 1,2, ..., N. Then from the construction of the function fy we can write

om

| (A y)] 1
;)\Z gCtQWZX §C<OO.

i=1""
Consequently
AVy (fn) < oo (38)
Analogously, we can prove that
AV (fn) < oo. (39)

Combining (38) and (39) we conclude that fy € PABV (I?).
We can write

7 I 0.0) = [ o) K (@) K3 () oy =
12

N
St [ R @R ) K @) [KF )| dody >
m=1

[2m—N—172m—N)2

N
>3 ton / K38 )] | K4 ()| iy
m=1

[277L—N—1’2m—N)2
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Since [22]
‘KQ_NQ ()| dz > ¢ (o) 2™
[2m7N7172mfN)
we have
N
7 v (0,0)] = e, 8) Y tam2met), (40)
m=1

Let A\j := 757 1=(a+5) The from the condition of the Theorem 2 we obtain that Vi = Vit

Hence, we have

2m 2"L 2m(a+ﬁ)

1 1 1
:A YZZWSC(O‘,B)Ta

tam 2™ > ¢ (a, B) yam.

Consequently, from (40) we have

Agm

m—}w as N — 0.

M=

N
o I (0,0)] = (@, 8) D gam = e, )
m=1

m=1

Applying the Banach — Steinhaus theorem, we obtain that there exists a continuous function f €

€ PABV (12) such that

10.

sup lagn%ézﬁf (0,0) | = oo.
n
Theorem 2 is proved.
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