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ON THE REPRESENTATION BY BIVARIATE RIDGE FUNCTIONS *
PO 30BPA’KEHHA N'PEBEHEBUMHA ®YHKIIAMHU IBOX 3MIHHUX

We consider the problem of representation of a bivariate function by sums of ridge functions. It is shown that if a function
of a certain smoothness class is represented by a sum of finitely many arbitrarily behaved ridge functions, then it can
also be represented by a sum of ridge functions of the same smoothness class. As an example, this result is applied to a
homogeneous constant coefficient partial differential equation.

Posrsimaersest 3amada 300pakeHHs [BOBUMIpHOT (yHKIIT cymamu rpebeHeBux (yHkuiil. [lokazano, mo konu QyHKII0O
MIEBHOTO KJIACy IVIAJKOCTI 300pak€HO CKIHYEHHOIO CYMOIO IpeOeHeBHX (YHKILIH TOBUILHOI MOBEMIHKH, I TAaKOXK MOXHA
300pasuT CyMOr0 rpebeHeBUX (ByHKIIIH TOTO X KJlacy NIAJKOCTi. SIK MpUKIIan neil pe3yssrar 3acTOCOBAHO 0 OTHOPIJHOTO
IUQepeHIiaTbHOTO PIBHSAHHS 3 YACTHHHUMH TTOX1THUMH 1 31 CTaIUMH Koe(imieHTaMH.

1. Introduction. Last 30 years have seen a growing interest in the study of special multivariate
functions called ridge functions. This interest is due to applicability of such functions in various
research areas. A ridge function is a multivariate function of the form

g(a-x)=glarx1 + ...+ amxm),

where g: R — R and a = (ay, ..., an) is a fixed vector (direction) in R™\{0}. These functions and
their linear combinations find applications in computerized tomography (see, e.g., [16, 21, 24]), in
statistics (especially, in the theory of projection pursuit and projection regression; see, e.g., [4, 6]) and
in the theory of neural networks (see, e.g., [7, 9, 11, 23, 28]). Ridge functions are also widely used
in modern approximation theory as an effective and convenient tool for approximating complicated
multivariate functions (see, e.g., [8, 13, 20, 22, 25]). For more on ridge functions and application
areas, see the book [26] and survey papers [10, 12, 19].

It should be remarked that ridge functions have been used in the theory of partial differential
equations under the name of plane waves (see, e.g., [15]). In general, linear combinations of ridge
functions with fixed directions occur in the study of hyperbolic constant coefficient partial differential
equations. For example, assume that («, 5;), i = 1,...,r, are pairwise linearly independent vectors
in R?. Then the general solution to the homogeneous equation

. ) )
H <ai8x+ﬁi8y> u(z,y) =0 (1.1)

=1

are all functions of the form
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T

u(z,y) = Zvi(ﬂﬂ — aiy) (1.2)

=1

for arbitrary univariate functions v;, i = 1,...,r, from the class C"(R).

Note that the solution of Eq. (1.1) is the sum of bivariate ridge functions. Sums of bivariate ridge
functions also occur in basic mathematical problems of computerized tomography. For example,
Logan and Shepp [15] (the term “ridge function” was coined by them) considered the problem of
reconstructing a given but unknown function f(z,y) from its integrals along certain lines in the plane.
More precisely, let D be the unit disk in the plane and a function f(x,y) be square integrable and
supported on D. We are given projections P¢(t, #) (integrals of f along the lines x cos 0+y sin 6 = t)
and looking for a function ¢ = g(x,y) of minimum Ly norm, which has the same projections as f :
Py(t,05) = Pg(t,0;), j = 0,1,...,n — 1, where angles ¢; generate equally spaced directions,
ie., 0; = E, 7 =0,1,...,n — 1. The authors of [15] showed that this problem of tomography
is equivalent to the problem of Ls-approximation of the function f by sums of bivariate ridge
functions with equally spaced directions (cosf;,sinf;), 7 = 0,1,...,n — 1. They gave a closed-
form expression for the unique function g(x,y) and showed that the unique polynomial P(z,y) of
degree n — 1 which best approximates f in Lo(D) is determined from the above n projections of f
and can be represented as a sum of n bivariate ridge functions.

In this paper, we are interested in the problem of smoothness in representation by sums of
bivariate ridge functions with finitely many fixed directions. Assume we are given n pairwise
linearly independent directions (a;,b;), i = 1,...,n, in R? and a function F': R? — R of the form

n
F(z,y) =Y giaix + by). (1.3)

i=1
Assume in addition that F' is of a certain smoothness class, what can we say about the smoothness of
gi? The case n = 1 is obvious. In this case, if F € C*(R?), then for a vector (c,d) € R? satisfying
aic + bid = 1 we have that g (t) = F(ct,dt) is in C*(R). The same argument can be carried out
for the case n = 2. In this case, since the vectors (a1, b1) and (ag, by) are linearly independent, there
exists a vector (c,d) € R? satisfying ajc+b1d = 1 and agc+ bad = 0. Therefore, we obtain that the
function g1 (t) = F(ct,dt) — go(0) is in the class C*(R). Similarly, one can verify that go € C*(R).
The picture drastically changes if the number of directions n > 3. For n = 3, there are ulti-
mately smooth functions which decompose into sums of very badly behaved ridge functions. This

phenomena comes from the classical Cauchy functional equation. This equation,

flx+y)=f@)+ fly), f:R—=R, (1.4)

looks very simple and has a class of simple solutions f(z) = cx, ¢ € R. Nevertheless, it easily
follows from the Hamel basis theory that the Cauchy functional equation has also a large class of
wild solutions. These solutions are called “wild” because they are extremely pathological over reals.
They are, for example, not continuous at a point, not monotone at an interval, not bounded at any set
of positive measure (see, e.g., [1]). Let g be any wild solution of the equation (1.4). Then the zero
function can be represented as
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0=g(x)+9(y) — gz +y). (1.5)

Note that the functions involved in (1.5) are bivariate ridge functions with the directions (1,0), (0, 1)
and (1, 1), respectively. This example shows that for smoothness of the representation (1.3) one must
impose additional conditions on the representing functions g;, ¢ = 1,...,n.

Such additional conditions are recently found by Pinkus [27]. He proved that for a large class
of representing functions g;, the representation is smooth. That is, if apriori assume that in the
representation (1.3), the functions g; belong to a certain class of “well behaved functions”, then they
have the same degree of smoothness as the function F. As the mentioned class of “well behaved
functions” one may take, e.g., the set of functions that are continuous at a point, bounded on one
side on a set of positive measure, monotonic at an interval, Lebesgue measurable, etc. (see [27]).
Konyagin and Kuleshov [17] proved that in (1.3) the functions g; inherit smoothness properties of F’
(without additional assumptions on g;) if and only if the directions a’ are linearly independent. Note
that the results of Pinkus and also Konyagin and Kuleshov are valid not only in bivariate but also in
multivariate case. There are also other results on ridge function representation, which involve certain
convex subsets of the m-dimensional space (see [17, 18]).

In this paper, we study a different aspect of the problem of representation by ridge functions.
Assume in the representation (1.3) F' € C*(R?) but the functions g; are arbitrary. That is, we allow
very badly behaved functions (for example, not continuous at any point). Can we write F' as a sum
Z?:l fi(a;z + bsy) but with the f; € CF(R), i = 1,...,n? We see that the answer to this question
is positive as expected. For the sake of convenience we state the result over R?, but in fact it holds
over any open set in R2.

Note that the above problem is not elementary as it seems. There are cases when representation
with good functions is not possible. Such situations happen over closed sets with no interior. In [14],
Ismailov and Pinkus presented an example of a function of the form

F(z,y) = gi(a1z + b1y) + g2(asz + bay),

that is bounded and continuous on the union of two straight lines but such that both g; and g, are
necessarily discontinuous, and thus cannot be replaced with continuous functions f; and fs.

The result of this paper can be applied to a higher order partial differential equation in two
variables if its solution is given by a sum of sufficiently smooth plane waves (see, for example,
Eq. (1.1)). Based on our theorem below, in this case, one can demand only smoothness of the sum
and dispense with smoothness of the plane wave summands.

2. Main results. We start this section with the following theorem.

Theorem 2.1. Assume that (a;,b;), i = 1,...,n, are pairwise linearly independent vectors in
R? and a function F € C*(R?) has the form

F(z,y) =Y giaix + by), 1)
=1

where g; are arbitrary univariate functions and k > n — 2. Then F can be represented also in the
form
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n
F(z,y) = Z filaix + biy).
i=1
Here, the functions f; € C*(R), i =1,...,n.

Proof. Since the vectors (an—1,bn—1) and (an,by,) are linearly independent, there is a non-
singular linear transformation S: (z,y) — (z',y’) such that S: (an_1,b,_1) — (1,0) and S:
(an,bn) — (0,1). Thus, without loss of generality we may assume that the vectors (a,—1,b,—1) and
(an, by) coincide with the coordinate vectors e; = (1,0) and ez = (0, 1), respectively. Therefore, to
prove the theorem it is enough to show that if a function F' € C*(R?) is expressed in the form

n—2

F(z,y) =Y gi(aiz + biy) + gn-1(z) + gn(y)
=1

with arbitrary g;, then there exist functions f; € C*(R), i = 1,...,n, such that F' is expressed also
in the form

n—2
Fz,y) =Y filaix + biy) + fa1(z) + fuly)-
i=1
By Al(6) f we denote the increment of a function f in a direction [ = (I/,1"”). That is,

AP f(a,y) = f@+ 16,y +1"8) — f(z,y).

0
We also use the notation a—{ which denotes the derivative of f in the direction /.

It is easy to check that the increment of a ridge function g(az+by) in a direction perpendicular to

(a,b) is zero. Let ly,. .., 1,—2 be unit vectors perpendicular to the vectors (a1, b1), ..., (an—2,bp—2)
correspondingly. Then for any set of numbers d1,...,d,—2 € R we have
s S 5 On—
AP AP F(ry) = AP AP g1 (@) + gu(y)]- 2.2)

Denote the left-hand side of (2.2) by S(z,y). That is, set

S(z,y)

Then from (2.2) it follows that, for any real numbers §,,—; and &,

6 On—
Al(ll) . Al(n_;)F(:z:, ).

ALIALS (2,y) = 0,
or, in expanded form,
S(z+ 0p—1,y+ ) — S(x,y+ ) — S(x 4+ 6p—1,y) + S(x,y) = 0.
Putting in the last equality 6,1 = —x, d, = —y, we obtain
S(z,y) = S(x,0)+ S(0,y) — S(0,0).
This means that
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AP AP Ry = AP A R, 0)+

ln72 ln

AP AL p(0,) — AP A2 p(0,0).

n—2
By the hypothesis of the theorem, the derivative OZOOZF (z,y) exists at any point (x,y) €
1...0lp—2
€ R2. Thus, it follows from the above formula that
O"2F
T E— =h h 2.3
8”_2 an—Q an—Q

here h =——F dh =———F -—F .
where hui(w) = Fr—— F(@,0) and haay) = Zr—7—F(0.y) = 57—, — F(0.0)

Note that hq 1 and hs 1 belong to the class CrF=+2(R).

By hi and hy o denote the antiderivatives of hy 1 and hg; satisfying the condition hj 2(0) =
= hg2(0) = 0 and multiplied by the numbers 1/(e; - [;) and 1/(e2 - l;) correspondingly. That
is,

Here, e - [ denotes the scalar product between vectors e and [. Obviously, the function
Fi(z,y) = h12(x) + ha2(y)

obeys the equality
o

Th(x’y) = h1,1(x) + h2,1(y)- (2.4)
From (2.3) and (2.4) we obtain
9, o 3F
S - — )
Ay |Oly .. Olyy
Hence, for some ridge function o1 1(a12 + b1y),
o 3F
S (@, y) = h12(2) + ha2(y) + p11(a1x + biy). (2.5)
Oly...0l,—o

Here, all the functions hg 1, ho2(y), ¢1,1 € Crk=+3(R).
Set the functions

xT

h173($) = 1 /hLQ(Z)dZ,

61'[2
0
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Y
h
20 = [ haa
0

t
1
t)= — d
e1,2(1) AR /901,1(2) P
0

Note that the function

Fy(x,y) = h13(7) + ha3(y) + ¢12(a17 + bry)
obeys the equality
0Fy
872(:6’ Y)
From (2.5) and (2.6) it follows that

0 o 4F

The last equality means that, for some ridge function ¢ 1 (az2x + b2y),

e
Als .0l oY

Here, all the functions hq 3 ho 3, P1,2, P21 € Ck— n+4(R)

Note that in the left-hand sides of (2.3), (2.5) and (2.7) we have the mixed directional derivatives
of F' and the order of these derivatives is decreased by one in each consecutive step. Continuing the
above process, until it reaches the function F, we obtain the desired result.

Theorem 2.1 is proved.

Theorem 2.1 can be applied to Eq. (1.1) as follows.

Corollary2.1. Assume a function u € C"(R?) is of the form (1.2) with arbitrarily behaved v;.
Then w is a solution to the equation (1.1).

Note that the method exploited in the proof of Theorem 2.1 enables us to construct the functions
fi, i =1,...,n, by induction. First let us accept some notation. By (&'p,gp), p=1,...,n—2, denote
the images of vectors (a,, b,) under the linear transformation which takes the vectors (an—1,bn—1)
and (ap, by) to the unit vectors e; = (1,0) and ez = (0, 1), respectively. Clearly,

= h12(2) + ha2(y) + 1,1 (@12 + bry). (2.6)

= 0.

= h173({L') + h273 (y) + 30172(6113; + bly) =+ (,0271(CL2.%' + bgy). (2.7)

~  apby —apby 7 ap—1bp — apbp_1 _1 _ 9
ap = D — , p=1L,...,n .
an—1bn — anbp_1

)
ap—1bp — anbp_1

Consider the vectors

bp —ap

Iy = —, — |, p=1,...,n—2.
=2 72 /52 4 72
a, + by \/ as + by
Note that for p = 1,...,n — 2, the vectors [,, are perpendicular to the vectors (5p,gp), respectively.
Consider also the function, which is generated by the above liner transformation
bpr — by—1y an — Gp-1Y >
F*(z,y)=F , )
( y) <an—1bn — apbp_1 anbp—1 — an—1by
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Corollary2.2. The functions f;, i = 1,...,n, in Theorem 2.1 can be constructed inductively by
the formulas

fp:@p,nfpfh p=1,...,n—2,
fn,1 = hl,nfla fn = h27n71‘

Here,
an—?
h11(t) = ——F*(t,0
) = g, 70
61172 8n72
ho1(t) = ——— F*(0,t) — ——F*(0,0
210 =g ot OO g a0
. t
hl k—}—l(t) = /hl k(z)dz, k‘ = 1, , N — 2,
’ el -l
0
. t
ho s (£) = /hgk(z)dz, k=1,....n—2,
El e 'lk I
0
and
P2 at byt Gpt
Ppa(t) = = P —hipn | o= | -
8 Alpi1 ... Ol <a§+b§ a2+ b2 \az+
bt L Gstiy + bsb
—ho pi1 P ) =) ospst | —2—=Lt |,
" ('@M%) 2 e\ T
anfpf2F*
=1,...,n—2 —n-2-—"—— = F*
p ) y (forp n ) alp+1 B .aln_2 )7
. t
g0p7k+1(t):~~/<pp7k(z)dz, p=1,....n—=3, k=1,...,n—p—2.
(aps bp) * letp 0
The validity of above formulas for the functions hj and hoy, k = 1,...,n — 1, is obvious.

The formulas for ¢;,1 and ¢, ;41 can be obtained from (2.5), (2.7) and the subsequent (assumed but
not written) equations if we put = = a,t/(a; + gf,) and y = Ept /(@2 + Z%)

Remark2.1. If in Theorem 2.1 k£ > n—1, then the functions f;, ¢ = 1,...,n, can be constructed
(up to polynomials) by the method discussed in Buhmann and Pinkus [3]. This method is based on
the fact that for a direction ¢ = (ci,...,¢n) orthogonal to a given direction a € R™\{0}, the
operator

u 0
DC = z:lcsaxs
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acts on m-variable ridge functions g(a - x) as follows:
Degla-x) = (c-a)g'(a-x).

Thus, if in our case for fixed r € {1,...,n}, vectors I, k € {1,...,n}, k # r, are perpendicular
to the vectors (ay, by), then

[ DuF(e ) = [ DY filaiw + biy) =
k k=1 i=1

-1 —
k#r k#r
=S T (Caib) - ) | £ Ptz + biy) =

=TT ((ar.b) - 1) £ D@y + bry).

Now f, can be easily constructed from the above formula (up to a polynomial of degree at most
n — 2). Note that this method is not valid if in Theorem 2.1 the function F is of the class C"2(R?).
However, in this case, Corollary 2.2 is applicable.

Remark2.2. Some polynomial terms appear while attempting to obtain a smoothness result in
multivariate case. In [2], we proved that if a function f(xy,...,x,) of a certain smoothness class
is represented by a sum of r arbitrarily behaved ridge functions, then, under suitable conditions, it
can be represented by a sum of ridge functions of the same smoothness class and some n-variable
polynomial of a certain degree. The appearance of a polynomial term is mainly related to the fact
that in R™, n > 3, there are many directions orthogonal to a given direction. Note that a polynomial
term also appears in verifying if a given function of n variables (n > 3) is a sum of ridge functions
(see [5]). However, paralleling the above theorem, we conjecture that if a multivariate function of a
certain smoothness class is represented by a sum of arbitrarily behaved ridge functions, then it can
also be represented by a sum of ridge functions of the same smoothness class.

Remark?2.3. For k£ > n — 1, Theorem 2.1 can be obtained from Theorem 3.1 of [2]. Indeed,
according to Theorem 3.1 [2], the function F' in Theorem 2.1 can be represented in the form

i=1

where the functions f; € C¥(R) and P(z,y) is a polynomial of total degree at most n — 1. But it is
known that a bivariate polynomial of degree n — 1 is decomposed into a sum of ridge polynomials
with any given n pairwise linearly independent directions (see, e.g., [21]). That is, in (2.8)

P(z,y) = pi(ax + biy),
=1

where p; are univariate polynomials of degree at most n— 1. However, in the setting considered here,

Theorem 2.1 is more informative. It covers the extra case £ = n — 2 and allows one to construct the
representing functions f; by induction.
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Unfortunately, we do not yet know if the lower assumed degree of smoothness n — 2 in Theo-
rem 2.1 can be reduced. We think that the final and complete solution to the smoothness problem
considered here requires essentially different approach. Nevertheless, we can strengthen our result
by considering Holder continuous functions.

We say that a function F' : R™ — R, m > 1, is locally Hélder continuous with degree o,
0 < a < 1, if for any compact set ' C R™ there is a number M = M (K) > 0 such that for any
x=(21,...,2m) € Kandy = (y1,...,ym) € K the inequality

[F ()= F(y)|<M-Y |z =yl
=1

holds. By C*<(R™) we denote the class of functions in C*(R™), kth order partial derivatives of
which are locally Holder continuous with degree «.
The following theorem is valid.

Theorem 2.2. Assume that (a;,b;), i = 1,...,n, are pairwise linearly independent vectors in
R? and a function F € C**(R?) has the form

F(z,y) = Z gi(a;iz + biy),
i=1

where g; are arbitrary univariate functions and k > n — 2. Then F' can be represented also in the
form

F(z,y) = Z fila;x + biy).
=1

Here, the functions f; € C**(R), i=1,...,n.

The proof of Theorem 2.2 can be easily obtained from Theorem 2.1. Indeed, to prove The-
orem 2.2 it is only needed to repeat the proof of Theorem 2.1, emphasizing that the functions
appearing in the right-hand sides of formulas (2.3), (2.5), (2.7), etc. belong to certain classes
C**(R) with step by step increasing indicator of smoothness s. More precisely, the functions Ay 1,
h271 S Ck7n+2’a(R), the functions h172, h272, P1,1 € Ck7n+3’a(R), the functions h173, h273, $1,2,
@91 € CF 4 (R), etc.

Theorem 2.1 implies that if a function F' € C*(IR?) has the form (2.1) and k > n — 2,then all the
partial derivatives of F' up to order k are representable as a sum of ridge functions with the given
directions (a;,b;), i = 1,...,n. Note that the validity of Theorem 2.1 for other possible k strongly
depends on answers to the following two questions.

Question 1. Assume a function F' € C*(R?) is of form (2.1). Are the first order partial deriva-
tives OF/0x and OF/0y representable as a sum of arbitrarily behaved ridge functions with the
directions (a;, b;)?

Question2. Assume a function F' € C(R?) is of form (2.1). Is it true that F' can be represented
also in the form Zjﬂ fi(a;x + bjy) with continuous f;?

Indeed, a positiveianswer to Question 1 would mean, by induction, that all the partial derivatives
up to order k and hence any mixed directional derivative O¥F/0l; ... l; are represented by a sum
Zj_l gi(a;x + byy), where g; are arbitrary univariate functions. Once we could answer Question 2
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affirmatively, we would immediately obtain that any derivative 0% F/0l; ... 0l}, is also written in the
form 2:‘11 fi(a;x + byy) with continuous f;. Then by choosing the directions Iy, .. ., I orthogonal
to the first k£ directions (a;,b;), ¢ = 1,...,n, and applying the above method (see the proof of
Theorem 2.1) we could conclude that F' has representation Z:;l fi(a;x 4 bsy), where f; € CF(R).
It should be remarked that Question 2 is a part of the more general question posed in [26, p. 14].
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