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ON SPLIT METACYCLIC GROUPS *
ITPO PO3SIIEIVIOBAHI METALUKJITYHI I'PYIIN

We consider sufficient conditions for metacyclic groups to split. Speciifically, we show that a finite metacyclic group of
odd order G is split on its cyclic normal subgroup K if K is such that G/ K is cyclic and | K| = exp G.

Po3misiHyTO TOCTAaTHI YMOBU JUISL PO3LICTUICHHS METAMKIIIYHUX TPYIl, a caMe, MOKa3aHo, M0 CKiHYeHHa METaIlMKITiYHa
rpyna G HEMmapHOro IMOPSAKY PO3LICIUIIOETHCS HA CBOTH LUKITiYHINA HOpManbHil miarpymi K, ko K e takoto, mo G/ K
€ mukiivHow Ta | K| = exp G.

1. Introduction. G is a metacyclic group if and only if there exists a cyclic normal subgroup K of
G such that G/K is cyclic, and G = SK is called a metacyclic factorization, when S is cyclic. In
particular, if G has a split metacyclic factorization G = SK such that S N K = 1, then G is called
split metacyclic group, otherwise is called nonsplit. C. E. Hempel and Hyo-Seob Sim have given the
classifications of metacyclic groups in their papers [1, 2].

Resently, the structure of the automorphism group of metacyclic group have been given much
attention. The automorphism groups of the split metacyclic p-groups have been given in [3] for p is
odd and in [4] for p = 2. And the automorphism groups of the finite split metacyclic groups have
been given in [5]. But the case of nonsplit groups is much more complicated than the case of split
group, and only the automorphism groups of nonsplit metacyclic p-group of odd order have been
given in [6]. Thus it is necessary to determine wether the metacyclic group is split or not, before we
study its automorphism. And in this paper, of particular interest are some sufficient coditions to show
a special type of finite metacyclic groups are split.

2. Notation and preliminaries. In this section, we present some general facts that will be useful
in this paper. We first define some notation which will be kept throughout.

7(QG): the set of all prime divisors of the order of a finite group G.

r(p): the largest integer 4 such that p’ divides the positive integer .

G is a metacyclic group if and only if there exists a cyclic normal subgroup K of G such that
G/K is cyclic. And such a subgroup K is called a kernel of G.

Lemma 1. A p-group P of odd order is metacyclic with a kernel of order p7 and of index p®
if and only if it has a presentation

P=(abla” =t 07" =100 = P+,

where av, 3, 7y, § are positive integers such that v < min(a + 6, 5 + 0).
Lemma 2 ([1], Lemma 2.1). A4 group G is metacyclic with a kernel of order ~ and of index « if
and only if it has a presentation

G = (a,bla® =170 =1,b® = %),

where «, 3, 7y, O are positive integers such that y|0* — 1 and ~|((0 — 1).
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Lemma 3 ([2], Lemma 3.4). Let P = SK be a metacyclic factorization of a p-group P of odd
order. P is present by the presentation

P=(zy|a =y g7 =1,y" =y ),

where
p*=15:SNK|, p’=|K:SnK|, p'=I|K|, p’=|K:P

Lemma 4 ([5], Corollary 4.1). Let p be a odd prime, k, s, t be non-negative integers. Then
@ (1+p")7"" =1 (modp***);
(i) if k > 0, then

14 s 4. s =1 = Pt (modp”k),

forr=1+7p".

Lemma 5 ([2], Lemma 5.3). Let G be a metacyclic group with a metacyclic factorization G =
= SK. To each set w of prime numbers, the subgroup H = S; K is the unique Hall w-subgroup of
G such that S, = SN H and K, = KNH,so H=(SNH)(KNH).

Definition 1 ([2], Definition 5.4). Let G be a group with a metacyclic factorization G = SK
and let 7 denote the set {p € w(G): G has a normal Hall p'-subgroup}. Let H denote the Hall
m-subgroup S K and let N denote the the Hall 7'-subgroup Sy K. Then the semidirect decompo-
sition G = HN is called the standard Hall-decomposition for the metacyclic factorization G = SK.

Lemma 6 ([2], Lemma 5.6). Let G = HN be a Hall-decomposition for the metacyclic factor-
ization G = SK and 7={p € 7(G): G has a normal Hall p'-subgroup}. Then

() H=S;K,=(SNH)(KNH), and H is nilpotent,

(i) N=Sy Ky =(SNN)(KNN),and K,y =G NN, Sy N K =1

(iii) S;» < Cn(H).

3. Split metacyclic group. 3.1. Split metacyclic p-group.

Lemma 7. [If P = SK be a metacyclic factorization of a p-group P of odd order, then
exp P = max (|5],|K]).

Proof. By Lemma 3, P can be represented as

P = {(a,bla” =", 0" =1,b% = pP" Ty,
where |a| = | S| and |b| = |K]|. For any a®b* € P, by Lemma 4, we have

(@bt = G pt @+ 1)+ A PO L sp™ p(pm k)

)

where p" = max (|S], |K|) and k is an integer.

Lemma 8. P is a metacyclic p-group of odd order. If K is a normal cyclic subgroup with
|K| = exp P, then P/K is cyclic.

Proof. Let

P = (a,bla” =t 0" = 1,07 = "1y,

be a presentation of P. Suppose K = (ab"), and we observe that |K| = exp P = max(|al, |b])
from Lemma 7. Then by Lemma 4 we have
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(@) = @ O+ P (1 Py

)

which shows (m,p) = 1 or (n,p) = 1. If (m,p) = 1, we know that P/K is cyclic since P =
= (b)(a™b"™). If (n,p) = 1, P/K is also cyclic since P = (a){a™b").

Theorem 1. Let P be a metacyclic p-group of odd order. If P has a normal cyclic subgroup K
of order exp P, then P is split.

Proof. P/K is cyclic by Lemma 8. Let P = HK be a metacyclic factorization of P. Thus by
Lemma 3, choosing the generators = and y for H and K, respectively, we have the presentation

P=(zyla” =y " =1,9" =y,
where

p*=|H: HNK|=|P|/expP, p°’ =|K: HNK],
P’ =|K|=expP, p’=|K:P|=|P/P|/p"
If 5 = ~, then P is split. Now we assume that 5 < . Denote a = :cyfpﬁia, where f = p7 =8 — 1,
then we will show (a) N (y) = 1. From Lemma | we can obtain

" = (ay?"P = 2P PP O D)+ (0P ) o Pt
B8 B8
= yP +fp” _ yp” =1,

and

a—1 a—1

a ! = (g PP = Ty P g )

which implies (a) N (y) = 1. P = (a)(y) is obvious. Thus P is split. Finally, because of
B—a

a xyl I X 1+

we can get the presentation of P
P=(ayla =y =1,y" =" "),

where p® = |P|/exp P, p¥ = exp P, p*+® = |P/P/|.
Example 1. The above theorem may not hold for a metacyclic 2-group

Qs = (z,ala? = a?,a" = L,a" =a™"),

where |a| =4 = exp Qg and (a) < Qs, but Qg is not a split group.

Applying Theorem 1 and Lemma 1, we can deduce the following corollary.

Corollary 1. A metacyclic p-group P of odd order is non-split if and only if P has the presen-
tation of the form in Lemma 1

P=(abla” =" 7 =1,b% = b 1),
wherea > >6>1and f <y < [+6.
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3.2. Split metacyclic group. In the remaining part of this section, we will proof that the conclusion
above is also hold for a metacyclic group of odd order.

Lemma 9. Let P be a non-abelian metacyclic p-group of odd order. Suppose P = SK and
P = 51K both are the split metacyclic factorizations. Then

(i) 1] = 1S1] and |K| = K |;

(i) P = SKj and P = 51K also are the split metacyclic factorizations. Here, P = SK is a
split metacyclic factorization means P = SK is a metacyclic factorization and S N K = 1.

Proof. (i) Suppose

P=SK = (a,b|a? =t =1,b% ="+,

P = SlKl = <a1,b1 ‘ azfal = bﬁﬂl = 1,()?1 = b€51+1>.

It is obvious that |P| = p®™7 = p® ™71 and exp P = max (o, ) = max (a1,v). Thus if a = aq,
(i) holds by Lemma 7. If « # a3, then @ = ~; and a3 = ~. And we observe that P/P’ =
= Zpo X Zps = Zper X Zys, . Consequently,

/71:04:51’ 72041:5’

which contradicts that P is non-abelian. Thus o = a1, v = 71, 6 = d1.
(ii) Let by = a™b™, where m, n are non-negative integers. We will show that (n, p) = 1. Suppose
p|n. Then

S

5_
v = (ambn)p5 — ppLH4P°) A (Lp%) P ”) c (bp5+1>,

)

which contradicts that P’ = (bP") = (b’fé> = ((a™b™)P"), since | K1 /P'| = |K/P'| = p°. Therefore,
P = (a,b) = (a,b;) = SK; and SN K; = 1.

Theorem 2. Let G be a metacyclic group of odd order and Y is a normal cyclic subgroup of
G with |Y| = exp G. Then G /Y is cyclic and G is split .

Proof. Let G = HN be a Hall-decomposition for a metacyclic factorization G = SK, 7 =
= m(H)={p € 7(G): G has a normal Hall p’-subgroup} and 7’ = 7(N). Thus S, = SN H,
Kr=KNnH,Sy=5SNN, K;=KNN, by Lemma 5.

For p € m, denote H, and Y, = (y,) as the sylow p-subgroup of H and Y, respectively. Thus
Y, < H, and |Y,| = exp Hj. Then from Lemma 9, we know H,, is split. Applying Lemma 9, we
can find a =, € Hp, such that H, = (x,)(y,) is a split metacyclic factorization. Let z1 = 1_[1367r Tp,

Y1 = H o Yp Then H = (x1)(y1) is a split metacyclic factorization, since H is nilpotent.

If N =1, then G = H is split. If IV is non-trivial, then from Lemma 7, we know N = S/ K/
is a split metacyclic factorazition, since S» N K+ = 1. Next we will show N = S/Y,s is a split
metacyclic factorization, where Y,/ is the Hall 7’-subgroup of Y.

For any ¢ € 7', denote Y; and N, = S, K as the the sylow g-subgroup of Y and N, respectively.
Note that Y, < N, and |Y;| = exp N,. We know Y, is a kernel of N, by Theorem 1. This implies
that N, = S,Y, is a split metacyclic factorization by S, N K, = 1 and Lemma 9. Thus

N_HN_HSK_HSY_H o I Ye=SoYn

gen(N gen(N) gem(N gen(N) q€7r(N)
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Futher, S NY =1, since S, NY, = 1.
Let Spr = (x2) and Y = (y2), then Sp» < Cn(H) and Y <1 G yields that

G = HN = (z1)(y1){@2)(y2) = (z1){@2) (Y1) (y2) = (2122)(Y192) = XY,

where X = (z122) and X NY = 1.
The above theorem may not hold for a group of even order.
Example 2. Let

G = Qg x Zs={(x,b|z® =05 b2 =1,0" =b"),

where |b| = 12 = exp G and (b) < G, but G is not a split group.
In Theorem 2, if Y is not normal, G may not be a split group.
Example 3. Let

G =(a,b|a® =% %" = 1,b% = p! ™).
It is obviously that |a| = exp G, but
b,a] = b6 = bv¥* € (a)

shows (a) is not normal. And G is non-split.

Lemma 10. [fG = SK is a metacyclic factorization of a metacyclic group G of odd order.
Then exp G = lem (]S, | K]).

Proof. Let S = (x), K = (y), we will show that

|2"y"| <lem (|S|,|K|) Va"y" € G.

Let r = lem(|S|, |K|) and t = |K|. Suppose y* = ¢, and it is obvious that " = 1(mod |K]).
Then for p € 7(G) and kp™® = r

gr = gk =1 (modpt(”)),
which implies ™7 = 1(mod p'(®). Then from Lemma 4 we have
1+ 0mF 4 4 gk -1 = " P (mod pt®).

Thus
k—1
L 0™ 4. gm0 =N i1 4 gk gk )y —
=0
— p! P14+ 40D = 140"+ 0D —
—s (") = gy O OTY) g

Corollary 2. Let G = SK be a metacyclic factorization of a metacyclic group G of odd order,
and |K]HS\ Then G is split.
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Example 4. Let G = SK = (a)(b) be a metacyclic factorization.
(i) Suppose G = (a,b|a® = b ,b%" = 1,b% = b'3°). Then | K| = 3% = exp G yields that G is
split. Let 2 = ab®*, and we can get a presentation of G

G=(,b|2* =1,0% =1,b* = p'*%).

(ii) Suppose G = (a,b|a3" = b3 3" = 1,7 = b'3°). Then S < G and |S| = 36 = exp @
yields that G is split, for P’ = (b3") < S. Let = b~'a®, and we can get a presentation of G

G = (x,a| 2’ =1, =1,0" = b1+34>.

(iii) Suppose G = (a,b|a®’ = b3"*7 53" X7 = 1, b* = b¥15). Then | K| = 3* x 7 = exp G yields
that G is split. Let x = ab'*, and we can get a presentation of G

G = (z,b|z® = 1,07 =1,b" = p11%),
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